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PREFACE 


This  lecture  series  co-sponsored  with  the  Fluid  Dynamics  Panel  of  AGARD,  was  held  at  the  von  Karman  Institute, 
Rhode-St-Genese,  Belgium,  during  the  week  March  16  to  2C.  1 936,  as  a  follow-up  to  the  continued  involvement  in  the  field 
of  turbulent  flows. 

The  intention  was  to  make  a  presentation  of  the  very  latest  developments  in  the  domain  of  understanding  and  modelling 
of  turbulent  flow  which  in  recent  years  has  seen  the  development  of  some  fairly  new  ideas  and  lines  of  approach. 

It  was  for  this  reason  that,  together  with  the  most  advanced  classical  concepts  of  modelling  such  as  direct  simulation  on 
super  computers,  large  eddy  simulation,  solution  of  the  Navier-Stokes  equations  in  the  spectral  domain,  some  different 
approaches  were  presented.  These  included  the  concepts  of  strange  attractors,  bifurcations,  spatial  and  temporal 
deterministic  routes  to  chaos  and  lattice  flow  simulations.  These  concepts,  already  applied  in  some  other  domains  of  physics, 
may  prove  to  be  valuable  tools  in  the  attempt  to  understand  some  of  the  more  complex  features  of  turbulence,  and  may  lead 
to  models  better  adapted  to  the  new  generation  of  parallel  computers. 

Thanks  to  the  efforts  of  an  international  body  of  well-known  lecturers,  the  result  was  very  successful  and  the  meeting  a 
source  of  lively  and  enriching  discussions.  I  would  like  to  take  the  occasion  to  present  my  thanks  to  all  those  who  have 
contributed  to  the  organization  and  the  success  of  this  lecture  series. 


Ce  cycle  de  conferences,  organise  avec  le  support  du  Fluid  Dynamics  Panel  de  1’AGARD,  a  ete  tenu  a  llnstitut  von 
Karman,  a  Rhode-Saint-Genese,  la  semaine  du  16  au  20  mars  1 986,  comme  une  suite  a  toute  une  serie  de  cours  donnes  lrs 
annces  preccdentes  dans  le  domaine  de  la  mecanique  de  la  turbulence. 

Le  but  etait  de  presenter  les  tout  demiers  developpements  dans  les  domames  de  la  description  et  la  modelisation  des 
ccoulements  turbulents,  domain es  dans  lesquels  on  a  assiste,  ces  demieres  annces,  a  la  naissance  et  la  mise  rn  oeuvre  d'un 
certain  nombre  d’idees  nouveUes.  Pour  ces  raisons  le  cycle  etait  constitue  de  deux  parties  complementaires.  La  premiere 
couvrait  essentiellement  les  concepts  les  plus  avances  dans  le  domaine  de  la  modelisation  dassique,  tels  que  la  simulation 
directe  sur  super  ordinateur,  la  simulation  des  grandes  structures,  la  solution  des  equations  de  Navier  Stokes  dans  le 
domaine  spectral.  Ensuite,  on  abordait  une  serie  de  sujets  en  grande  parde  nouveaux,  mais  tres  prometteurs  et  ayant  deja  fait 
leurs  preuves  dans  d’autres  domaines  de  la  physique,  tels  que  les  concepts  d'attracteurs  etranges,  de  bifurcation,  de  routes 
deterministes,  spatiales  ou  temporelles,  vers  le  chaos  et  les  gaz  de  reseau.  II  semble  possible  que  ces  nouveilcs  approaches 
puissent  permettre  une  meillcure  description  de  certaines  proprietes  de  la  turbulence  et  se  reveler  tres  bien  adaptees  au 
caic.'l  a  l’aitie  des  nouveaux  processeurs  vectoriels.  Grace  a  l’effort  d’un  groupe  de  conferenders  de  renommee 
Internationale,  ce  cycle  s’est  revele  etre  une  reussite  et  1’enscmble  de  la  reunion  une  source  de  discussion  tres  intercssantes  et 
enrichissantes.  Qu’il  me  soil  permis  id  de  remerder  tous  ceux  qui  ont  contribue  a  1’organisation  et  a  la  reussite  de  ce  cycle  de 
conferences. 
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FUNDAMENTALS  OF  TURBULENCE  FOR 
TURBULENCE  MODELING  AND  .'SIMULATION 


W.C.ReynoIds 

Department  of  Mechanical  Engineering 
Stanford  University 
Stanford,  CA  93305 
USA 


1.  FUNDAMENTALS  OF  FLUID  MOTION 

1.1  Introduction 

This  chapter  presents  a  brief  review  of  fluid  flow  fundamentals  pertinent  to  turbulence.  We  expect  them 
to  be  familiar  to  the  reader,  who  may  find  our  particular  viewpoints,  emphasis,  and  compact  notation  helpful 
and  interesting. 

We  will  make  extensive  use  of  the  cartesian  tensor  summation  convention,  where  repeated  indices  imply 
that  the  terms  containing  them  must  be  summed  over  all  possible  coordinate  indices.  An  overdot  ()  will 
be  used  denote  a  partial  derivative  with  respect  to  time,  and  a  subscript  after  a  comma  will  denote  partial 
differentiation  with  respect  to  the  indicated  coordinate  direction;  for  exainple, 


P.=  *L 

"  dxi 


“>>•  —  “l.l  +“2i2  +“3i3  • 


We  will  also  use  the  isotropic  tensors  5,/  and  e,-,-*  >  defined  by 


*-{} 


if»  =  y 
otherwise. 


{1  if  ijk  is  from  the  sequence  123123 
-1  if  ijk  is  from  the  sequence  321321 
0  otherwise 

Various  contractions  will  be  used  frequently,  including 


Sii  —  3  €ijk€ipq  CjpS tq  -* 

Tensors  are  entities  that,  in  addition  to  being  an  array  of  elements  identified  by  their  subscripts,  trans¬ 
form  in  a  very  special  way  when  the  coordinate  system  is  transformed  by  rotation.  A  tensor  that  is  totally 
unchanged  by  an  arbitrary  rotation  of  the  coordinate  system  is  called  isotropic.  Any  second-order  isotropic 
tensor  must  be  a  scalar  times  and  any  third-order  isotropic  tensor  must  be  a  scalar  times  tijk-  Moreover, 
any  higher-order  isotropic  tensor  most  be  expressible  in  terras  of  the  various  possible  combinations  of  these 
two  tensors,  and  hence  they  are  fundamental  building  blocks  in  all  sorts  of  physical  modeling,  including 
viscous  flow  and  turbulence. 

1.2  The  basic  equations 

The  basic  equations  are  derived  by  application  of  basic  principles  to  an  elemental  control  volume  (Fig. 
1.2.1).  The  conservation  of  mass  gives 

P  +  (PH»)rf=0  (1.2.1) 

where  ?  is  the  fluid  density,  and  tiy  is  the  fluid  velocity  component  in  the  j,h  direction.  This  is  also  called 
the  continuity  equation. 


f  . 
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Figure  1.2.1  Control  volume  for  basic  equation  derivation 
The  momentum  equation  is 

(m)  +  (P“y“.).y  =  <w +/<  {1.2.2) 

where  <7y<  is  the  stress  in  the  ith  direction  on  a  control  volume  surface  perpendicular  to  the  jth  axis,  and  /y 
is  the  body  force  (per  unit  volume)  in  the  jtk  direction. 

The  conservation  of  energy  requires  that 

(pea)  +  (ptiye0), y  =  (oymj.y  -rfm  -  ?y.y-  (1.2.3) 

Here  eo  =  e  +  |V3  is  the  total  energy  per  unit  mass,  where  e  is  the  internal  energy  per  unit  mass  and 
V 3  =  Ufiii,  and  qj  is  the  conduction  heat  flax  (flow  rate  per  unit  area)  in  the  yh  direction  outward  from  the 
elemental  control  volume.  The  first  term  on  the  right  represents  the  power  input  by  the  surface  forces  per 
unit  volume,  and  the  second  that  by  the  body  forces. 

The  entropy  balance  is 

(/>*)  +  (p“y*).y  =  f>- (qs/T),j  (1.2.4) 

where  s  is  the  entropy  per  unit  mass,  T  is  the  absolute  temperature,  and  <p  is  the  entropy  production  rate 
per  unit  volume.  Here  the  term  qj/T  represents  the  entropy  flux  associated  with  the  heat  flux  gy.  The 
second  law  of  thermodynamics  requires  that  the  entropy  production  be  non-negative, 

V  >  0.  .  (1.2.5) 

These  ideas  are  useful  in  assessing  constitutive  models  for  the  stress  tensor  and  heat  flux  vector,  and  in 
identifying  the  processes  that  produce  entropy  { dissipate  energy)  in  viscous  flows. 

1.3  The  stress  tensor 

The  stress  tensor  <r,y  must  be  symmetric.  This  fact  can  be  established  by  performing  a  moment  of 
momentum  analysis  on  the  elemental  control  volume  of  Fig.  1.3.1.  The  torques  of  the  stress  terms  are  all 
of  order  dx\dz-it  and  the  moments  of  the  momentum  flows  and  body  forces  are  all  of  higher  order,  hence 

012  =  a-i  i- 

O’M 


Figure  1.3.1  Control  volume  for  stress  tensor  symmetry  derivation 
The  tensor  can  be  split  into  two  parts: 


an  -  -Pin  +  ny-  (1-3.1) 

The  P  term  represents  the  isotropic  component  of  the  (inward)  normal  stress;  r,y  is  the  deviations  from  this 
isotropic  stress,  attributed  phenomenologically  to  viscosity.  FVom  a  molecular  point  of  view,  tr.y  arises  from 
molecular  transport  of  momentum;  the  isotropic  part  P  is  determined  by  the  average  using  the  probability 
distribution  for  molecular  velocities  (e.g.  Boltsmann),  and  r,y  arises  from  anisotropy  in  the  probability 
distribution. 


1.4  Th.  rmodynnmic  properties  and  concept* 

The  internal  energy  t  reflect*  the  randomly-oriented  energy  of  molecular  translation,  rotation,  vibration, 
and  other  microscopic  energy  modes  (chemical  bonds,  etc.).  In  general,  e  depends  upon  the  thermodynamic 
state  (i.e.  T  and  p),  but  for  idealised  gas  and  incompressible  liquid  models  depends  only  on  temperature. 
It  is  sometimes  called  the  thermal  energy,  and  is  all  too  frequently  confused  with  heat  fa),  which  is  the 
transport  of  energy  by  disordered  molecular  processes.  The  internal  energy  of  an  object  can  be  increased  by 
a  transfer  of  energy  as  either  heat  or  woik,  and  the  energy  flowing  as  heat  can  come  either  from  a  source  of 
internal  energy  or  mechanical  energy  (kinetic,  potential,  or  work).  The  internal  energy  is  a  thermodynamic 
property  of  matter,  the  heat  transfer  is  not.  The  confusion  between  heat  and  internal  energy  is  an  infortunate 
remnant  of  caloric  tfttory  of  heat,  but  perhaps  understandable  since  the  theory  was  discarded  only  about 
a  century  a 

The  i  j>  r-'py  can  be  thought  of  as  a  measure  of  the  degree  of  randomness  at  the  molecular  level,  and 
in  modern  u,ei  nodvnamic  treatments  the  temperature  is  interpreted  as  a  measure  of  the  sensitivity  of  this 
andomness  to  changes  in  energy  at  constant  density.  Orderly  microscopic  exchanges  of  energy  (e.g.  as  work 
or  as  bulk  kinetic  energv)  have  no  associated  entropy  transport.  But  heat,  the  microscopically  disordered 
transport  of  energy,  does  carry  entropy  with  it,  and  it  may  be  shown  that  this  entropy  transfer  flux  is  qj/T. 
For  more  discussion  of  these  important  thermodynamic  concepts  from  this  viewpoint,  see  Reynolds  and 
Perkins  (1977). 

It  is  usually  assumed  that  as  far  as  the  thermodynamic  properties  are  concerned  the  fluid  is  in  a  state 
of  local  equilibrium,  and  hence  th_.  the  usual  relations  between  thermodynamic  properties  are  vaiid.  Thus, 
the  Gibbs  equation  is  used  to  relate  entropy  changes  to  energy  and  density  changes, 

Tds  =  de  +  Pd[l/p).  (1.4.1) 

» tr<*  ''alpy  h  i"  defined  as 

h  =  <  +  Fjp  (1.4.2) 

3  !>•:..  events  the  sum  of  the  convected  internal  energy  and  flow  work  associated  with  the  transport  of 

,,ass  of  fluid  across  a  control  volume  boundary.  We  emphasize  that  it  is  the  internal  energy  that 
appears  in  the  basic  energy  balance  equation. 

An  alternative  form  of  the  energy  ev_  .ation  is  obtained  using  (1-3.1)  in  (1.2.3),  moving  the  pressure  term 
to  the  left  hand  side; 

(peo)  +  (pu/ho),/  =  (*>«t*»),j  +/.•«.  -  <?/.>•  (1.4.3) 

Here  h0  =  h  +  %V2  is  the  stagnation  enthalpy.  Note  that  the  enthalpy  appears  as  the  converted  energy  per 
uiu.  mass  (internal  energy  e  plus  flow  work  P/p),  but  the  internal  energy  e  appears  in  the  energy  storage 
rate  term.  A  common  error  is  the  use  of  enthalpy  in  both  pla'  .s. 

1.5  Kinematics  of  motion 

Any  deformation  rate  u,,7  can  be  deccmposed  into  the  sum  of  a  strain  rate  S.j  and  a  rotation  rate  0,}, 

“to  =  |(«../  +«/»  )  +  -«j.i )  =  %  +  (1-5-1) 

Note  that  the  strain  rate  is  a  symmetric  tensor  and  the  rotation  rate  is  antisymmetric.  They  play  quite 
different  roles  in  fluid  mechanics,  particularly  in  turbulence,  and  for  this  reason  we  prefer  forms  of  the 
equations  that  make  their  presence  or  absence  very  clear. 

1.6  Mechanical  and  thermal  energy  equations 

The  fundamental  equations  may  be  combined  to  derive  an  equation  describing  the  transport  of  macro¬ 
scopic  mechanical  energy  and  another  describing  the  transport  of  internal  energy.  The  mechanical  energy 
equation  is  derived  by  contracting  the  momentum  equation  with  the  velocity;  multiplying  (1.2.2),-  by  u,-, 

{p\v2)  +  (p»i|*r*)tf  =  +  /i«i-  (1.6.1) 

The  right  hand  side  may  be  written  as 
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Then,  using  (1.3.X)  to  split  the  stress  tensor  and  (1.5.1)  in  place  of  velocity  gradients,  and  noting  that 
nyOjy  =  0  since  r,y  is  symmetric  and  0;y  is  antisymmetric  (sum  over  both  repeated  indices  is  implied), 
(1.6.1)  can  be  rewritten  as 

(p\v>)  +  K^2).y  =  PSjj  -  (Puy),y  +/iUy  +  (r,-yu,-),y -(r.yS.y).  (1.6.2) 

The  snm  on  the  right  represents  the  input  of  macroscopic  mechanical  energy  to  the  control  volume, 
wh<ch  shows  up  as  an  increase  in  the  kinetic  energy  of  the  flow.  Two  of  these  terms  appear  as  power  inputs 
in  the  thermal  energy  equation  (1.6.4)  but  with  opposite  sign,  and  hence  these  terms  represent  exchanges 
between  thermal  and  mechanical  energy.  The  first  is  PS which  is  the  rate  of  energy  transfer,  per  unit 
volume,  from  thermal  energy  to  mechanical  energy  due  to  expansion  of  the  fluid.  The  second  is  rtJSijt  which 
represents  the  transfer  of  mechanical  energy  to  thermal  energy  by  viscous  forces.  This  is  the  only  viscous 
term  involved  in  the  entropy  production  equation  (1.7.3),  and  hence  this  is  the  only  viscous  term  properly 
termed  disspation.  Since 

/(*» ym),yd*x  =  0  (1.6.3) 

if  the  integral  is  taken  over  a  volume  where  either  the  velocity  or  stress  is  tero  on  the  boundaries,  this  viscous 
term  has  no  global  effect;  it  represents  reversible  viscous  power  input  to  t,.e  control  volume  from  surrounding 
fluid.  The  term  containing  /;  is  the  power  input  from  body  forces,  and  the  (Ptt,)„-  term  represents  power 
output  by  flow  work. 

The  thermal  energy  equation  is  obtained  by  subtracting  the  mechanical  energy  equation  (1.6.2)  from 
the  total  energy  equation  (1.2.3),  and  is 


(P«)  +  (p«,«),y=  -PS, y  +  (r„S„)  -  q,, y .  (1.6.4) 

Here  PS,,-  represents  the  power  output  from  thermal  energy  due  to  expansion  of  the  fluid,  r,,S,y  is  the  power 
input  to  the  thermal  energy  due  to  irreversible  viscous  effects,  and  gy,y  is  the  net  power  output  due  to  heat 
conduction,  all  per  unit  volume. 

Note  that  the  enthalpy,  which  appeared  in  the  alternate  form  of  the  total  energy  equation  (1.4.3),  does 
not  appear  in  the  thermal  energy  equation.  We  have  derived  the  thermal  energy  equation  correctly  from 
first  principles.  One  must  be  wary  in  reading  literature  where  the  thermal  energy  equation  is  developed  from 
a  “heat  balance”,  because  there  is  no  such  principle  as  the  conservation  of  heat. 

1.7  Irreversibility  rate  equation 

Using  the  conservation  of  mass  equation  (1.2.1)  in  the  Gibbs  equation  (1.4.1), 

pTDs  =  pDe  +  PSi,  (1.7.1) 

where  D  denotes  the  substantial  derivative 

»()  =  (') +  «/()„-  (1.7.2) 

Using  the  thermal  energy  equation  (1.6.4)  and  the  entropy  balance  (1.2.4),  this  yields  an  expression  for  the 
irreversibility  rate, 

Tip  —  —jtq,  T„-  +  r,yS,y  >  0.  (1.7.3) 

This  clearly  identifies  the  viscous  dissipation  term  as  discussed  above,  and  provides  a  neat  framework  for 
evaluation  of  consitutive  models  for  the  heat  flux  or  viscous  stresses. 

1.8  Constitutive  equations 

The  theory  of  linear  algebra  is  extremely  helpful  in  developing  constitutive  models  for  the  heat  flux  and 
viscous  stresses,  and  also  for  developing  turbulence  models.  We  will  use  these  ideas  to  review  the  constitutive 
equations  so  as  to  set  the  stage  for  later  use  of  these  ideas  in  developing  turbulence  models. 

The  most  general  vector  /,  that  is  a  function  of  only  one  other  Vector  tq  is 

fi=Cvi  (1.8.1) 

where  the  coefficient  C  can  be  a  function  of  scalars,  including  the  invariant  of  the  vector  (its  magnitude 
van*).  Higher-order  terms,  such  as  v,v*v*,  need  not  be  added  since  they  are  represented  by  allowing  the 
coefficient  to  depend  on  the  invariant  of  v.  Thus,  if  one  assumes  that  the  heat  flux  vector  g;  is  a  function  of 
the  temperature  gradient  vector  Tn-,  the  most  general  form  is  the  familiar  Fourier  heat  conduction  law, 


where  k  is  the  thermal  conductivity,  which  depends  to  first  approximation  on  the  temperature  and  may, 
in  higher  approximations,  also  depend  on  the  scalar  T,kT,k •  It  is  generally  believed  that  (1.8.2)  describes 
heat  conduction  in  fluids,  except  perhaps  in  regions  of  very  strong  temperature  gradient  such  shock  waves 
or  combustion  fronts. 

The  most  general  tensor  ay  that  is  a  function  of  only  one  other  tensor  hy  is,  in  three  dimensions, 

a,i  =  A6„  +  Bbli  +  Cb?i  (1.8.3) 

where  &?•  =  b<kbk].  The  coefficients  A,  B  and  C  may  depend  on  relevant  scalars,  including  the  three  scalar 
invariants  of  the  tensor  b.  Higher-order  terms  such  as  i?y  =  bjkbkj  need  not  be  added  since,  by  the  Cayley- 
Hamilton  theorem,  they  can  be  expressed  in  terms  of  lower-order  terms  and  the  invariants  of  b  and  hence 
are  already  included  in  (1.8.3).  Therefore,  if  it  is  assumed  that  the  viscous  stress  tensor  ry  is  a  function  of 
the  local  strain-rate  tensor  Sy,  this  functional  dependence  must  be  of  the  form 

T;i  =  ASii+BSil  +  CS£  (1.8.4) 

where  the  coefficients  may  depend  on  scalars,  such  as  temperature,  density,  or  the  invariants  of  S.  This  is 
called  the  Stokes  model  for  viscous  stresses. 

The  rms  strain-rate  S  =  ( SijSji )ll*  is  a  reciprocal  time  scale  for  the  fluid  deformation.  If  this  time 
is  long  compared  to  molecular  collision  times,  then  the  strain  is  considered  weak  and  only  linear  terms  in 
(1.8.4)  are  used.  This  leads  to 

r,j  =  AS{}- +  BSi}  (1.8.5) 

where  A  can  depend  at  most  linearly  on  the  invariants  of  S,  and  B  must  be  independent  of  S.  If  it  further 
assumed  that  P  =  -|o«,  then  by  (1.3.1) 


rkk  =  0  =  3i4  +  BSkk 


A  =  ~~BSkk. 

For  a  simple  shearing  flow  where  the  only  non-sero  strain-rate  elements  are 

Si2=Sj,=llS 


(1.8.6) 


one  defines  the  fluid  viscosity  /i  by 

T12  =  2iiSii  (1.8.7) 

from  which,  using  (1.8.5),  it  follows  that  B  =  2/s.  The  resulting  Newtonian  constitutive  equation  is 

Tij  =  2/iSy  -  |/s5**dy.  (1.8.8) 

Note  that  the  Newtonian  constitutive  equation  assumes  only  that  the  viscous  stress  tensor  is  a  trace-free 
linear  function  of  the  local  strain  rate;  this  assumption  is  believed  to  be  quite  adequate  for  many  continuum 
fluid  flows.  The  model  fails  in  strong  shock  waves  (normal  stresses  are  incorrect)  and  in  flow  of  polymers 
(rotation  rates  are  also  important). 

Using  (1.8.2)  and  (1.8.8)  in  (1.7.3),  the  irreversibility  rate  becomes 

Tp  =  jTri  Tti  +2 rtSijSij  -  |  S{iSkk)  >  0.  (1.8.9) 

It  is  clear  that  the  heat  flux  term  is  positive-definite.  It  is  left  as  an  exercise  to  demonstrate  that  the 
strain-rate  term  is  also  positive-definite  (Hint:  evaluate  in  the  principal  coordinates  of  Sy  by  expressing  the 
diagonal  elements  as  the  components  of  a  vector  in  polar  coordinates). 

1.9  Vorticitjr 

Vorticity  is  one  of  the  most  fundamental  concepts  in  fluid  mechanics,  and  probably  the  most  important 
concept  in  turbulence.  The  vorticity  '  sctor  u.  is  defined  by 


Mt  =  «.-/ 


(1.9.1) 
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Note  that  =  0  and  hence  the  vorticity,  by  definition,  is  divergence  free, 

o>iri  =  0. 

By  the  definitions,  the  vorticity  is  related  to  the  rotation  rate, 


=  fyafl/y. 


Taking  fp?,  x  (1.9.3);  ,  one  finds 


The  vorticity  field  can  be  thought  of  as  contributing  to  the  velocity  field.  Forming  fp,,x(  1.9.1 one 
finds 

Cpei^iif  —  tpqiU}kUkt)f  —  U4,M  —  up,44 

or 

Uiikk  =  -Uk)Wj,k  +  («*,*  )rt  •  (1.9.5) 

This  is  a  Portion  equation  for  the  velocity,  analogue  to  the  equation  for  temperature  in  a  heat  conducting 
medium  with  distributed  sources.  Eqn.  (1.9.5)  displays  two  "sources*  of  velocity,  namely  vorticity  (more 
specifically  vorticity  gradients)  and  Sow  divergence  (expansion  or  compression).  In  addition  to  the  velocity 
generated  by  these  sources,  one  can  also  have  an  additional  component  of  velocity  satisfying  the  Laplace 
equation  «>,**  =  0.  Firom  (1.9.5)  we  see  that  this  component  coulc  be  thought  of  as  arising  from  uniform 
vorticity  (a  solid-body  rotation)  and  uniform  irrotational  expansion,  of  which  irrotational  flow  at  constant 
density  is  a  special  case. 

The  part  of  the  velocity  field  due  to  the  vorticity  gradients  may  be  found  using  the  general  solution  to 
the  Poisson  equation;  at  any  instant  in  time,  this  solution  is 


=  ~  J G(x,x')uk3u,,k  (x')d3x' 


where  G(x,xf )  is  the  Green's  function  for  the  Poisson  solution  in  the  flow  domain,  and  d3x'  represents  an 
element  of  volume  for  the  interation  over  the  flow  domain.  The  Green’s  function  for  an  infinite  domain  is 


<7(x,x')  = 


4*y/(*n  ~  OK  ~  O 


Using  this  Green’s  function  in  (1.9.0),  and  integrating  by  parts  to  transfer  the  k  differentiation  from  the 
vorticity  to  the  Green’s  function,  one  finds 


«<(*)  =  f 


_ iXk  x'k) _  jJ  I 

t^4w[(x„-z'B)(x„-<)p/3  '  ’ 


This  is  called  the  Diot-Scvart  equation.  It  gives  that  portion  of  the  velocity  field  arising  from  vorticity,  for  an 
infinite  flow  domain.  Computational  methods  in  which  markers  track  the  motion  of  vorticity-bearing  fluid 
use  the  Biot-Savart  equation  to  compute  the  velocity  field;  this  is  an  efficient  calculation  if  the  vorticity  is 
highly  concentrated  and  most  of  the  fluid  has  negligible  vorticity,  and  there  are  many  interesting  problems 
in  turbulence  that  can  be  addressed  in  this  manner. 

We  emphasise  that  all  of  the  features  of  vorticity  discussed  thus  far  are  kinematic  in  nature,  and  apply  in 
either  compressible  or  incompressible  flows.  In  the  next  section  we  will  adress  the  dynamic *  of  the  vorticity. 

1.10  Vorticity  dynamics 

Using  the  continuity  equation  (1.2.1)  and  the  stress  tensor  split  (1.3.1),  the  momentum  equation  (1.2.2) 
can  be  written  as 


=  -  (r/k,,,  ~P,k  +fk)  ■ 

Taking  e,-,*,x  (1.10.1)  *,/  one  obtains 

oi<  +  «W,y  =  “*>«  +fijk  (>*«,«  -P,k  +/*)]  .■ 

P 

Using  (1.5.1)  and  (1.9.4),  the  first  term  on  the  right  is  exactly 


(1.10.1) 


ufSit  -  Sf  Ui . 


1-7 


The  pressure  term  can  be  expanded  into  two  terms,  one  of  which  vanishes,  and  the  vorticity  equation  becomes 

<J<  +  Uytd,-,y  =  WySiy  -  +  tijk  P>i  4 »  j)»]  .  (1.10.2) 

Note  that  the  left-hand  side  of  (1.10.2)  represents  the  rate  of  change  of  vorticity  following  a  fluid  particle. 
Thus,  the  terms  on  the  right  display  the  processes  that  can  give  rise  to  changes  in  vorticity  of  a  fluid  particle. 
The  first  term  represents  the  straining  of  vortex  filaments,  and  is  a  crucial  term  in  turbulence;  in  a  two- 
dimensional  flow,  this  strain  is  always  in  planes  perpendicular  to  the  vorticity,  and  hence  there  is  no  vortex 
stretching  in  two-dimensional  flow.  The  second  term  shows  that  fluid  compression  (5**  <  0)  tends  to  amplify 
the  vorticity,  and  expansion  to  attenuate  it.  The  term  containing  ffc4  represents  viscous  effects,  including 
diffusion.  The  term  containing  pressure  gradients  and  density  gradients  shows  that  these  may  combine  to 
act  as  a  source  for  vorticity,  if  these  gradient  vectors  have  a  non-sero  cross  product!  this  term  is  important 
in  the  atmosphere.  Body  force  gradients  can  also  generate  vorticity;  but  body  forces  are  often  conservative, 
i.e.  of  the  form 

fk  =  P<t>,k  (1.10.3) 

where  <p  is  a  scalar  potential,  and  (1.10.2)  shows  that  such  forces  do  not  generate  vorticity. 

In  a  Newtonian  flow  where  p  =  p(t),  p  is  constant,  and  fk  —  pf’tk,  the  vorticity  equation  becomes 

<jy  +  UjOI,  ,J  =  UjSij  -  CJ.'Syy  +  VWi,jj .  (1.10.4) 

This  is  the  form  to  which  we  will  refer  most  often  in  our  studies  of  turbulence;  it  emphasizes  the  interaction 
between  strain-rate  and  vorticity  that  is  so  important  in  turbulence. 

One  usually  sees  the  vorticity  equation  with  the  first  term  on  the  right  in  (1.10.4)  replaced  using  an 
identity  derived  from  (1.5.1)  and  (1.9.4), 

WjSij  =t)yu,-,y,  (1.10.5) 

We  prefer  (1.10.4)  because  it  makes  the  interaction  between  vorticity  and  strain-rate  very  clear. 

1.11  Vortex  lines  and  tubes 

UL 

tij  +  Sui 


Figure  1.11.1  Velocities  along  a  vortex  line 

A  vortex  line  is  a  line  everywhere  tangent  to  the  ji  vector.  Along  a  vortex  line  (see  Figure  1.11.1) 


Sij  _  Wj 

Ss  |&| ' 


(1.11.1) 


Vortex  lines  move  as  the  fluid  moves.  For  inviscid,  incompressible  flow,  the  vortex  lines  move  with  the 
fluid.  This  fact  is  extremely  helpful  in  understanding  fluid  flows  in  general  and  turbulence  in  particular,  and 
forms  the  basis  for  an  important  class  of  numerical  methodsfor  simulating  turbulent  flow. 

We  will  now  prove  this  important  fact  about  vortex  lines.  Let  5  be  the  vorticity  at  the  center  of  an 
elemental  segment  Ss  of  a  line  marked  in  the  fluid  along  a  vortex  line  at  time  t.  The  rate  of  change  of  the 
vorticity  following  the  fluid  particle  attached  to  the  center  of  this  line  given  by  (1.10.4).  Neglecting  the 
viscous  term,  and  assuming  constant  density  (so  that  Skk  =  0),  and  using  (1.10.5),  the  rate  of  change  of  the 
vorticity  of  this  fluid  particle  is 

Oi=Cbi  Vi,,-.  (1.11.2) 

The  right  hand  side  of  (1.11.2)  is  evaluated  at  time  t  using  (1.11.1)  to  express  Sxi  in  terms  of  Ss,  yielding 


(1.11.3) 


Since  each  end  of  the  line  move*  with  it<  own  velocity, 


4GsU**. 

dt  * 


We  now  examine  the  changes  in  fix i/u>j: 


d  .fixw  1  d(fixi)  Sx i  dcDi 

dt '  u>i  ui  dt  Ci 3  dt  * 


(1.11.4) 


(1.11.5) 


Using  (1.11.4)  for  the  first  term  on  the  right  and  (1.11.3)  for  the  second,  the  right  hand  side  is  sero,  and 
hence  fixi/wj  is  constant  in  time.  The  same  is  true  for  the  other  two  components.  Hence,  if  the  line  was 
originally  a  vortex  line,  it  will  remain  a  vortex  line,  as  we  have  claimed.  Moreover,  since  Sx i  =  Ci\C,  it 
follows  that  |a|  will  be  proportional  to  the  line  length. 

We  can  form  a  vortex  tube  from  a  set  of  nearby  vortex  lines.  In  inviscid,  incompressible  flow,  this 
tube  will  move  with  the  fluid,  and  can  be  stretched  by  strain  along  its  length.  This  strain  will  intensify  the 
vorticity  in  the  tube.  Since  the  fluid  is  incompressible,  and  the  tube  is  imbedded  in  the  fluid,  stretching  the 
tube  reduces  its  diameter.  The  increase  in  vorticity  can  be  though  of  in  terms  of  the  increased  rotational 
rate  necessary  to  maintain  conserved  angular  momentum  as  the  tube  decreases  in  diameter.  These  processes 
of  vortex  convection  and  stretching  by  the  flow  are  central  in  turbulence. 

It  is  left  as  an  exerkise  to  show  that,  in  inviscid,  compressible  flow,  line.,  everywhere  tangent  to  u/p 
move  with  the  fluid.  This  fact  may  be  useful  in  simulations  of  compressible  turbulence. 

2.  TURBULENCE  EQUATIONS 

2.1  Averaging  concepts 

Different  kinds  of  averaging  procedures  are  appropriate  for  different  situations.  In  situations  that  are 
statistically  steady,  the  time  average  is  useful.  Denoting  a  random  field  by  /(x,t),  its  time  average  is 

^(X) = rirjo  /(*•*)*•  (2.u) 

The  time  average  can  not  be  used  in  fields  that  are  statistically  developing  in  time.  But  if  the  field  is 
statistically  homogeneous,  i.e.  statistically  the  same  at  all  space  points,  then  a  volume  average  can  be  used, 


If  the  field  is  not  statistically  steady  or  homogeneous  in  space,  but  is  homogeneous  on  planes  or  along 
lines,  averages  on  the  planes  or  lines  can  be  used.  But  if  the  field  is  not  statistically  the  same  in  time  or  any 
space  dimension,  one  has  to  resort  to  the  concept  of  ensemble  averaging,  i.e.  averaging  over  a  large  set  of 
(usually  hypothetical)  similiar  experiments: 


1  N 

/(*.*)  =  Jim,  Jr  ]£  /"(*■*)• 


One  must  always  be  careful  to  choose  an  averaging  concept  appropriate  to  the  situation.  It  will  be 
assumed  that  an  avei  aging  process  has  been  chosen  that  commutes  with  differentiations  with  respect  to 
both  time  and  space;  the  ensemble  average  always  has  this  property. 

2.2  Turbulence  decomposition 

Each  variable  in  a  random  field  is  represented  as  the  sum  of  its  average  and  its  fluctuation, 

f  =  7+f-  (2.2.1) 

The  averaging  processes  defined  above  are  all  such  that 


It  follows  that 


fh  =  fk 


lh' «  0. 


J '  "...  *  **  ->.■ 


In  compressible  flows,  mass-weighted  averaging  is  often  employed.  The  methods  for  doing  this  averaging  are 
simple  extensions  of  those  given  above. 

Most  turbulence  literature  concerns  incompressible  flows.  However,  there  is  a  class  of  compressible 
flows  that  can  be  handled  as  a  very  modest  extension  of  incompressible  flows,  namely  flows  where  p  =  p(t) 
(uniform  density  flows).  Many  practical  flows  fall  in  this  class,  including  flow  in  an  internal  combustion 
engine  cylinder.  The  equations  for  uniform  density  flow  are  mnch  simpler  than  those  of  full  compressible 
flow,  and  so  in  the  interest  of  simplicity  much  of  what  follows  will  be  limited  to  uniform  density  Sows  with 
constant  viscosity  p. 

2.3  Governing  equations 

If  p  =  p(t),  the  continuity  equation  reduces  to 


P  +  PVi„  =  0.  (2.3.1) 

We  will  write  the  turbulence  decomposition  with  capital  letters  for  mean  quantities  and  lower  case  letters 
for  the  fluctuations, 

p  =  P  +  p'  (2.3.2  a) 

Vi  =  V,  +  «ij.  (2.3.26) 

Inserting  th*se  decompositions  into  the  continuity  equation  (2.3.1),  and  averaging,  we  obtain  the  mean 
continuity  equation 

p  +  pUi,i=  0.  (2.3.3) 

Subtracting  this  result  from  (2.3.1)  we  obtain  the  fluctuating  continuity  equation, 

<,,  =  0  (2.3.4). 


Note  that,  for  uniform  denity  flow,  the  fluctuation  velocity  field  is  divergence-free,  as  would  be  the  mean 
velocity  field  if  the  flow  were  incompressible. 

For  uniform  density  flow  with  fi  =constant  and  fk  —  0,  the  momentum  equation  (1.2.2)  reduces  to 

Ui  +  u}u,t]  =  +i/u .  (2.3.5) 

Introducing  the  turbulence  decomposition,  averaging,  and  making  use  of  (2.3.4),  the  mean  momentum  equa¬ 
tion  is  found  as 

Vi  +  U,Ui„  =  -~Pti  +vUil)i  (2.3.6) 

P 

where  _____ 

Rii  =  (2.3.7) 

The  quantity  —pR\j  appears  in  (2.3.6)  like  a  stress,  and  so  is  called  the  Reynolds  stress  after  O.  Reynolds, 
who  introduced  the  basic  decomposition. 

liquations  (2.3.3)  and  (2.3.6)  would  permit  calculation  of  the  mean  density  and  velocity  field  if  the 
Reynolds  stresses  were  all  known.  Since  they  are  not  known,  we  have  a  closure  problem,  which  can  be 
addressed,  but  not  solved,  by  further  development  of  the  equations  for  the  Reynolds  stresses. 

An  alternative  way  of  thinking  about  the  turbulence  ‘forces*  has  some  physical  appeal.  FVom  (1.9.1)  it 

follows  that  _  _ 

"X  =  '-**"*«  “r  (2-3-8) 

Multiplying  by  c,,p 

fr>w»“p  ~  uf>  =  (^pj^«*  ~  W«)u*>/  =  ui >p  up  ~  upw  u'p- 

Using  (2.3.4),  this  produces 

Vp“X  =  (“££).p  -j  (“X)>« 

or  equivalently 

+£v*w>*.  (2-3.9) 


P'----P+\pq'i 


t 

1 


We  define 


(2.3.10) 


I 
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where  the  mein  square  fluctuation  velocity  is 


J3  =  “X- 


It  is  convenient  to  denote  the  mean-convection  substantial  derivative  by 

Then,  using  (2.3.9)  in  (2.3.6),  the  mean  momentum  equation  becomes 


DUi - -f  vUi ,yy 


(2.3.11) 


(2.3.12) 


(2.3.13) 


In  this  alternative  representation  the  turbulence  provides  a  contribution  to  the  normal  stress  in  P'  and  a 
turbulent  My  force,  but  no  shear  stress.  The  potential  of  this  alternative  view  of  turbulence  forces  remains 
to  be  investigated. 

2.4.1  Mean  vorticity  equation 

The  turbulence  decomposition  of  the  vcticity  is 

uii  —  0;  +  (2.4.1) 

The  mean  strain  rate  and  rotation  rate  are  denoted  by  Si,  and  Ot- y,  respectively,  and  the  fluctuation  strain 
rate  by  s{y.  By  continuity  for  uniform  density  flow,  s|,  =  0.  Introducing  the  turbulence  decomposition  into 
(1.10.4),  and  averaging,  the  mean  vorticity  equation  is  found  to  be 

Dlii  =  OySyy  -  (USjj  +  uCli,}]  -(o>(u'),y  +w'sty.  (2.4.2) 

Note  the  appearance  of  the  turbulence  body  force  term  w'  u'.  in  the  equation. 

2.5  Turbulent  fluctuation  equations 

The  fluctuating  continuity  equation  is  (2.3.4).  Subtraction  of  the  mean  momentum  equation  (2.3.6) 
from  the  full  equation  (2.3.5)  gives  the  fluctuating  momentum  equation 

Du'i  -  -u'jUi.j  -(«;«'■  -  ujt£),y +i/u<,yy .  (2.5.1) 

Subtraction  of  (2.4.2)  from  (1.10.4)  gives  the  fluctuating  vorticity  equation 

Du/'i  =  +w'jSij  -  u/JSyy  +  Oyajy 

~(«X  “  “X).j  +K*iy  ~  «y«jy)  +  *X>yy  •  (2.5.2) 

By  taking  (2.5.l)n-  one  obtains  an  equation  for  the  fluctuating  pressure, 


~p'rii—  2tiJ,yI/y„-  (u<ij  “y,»  u;ij  uyi») 


These  equations  are  useful  for  deriving  equations  relating  statistical  properties  of  the  turbulence  and  in  the 
study  of  the  dynamics  of  turbulent  fluctuations. 

2.6  Kinetic  energy  equations 

The  transport  equation  for  the  turbulent  kinetic  energy 

(2-6.1) 

is  derived  by  multiplying  (2.5.1);  by  u|  and  averaging.  After  some  rearranging,  one  obtains 

D(\q2)^P-P-Ji, y.  (2.6.2) 


P  = 


Here 
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is  the  rate  of  turbulent  energy  production,  _ 

?  =  »<,><„■  (2-6.4) 

is  tlie  (homogeneous)  rate  of  turbulent  energy  dissipation,  and 

Jy  =  ipuj  +  ^ujujut  -  t /( (2-6.5) 

is  the  turbulent  kinetic  energy  flux  in  the  j,H  direction. 

Note  that  P  involves  the  product  of  turbulent  stresses  and  mean  strain  rates,  and  that  the  mean 
rotation  rate  does  not  appear  explicitly  in  the  turbulent  kinetic  energy  equation  (though  it  may  influence 
the  turbulent  kinetic  energy  by  altering  terms  in  the  equation).  P  arises  from  the  stretching  of  the  tangle 
of  vorter  filaments  that  make  up  the  turbulence  by  the  mean  deformation.  P  is  almost  always  found  to  be 
positive,  although  there  are  situations  in  which  it  is  negative. 

Since  the  source  of  turbulent  kinetic  energy  is  the  mean  flow,  the  production  term  should  appear 
with  opposite  sign  in  the  evolution  equation  of  the  mean  kinetic  energy.  Multiplying  (2.3.6);  by  U{,  and 
rearranging,  the  mean  kinetic  energy  equation  is 

D(\UiUi)  =  -(i/>£f,)„-  +-^;  -  2 vSijSij  +  2 vpiSij),,  -P  -  (0)^),y  (2.6.6) 

2  p  p  1 

Indeed,  —P  does  appear  on  the  right,  indicating  a  drain  from  the  mean  kinetic  energy.  The  two  pressure 
terms  represent  the  power  associated  with  flow  work  and  the  power  transfer  from  internal  energy  due  to 
expansion  of  the  flow.  The  first  viscous  term  is  the  rate  of  dissipation  of  mean  kinetic  energy  by  viscous 
effects  (see  1.8.9),  and  the  second  is  the  reversible  viscous  power  transfer.  The  last  term,  which  integrates 
to  sero  over  a  large  volume  of  flow  bounded  by  non-tuibulent  fluid,  represents  an  internally  conservative 
transfer  of  mean  kinetic  energy  within  this  volume. 

We  have  been  careful  to  call  P  the  homogeneous  dissipation,  because  (as  shown  in  the  next  chapter) 
only  in  homogeneous  turbulence  does  it  represent  the  true  rate  of  energy  dissipation.  FVom  (1.8.9)  the  true 

dissipation  rate  is  _  _  _ 

e  =  j/t^.s;.,.  =  2t/s;.Js:J.  =  i/u?,y  (t*;.,y  -t  «*.,< ).  (2.6.7) 

The  right  hand  side  of  the  turbulent  kinetic  energy  equation  can  be  modified  to  replace  D  by  e,  with  a 
concurrent  modification  in  the  definition  of  the  flux.  This  is  left  as  an  exercise. 

2.7  Reynolds  stress  evolution  equation 

The  evolution  equation  for  R,y  is  derived  by  multiplying  the  i*h  fluctuation  momentum  equation  by  u' 
and  the  jth  equation  by  u|,  adding  the  resulting  equations,  and  averaging.  The  result  may  be  written  as 

=  P%j  +  0\j  +  Tij  —  —  Jijkpt  -  (2.7.1) 

Here  the  production  term 

Pij  =  -(RikSuj  +  RjkSki)  (2.7.2) 

is  the  source  of  Reynolds  stress;  note  that  its  trace  is 

P,i  =  2  P.  (2.7.5) 

The  kinematic  rotation  term 

On  =  R,k  0*y  +  Rjkflki  (2.7.4) 

is  trace  free  (On  =  0)  and  hence  this  term  does  not  contribute  to  production  of  new  turbulence  energy,  but 
simply  rotates  the  turbulence  structure.  The  pressure  strain  term 

r<J  =  +iP'(u;„+u;rf)  (2.7.5) 

is  also  trace-free  and  provides  intercomponent  energy  transfer.  The  dissipation  term 


Di,  =  2i/uJ,*  u'.,fc  (2.7.6) 


I’-'.*  ■ 1 


has  a  trace 


Dti  =  2D. 


(2.7.7) 
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Finally,  the  flux  of  ft,,-  in  the  kth  direction  is 


Jijk  =  -{p'u'ijt  +  pfu[Sjk)  +  u'u'uj,  -  pRy,*  . 

P  * 


(2.7.8) 


Again  we  have  used  the  mean  strain-rate  and  rotation-rate  instead  of  just  the  mean  velocity  gradients 
to  bring  out  the  different  roles  played  by  strain  and  rotation.  Most  previous  workers  have  included  the  mean 
rotation  term  in  with  the  production.  But  it  is  trace-free  it  does  not  add  new  energy  (it  is  absent  from  the 
turbulent  kinetic  energy  equation),  and  therefore  is  different  than  production.  The  rotation  term  provides 
exactly  the  changes  that  would  be  seen  if  the  Ry  structure  were  to  be  rotated  as  a  solid  body  without 
change.  Only  strain,  acting  on  the  Reynolds  stresses,  can  act  as  a  new  source  for  additional  Reynolds  stress. 

The  Rij  equation  is  sometimes  rewritten  so  that  the  trace  of  the  dissipation  term  is  2e  instead  of  2D. 
with  an  associated  modification  in  the  flux.  This  is  left  as  an  exercise. 

The  Rij  evolution  equation  forms  the  basis  for  many  of  the  current  types  of  turbulence  models.  It  is 
very  useful  in  exploring  the  general  nature  of  the  changes  that  occur  in  turbulent  flows  subjected  to  strain. 


2.8  Vorticity  equation 

The  mean-square  turbulent  vorticity,  sometimes  called  the  enstrophy,  is  sn  important  quantity  in  tur¬ 
bulence.  Its  evolution  equation,  deri.ed  by  multiplying  (2.5.2);  by  and  averaging,  is  useful  in  studying 
the  small  scales  of  turbulence.  Denoting 

<vs  =  (2.8.1) 


on  -  finds 


D(-u*)  =  u-u'.Sij  -  u2Sjj  -  <o!u'n.-„  +0 js'jjW'j 
+uy,1',j  -  +  "(i”2)  ]  .• 


(2.8.2) 


S.  STATISTICAL  DESCRIPTIONS  OP  HOMOGENEOUS  TURBULENCE 
3.1  Introduction 

A  field  in  which  all  statistical  properties  are  independent  of  position  is  called  homogeneous.  If  the 
statistical  properties  are  independent  of  the  orientation  of  the  coordinate  frame,  the  field  is  called  isotropic. 
Turbulence  may  be  approximated  as  homogeneous  and/or  isotropic,  although  turbulence  is  usually  homo¬ 
geneous  if  it  is  isotropic.  Few  practical  flows  are  either  homogeneous  or  isotropic.  Nevertheless,  regions  of 
practical  flows  often  are  essentially  homogeneous,  and  homogeneous  flows  provide  a  very  important  point  of 
departure  for  models  and  theories  of  turbulence.  Therefore,  development  of  good  understanding  of  homoge¬ 
neous  turbulence  is  an  important  first  step  in  the  study  of  turbulence. 

In  order  for  the  turbulence  to  be  homogeneous,  the  terms  in  the  equations  for  statistical  properties 
of  turbulence  must  be  independent  of  position.  Since  the  production  term  (2.7.2)  involves  mean  velocity 
gradients,  these  must  be  independent  of  position  if  homogeneity  is  to  be  achieved.  Therefore,  a  necessary 
condition  for  homogeneity  is  that  the  mean  velocity  be  a  linear  function  of  the  coordinates.  Since  there  are 
no  Reynolds  stress  gradients  in  homogeneous  turbulence,  the  mean  momentum  equation  (2.3.6)  shows  that 
the  mean  velocity  field  is  unaffected  by  the  turbulence. 

Since  the  mean  field  is  decoupled  from  the  turbulence  in  homogeneous  turbulence,  almost  any  mean 
velocity  history  can  be  imposed  on  homogeneous  turbulence.  Any  mean  strain-rate  history  can  be  imposed, 
but  the  mean  rotation  history  is  determined  by  the  imposed  strain-rate  history.  From  (1.10.5)  it  follows  that 
the  last  term  on  the  right  in  the  mean  vorticity  equation  (2.4.2)  is  (w'u(),y  which  vanishes  in  homogeneous 
turbulence.  Hence,  the  mean  vorticity  equation  in  homogeneous  turbulence  is 

n,-  =  cijSij  -  siiSjj.  (3.1.1) 

Thus,  while  an  initial  arbitrary  mean  rotation  can  be  imposed,  any  subsequent  changes  in  the  mean  rotation 
are  governed  by  (3.1.1).  This  restriction  is  important  in  the  analysis  and  simulation  of  turbulence  distortion 
by  mean  strain  and  rotation. 

The  statistics  of  homogeneous  turbulence  will  depend  upon  time.  Experiments  on  homogeneous  tur¬ 
bulence  generally  involve  passing  flow  through  a  grid,  which  generates  turbulence,  and  then  through  a  flow 
passage  of  varying  cross  section.  The  flow  is  approximately  homogeneous  as  seen  by  an  observer  moving 
downstream  with  the  mean  flow,  and  the  evolution  of  this  turbulence  as  seen  by  the  observer  is  interpreted 
as  the  time  evolution  of  the  turbulence.  The  behavior  of  turbulence  under  imposed  mean  strain  can  be 
studied  by  changing  the  cross-sectional  geometry  of  the  flow  channel.  Ingeneous  experiments  permit  great 
flexibility  in  such  experiments  (Gence  and  Mathieu  1980).  Homogeneous  shear  flow,  in  which  the  mean 
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streamwise  velocity  gradient  if  uniform  across  the  flow,  can  be  produced  using  upstream  grids  of  special 
geometry  (Tavoularis  and  Corrsin  1981). 

Grid  turbulence  is  not  quite  isotropic.  However,  by  placing  a  contraction  in  the  flow  stream  downstream 
of  the  grid,  essentially  isotropic  turbulence  can  be  obtained  (Comte-Bellot  and  Corrsin  1966)  for  study  in 
a  subsequent  constant  cross-section  duct  downstream.  One  can  also  study  the  relaxation  of  homogeneous 
turbulence  after  strain  in  such  a  duct. 

In  the  period  1960-1980,  a  number  of  basic  experiments  on  homogeneous  turbulence  provided  a  sound 
data  base  on  these  flows.  Since  then  numerical  simulations  of  homogeneous  turbulence  have  added  consid¬ 
erably  to  this  data  base.  The  insight  gleaned  from  these  experiment  and  simulations  now  allow  us  to  paint 
a  useful  picture  of  the  structure  of  homogeneous  turbulence.  The  next  section  presents  this  picture  and 
discusses  the  important  scales  of  turbulent  motion. 

3.2  Structure  and  scales  in  homogeneous  turbulence 

One  can  think  of  homogeneous  turbulence  as  a  complex  tangle  of  vortex  filaments,  each  acting  as  a 
“Biot-Savart  source”  in  moving,  distorting,  and  and  straining  all  the  filaments  (Fig.3.2.1).  This  continual 
vortex  stretching  concentrates  the  vortieity,  and  so  the  volume  of  vortical  fluid  tends  to  be  a  small  fraction  of 
the  total.  Vortex  filaments  of  the  same  sign  tend  to  collect,  and  this  provides  a  mechanism  for  the  creation 
of  larger  eddies.  This  is  counterbalanced  by  the  three-dimensional  straining  of  filaments,  which  tend  to 
twist  and  tangle  themselves  to  produce  smaller  eddies.  The  imposition  of  mean  strain  distort  the  tangle  of 
vortex  filaments,  much  as  the  fibres  in  a  ball  of  steel-wool  are  distored  when  it  is  stretched.  This  alters  the 
structure  of  the  filaments,  and  hence  the  structure  of  the  turbulence.  Upon  removal  of  the  mean  strain-rate, 
interactions  between  filaments  randomise  their  orientation,  bring  about  a  return  to  isotropy. 

This  tangle  of  vortieity  produces  a  very  broad  range  of  turbnlent  motions.  The  larger  scales  are  more 
efficient  in  generating  the  Reynolds  stress  required  to  extranet  energy  from  the  mean  field  flow,  and  and 
new  turbulent  energy  appears  initially  at  large  scales.  Through  the  complex  non-linear  interactions,  which 
are  invistid  processes,  turbulence  energy  is  cascaded  successively  to  smaller  and  smaller  eddies,  ultimately 
to  be  dissipated  by  viscous  straining  in  the  sma'lest  eddies,  where  the  local  strain  rates  are  the  greatest. 


Figure  3.2.1  Homogeneous  turbulence  as  a  tangle  of  vortex  filaments 

The  scale  of  the  largest  eddies  is  set  by  whatever  object  produced  them.  In  grid  turbulence  the  grid 
mesh  determines  the  largest  eddies,  in  wakes  the  large  eddies  scale  on  the  diameter  of  the  object,  and  in 
pipes  they  scale  on  the  pipe  diameter.  The  Kale  of  the  smallest  eddies  is  set  by  the  rate  at  which  they  must 
dissipate  energy,  provided  to  them  by  the  large  eddies  through  the  cascade,  through  viscous  stresses.  The 
role  of  viscosity  in  turbulence  is  to  set  the  Kale  of  the  smallest  eddies. 

These  ideas  suggest  that  the  dissipation  rate  is  determined  by  the  scale  of  the  energetic  large-scale 
turbulence  which  starts  the  energy  cascade.  If  we  assume  that  q3  and  c  characterize  *hese  large  scales,  then 
by  dimensional  analysis  the  length  Kale  of  these  eddies  is 

l  =  q3/e  (3.2.1o) 

and  the  time  Kale  is 

r  =  g3/e.  (3.2.16) 

The  velocity  Kale  is  of  course  just  q.  These  Kales  tell  us  how  the  statistical  properties  of  large  eddies  should 
be  non-diwensionalised  to  collapse  data  from  similar  flows  at  different  Kales. 

The  Reynolds  number  of  the  turbulence,  defined  in  terms  of  the  velocity  and  length  Kales  for  the  large 
eddies,  is 

Rt  ~  —  -  (3.2.2) 

ev  '  ' 

In  practical  flows,  q  is  generally  proportional  to  the  velocity  difference  driving  the  flow  (velocity  at  the  center 
of  a  pipe  or  the  velocity  defect  in  a  wake),  and  t  is  proportional  to  the  object  dimension.  Thus,  Rt  is  usually 
proportional  to  (but  smaller  than  by  a  factor  of  20-100)  the  flow  Reynolds  number. 
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The  scales  of  the  smallest  eddies  are  determined  by  the  t  and  v.  By  dimensional  analysis,  the  length 
scale  must  be 

Ik  =  (i/*A)1/4  (3.2.3a) 

and  the  time  scale 

tk  =  (3.2.3  6) 

These  Kolmogorov  scales  characterise  the  vortex  filaments  in  turbulence,  with  the  cores  of  the  vortex  being 
of  order  Ik  and  rotation  time  for  the  core  scaling  on  tk-  The  corresponding  velocity  scale,  characterizing 
the  velocity  difference  developed  locally  around  a  vortex  filament,  is 


vjf  =  Mo¬ 
using  these  scales,  the  ratio  of  the  largest  scales  to  the  smallest  scales  is 

-1  = 


(3.2.3c) 


Thus,  the  range  of  turbulence  eddies  broadens  as  the  Reynolds  number  increases.  This  wide  range  limits 
direct  numerical  simulations  of  turbulence  to  low  Reynolds  numbers.  Large  tidy  simulations  of  turbulence, 
in  which  turbulence  of  smaller  scale  than  the  computational  mesh  is  modeled  and  the  larger  scales  are 
computed,  depends  heavily  on  models  for  the  small  scales.  It  is  tempting  to  approximate  this  sub-grid  scale 
turbulence  as  homogeneous,  and  therefore  a  firm  understanding  of  homogeneous  turbulence  is  important  to 
progress  in  large  eddy  simulation. 

The  remainder  of  this  chapter  is  devoted  to  the  mathematics  used  to  describe  the  statistical  properties  of 
homogeneous  turbulence.  Subsequent  chapters  deal  with  the  dynamic  evolution  of  these  statistical  properties 
in  response  to  imposed  mean  strain. 

3.3  Correlations  and  spectra 

The  statistical  properties  of  homogeneous  random  fields  are  most  often  described  in  terms  of  correlations 
and  spectra,  for  example,  if  /  and  g  are  two  random  field  variables,  the  two-point  correlation  of  /  and  g  is 

defined  as  _ 

Qjg(x,x',  t)  =<  /(x,  t)p(x',t)  >  (3.3.1a) 

where  the  overline  denotes  a  volume  average  and  the  brackets  denote  an  ensemble  average.  Ensemble  and 
volume  averages  are  usually  assumed  to  be  the  same  for  homogeneous  fields  ( ergodic  hypothesis );  the  dual 
averaging  is  therefore  redundant  but  useful  in  the  analysis  that  follows. 

For  homogeneous  fields  Q/g  depends  only  on  the  separation  of  the  two  points  r  =  (x'  —  x)  and  t, 


Q/g(r,  t)  =<  /(x,t)j(x  +  r,t)  >  . 


(3.3.16) 


Often  the  time  dependence  of  the  correlation  is  not  expressed  explicitly,  but  it  must  not  be  forgotten. 

There  is  an  infinite  set  of  other  correlations  of  possible  interest,  for  example  the  two-point  correlation 
with  time  delay,  three-point  correlations,  etc.  A  complete  statistical  description  requires  knowledge  of  the 
probability  density  function  for  all  variables  of  interest  at  all  space  points  and  time,  an  impossible  goal  to 
achieve.  Therefore,  statistical  descriptions  are  always  limited  in  what  they  can  provide,  and  the  challengs  is 
to  provide  what  is  really  essential,  with  minimum  effort  and  maximum  accuracy. 

In  homogeneous  fields,  Fourier  expansions  can  be  used  to  represent  individual  realizations  of  the  fields. 
Suppose  that  /  and  g  are  defined  within  a  box  of  interest  (Fig.  3.3.1).  In  order  to  give  them  Fourier 
expansions  we  have  to  imagine  that  they  are  periodic  functions,  so  let 

ft  i  _  f  /(x)  inside  the  box 
' '  ~  \  periodic  repetition  outside. 


The  Fourier  representation  of  /  at  any  instant  of  time  is 

/M  =  £/»■*“' * 


(3.3.2a) 


where  k  =  (kj,k2,k3)  is  the  three-dimensional  wavenumber  vector,  and  It  -x  =  k„x„.  Since  the  Fourier 
modes  must  fit  into  the  box  with  integer  periods, 


ki  =  2irn ,•/£. 


(3.3.26) 


The  summation  is  a  triple  sum  over  all  Fourier  modes, 


1  Ssi^L. 
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£  =  £££• 

k'  *1  Arj  fc» 


Not*  that  the  Fourier  coefficient*  may  vary  with  time;  we  do  not  show  this  explicitly  here. 


(3.3.2c) 


There  is  an  important  relationship  between  the  Fourier  coefficients  of  positive  and  negative  wavenumbers 
for  a  real  field,  liking  the  complex  conjugate  of  (3.3.2a),  replacing  k'  by  k", 

/*(x)  =  £/*(k")e+vk"x 

k" 

where  the  •  denotes  a  complex  conjugate.  Letting  k"  =  •  -k', 

/*(*)  =  £/‘(-kV‘V’X-  (3.3.3) 

k' 


Now,  if  /  is  real  it  is  equal  to  its  complex  conjugate.  Equating  the  Fourier  coefficients  of  like  exponentials 
in  (3.3.2a)  and(3.3.2), 

/(k')  =  /*HO 


or  alternatively  (for  real  f) 


/(-k)  =  /*{k). 


(3.3.4) 


The  Fourier  coefficients  are  evaluated  using  the  orthogonality  property  of  the  Fourier  modes,  using 
integrals  over  the  domain.  In  ’/hat  follows  / ()d3x  denotes  an  integral  over  the  box  in  Fig.  3.3.1.  Then, 
multiplying  (3.3.2a)  by  e’k',<  ana  integrating  over  the  box, 


j  e*k  *f(x)d3x  =  £  /(k'J  J  e<(k-k’)  Xd3x. 


(3.3.5) 


Since  each  Fourier  mode  that  fits  the  box  contains  an  integer  number  of  cycles, 


J  e’<k-k'>xd,x  =  { 


0  ifk#V 
L3  if  k  k'. 


(3.3.6) 


Hence  all  terms  in  the  summation  of  (3.3.4)  drop  out  except  for  the  cne  where  k'  =  k.  Thus,  the  Fourier 
coefficients  can  be  evaluated  as 

/( k)  =  ~J  /(x)e'k-*d5x.  (3.3.7) 

The  two-point  correlation  of  f  and  g  can  be  expressed  in  terms  of  the  Fourier  representations.  Consider 
the  correlation  of  /  and  g  within  the  box  of  Fig.  (3.3.1), 


<  /(x)»M  >=  ££  <  /(k)ff(k')  >  e-i<k  x+k'  «,>. 

k  k' 

The  brackets  indicate  that  the  Fourier  coefficients  are  random  variables  that  will  differ  from  from  realisation 
to  realisation.  Let  k"  =  -k'  and  r  =  x'-x.  Then,  using  (3.3.4), 

<  f(x)g(x  +  r)  >=££<  /(k)§* (krt)  >  e-«  (k-k")+ik».,  (3.3.8) 

k  k" 


Now  we  average  by  integrating  over  the  box  and  dividing  by  £3,  denoting  this  average  by  an  overline.  Using 
(3.3.6),  all  the  terras  in  the  sum  drop  out  except  the  terms  where  k"  =  k.  The  result  is  then 
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Q/g (r)  =<  fix) g(x  +  r)>=£<  /(k)s*(k)  >  e'k'.  (3.3.9) 

k 

In  computational  simulations  in  which  the  evolution  of  the  Fourier  coefficients  is  calculated  for  finite-series 
approximations  to  the  fields,  (3.3.9)  is  used  to  calculate  the  the  two-point  correlation. 

Theoretical  treatments  take  the  limit  as  L  -*  oo,  in  which  case  the  sums  become  integrals.  To  pass  to 
this  limit,  we  note  that  the  difference  between  consecutive  wavenumbers  in  the  eummation  is  Aka  =  2r/L 
for  each  direction,  so  Ajt,i/2)r  =  1.  We  can  multiply  each  term  in  the  summation  by  unity  three  times  to 
obtain  3 

Q/A r)  =  E<  /(kW’W  >  (£)  Ak.Af^Ak^.  (3.3.10) 

We  define  the  eospecfrum  of  /  and  j  as 

<Aww>-  (3.3.11) 

This  is  the  equation  used  to  calculate  the  co-s;  ectrum  in  discrete  spectral  simulations  of  random  fields. 
Then, 

Q,e(r)  m  £  E/A^'Ak,  Ak2Ak3.  (3.3.12) 

k 

Taking  the  limit  as  L  -*  oo,  we  define  the  cospectrum  of  /  and  g  by 

Etg(  k)  =  Bm  Efg(k).  (3.3.13) 

E/„  does  not  become  infinite  as  i  — *  oo  because  the  Fourier  coefficients  of  individual  modes  become  very 
small  as  the  number  of  significant  modes  increases.  As  L  — ♦  oo,  Afcj  Aka  Aka  becomes  an  elemental  volume 
in  wavenumber  space  dkidk^dka  =  d3 k.  Therefore,  in  (3.3.12)  the  two-point  correlation 

Q/A t)  =  lim  <?,„(r)  (3.3.14) 

*—♦00 

become,  the  three- dimensioned  Fourier  transform  of  the  cospectrum, 

QtAr)  =  f  E/B(k)cik  *d3k.  (3.3.15) 

Here  the  triple  integration  is  to  be  carried  out  over  all  wavenumbers. 

There  is  an  inverse  of  the  transform  (3.3.15).  Multiplying  (3.3.9)  by  e-,k'r  and  integrating  over  a  box 
of  size  L  in  r  space, 

/ Q/„ (r)e-'k'r<fir  =  E/  <  /(M**00  >  (3-3.16) 

Each  exponential  in  the  summation  will  execute  an  integer  number  of  cycles  in  each  direction  and  hrnce 
integrate  to  zero,  except  for  the  term  where  k  =  k'.  Hence, 

J  <?/„(r)e-V  rd?r  =  L3  <  /(k)g*(k)  >=  (2ir)9£/e(k).  (3.3.17) 

In  computational  simulations  based  on  finite-difference  methods,  this  equation  b  used  to  calculate  the  cospec¬ 
trum  from  the  two-point  correlation.  Taking  the  limit  as  L  — *  oo,  and  replacing  k'  by  k, 

E/Ak)  =  (£)*/ <?/»(v)«-k  rd3 r.  (3.3.18) 

Note  that  E/g  and  Q/g  are  Fourier  tranform  pairs. 

We  could  have  obtained  the  cospectrum  simply  by  Fourier  transformation  of  the  two-point  correlation. 
We  started  with  a  finite  box  so  that  the  relationships  between  the  Fourier  coefficients  and  the  cospectrum 
would  be  made  clear,  and  also  to  derive  results  useful  to  persons  engaged  in  dbcrete-representation  simula¬ 
tions  of  homogeneous  turbulence  in  finite  computational  domains.  It  should  be  understood  that  the  Fourier 
transforms  of  /  and  g  defined  over  an  infinite  region  do  not  exist.  However,  because  events  at  distant 
separations  are  uncorrelated,  Q/g  -*  0  as  |r|  — *  oo,  and  hence  the  Fourier  transform  of  Q/g  does  exist. 
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3.4  Velocity  correlations  and  spectra 

The  velocity  field  in  homogeneous  turbulence  can  be  represented  in  the  terms  outlined  above.  Let  /  = 
Ui  and  g  =  uy.  Then,  dropping  the  redundant  ensemble  average, 


Q.Ar)  =  “!(x)“y(x  +  *)•  (3-41) 

Qij  is  the  two-point  velocity  correlation  tensor.  Note  that 

<?.,( 0)  =  «;(xK(x)  =  (3.4.2) 

<Jy(r)  expresses  the  average  relationship  ‘ween  two  velocity  components  measured  at  two  locations 
separated  by  a  distance  x.  Qaa  [repeated  Greek  indices  are  not  summed)  will  be  largest  for  sero  separation, 
fall  to  a  fraction  of  this  value  for  separations  comparable  with  the  large  eddies  in  the  turbulence,  and  become 
sero  for  infinite  separation.  If  the  eddies  tend  to  be  long  in  one  direction  and  short  in  another,  this  will 
be  reflected  in  the  different  rate  at  which  the  correlation  falls  off  with  diffeient  ra.  Thus,  the  two-point 
correlation  tensor  can  tell  one  quite  a  bit  about  the  structure  of  the  turbulence. 

Using  (3.3.18),  the  velocity  spectrum  tensor  is 

£/(k)  =  (£)  f  Qi,  (r)e-k  'd’r  (3.4.3) 

where  the  integrations  are  over  all  r.  It  is  related  to  the  two-point  velocity  correlation  tensor  by  (3.3.15), 

Qii(r)  =  J  Ei}[k)e'k  rd3k  (3.4.4) 


where  the  integrations  are  over  all  It. 

The  Reynolds  stresses  ffcy  =  uju'.  are  given  by 

Rij  =  Q»(o) 


(3.4.5) 


for  which  (3.4.4)  gives 

Rij  =  J  £./(k)d3k.  (3.4.6) 

Reviewing  the  developments  of  the  previous  section,  one  sees  that  Ei,-[  kj^k  represents  the  contributions  to 
Rij  coming  from  an  element  of  k  space  of  volume  d3k  positioned  at  k. 

For  uniform  density  flow,  the  continuity  equation  (2.3.4)  provides  important  constraints  on  <J,y(r).  FVom 
(3.4.1) 

d~^f  =  ui(x)u;.(x  +  r),y  =  0.  (3.4.7o) 

Replacing  x  by  x*  --  r  in  (3.4.1),  then  differentiating  with  respect  to  r,-,  (2.3.4)  also  requires  that 


dQa 

dr{ 


=  0. 


(3.4.74) 


The  continuity  equation  (2.3.4)  also  constrains  Ey.  In  terms  of  the  Fourier  expansion,  continuity 
requires 

-£.-fcyfiy(k)e-'k‘x=0.  (3.4.8) 

k 

This  must  hold  for  all  x,  which  requires  that  the  coefficient  of  each  and  every  exponential  must  vanish. 
Hence,  for  each  wavenumber  vector  k, 

M/(k)=0.  (3.4.9) 

Equation  (3.4.9)  is  the  continuity  equation  in  Fourier  form.  It  says  that,  for  each  k,  the  Fourier  coefficient 
vector  3  must  be  orthogonal  to  k  in  order  for  the  velocity  field  to  be  divergence-free,  This  condition  is  used 
very  often  in  analysis  and  simulation  of  homogeneous  turbulence.  From  (3.4.9),  it  follows  (most  obviously 
using  the  the  discrete  Fourier  representations)  that 


kiEij  =  0 


(3.4.10a) 


k3-  En  =  0. 


(3.4.106) 


The  correlation  tensor  Q;j  has  an  important  symmetry  property.  Noting  that 


<?</(-r)  =  «<(*)«*}(* -r) 


we  let  x  =  x'  +  r  and  rewrite  this  as 


Q,y(-r)  =  u'(x'  +  r)u' (x'). 
The  right  hand  side  is  just  Qji(r).  Hence 

QiA-T)  =  QiA*)- 


(3.4.11) 


The  spectrum  tensor  EiS  also  has  a  symmetry  property.  Since  the  Fourier  coefficients  for  real  fields 
obey  (3.3.3),  It  follows  (most  obviously  from  the  discrete  Fourier  representations)  that 


EiA-k)  -  (j^j  <  «i(-k)fiy(-k)  > 
=  (£)’  <  a'AWA*)  >=  £,.«• 


(3.4.12) 


In  the  limit  L  — *  oo  this  becomes 


*/H0  =  Eyi(k). 

The  turbulence  kinetic  energy  may  be  expressed  as 


(3.4.13) 


\<?  =  |q..(o)  =  \J  5«(k)d3k. 


(3.4.14) 


Integral  seales  of  motion  may  be  defined  in  terms  of  Q,j.  For  example, 


,  =  /o°°  Qn(ri>°>0)dfi 

“  Ou(0,0,0) 


(3.4.15) 


is  useful  as  a  measure  of  the  zj  scale  of  the  turbulence.  Here  the  arguments  display  the  three  components 
of  the  separation  vector, 

Qij  and  Eij  are  the  classical  quantities  used  to  describe  homogeneous  turbulence.  They  are  less  use¬ 
ful  for  inhomogeneous  turbulence  because  expansion  functions  other  than  Fourier  modes  really  should  be 
used  in  directions  of  inhomogeneity.  They  are  used  for  inhomogeneous  flows  when  the  turbulence  can  be 
approximated  as  locally  homogeneous  over  regions  large  compared  to  the  integral  scale. 

3.5  Other  statistical  quantities 

There  we  many  other  statistical  quantities  of  interest  in  turbulence.  Those  that  involve  only  quadratic 
forms  in  the  velocity  are  termed  second-order.  Any  second-order  statistical  property  of  the  velocity  field  can 
be  derived  from  the  two-point  correlation  tensor  or  the  velocity  spectrum  tensor.  For  example,  a  tensor  of 
interest  is 

~  «J,p  (3.5.1) 

From  (3.4.1), 

^^  =  u;(x)u'„  (x  +  r).  (3.5.2) 


Replacing  x  by  x*  -  r  in  (3.5.2),  then  differentiating  with  respect  to  rp,  one  has 


9  Jr’}-  =  (*'  “  (*')• 

ur o' a 


Now  letting  r  =  0, 


D..  - 

W*  V  drpdr,  )M=0 
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The  corresponding  result  in  terms  of  the  spectrum  tensor  can  be  derived  directly  by  taking  the  derivatives 
of  the  discrete  Fourier  series  for  the  velocities,  and  proceding  as  in  section  3.2  above,  or  by  applying  (3.5.4) 
to  (3.4  4).  Either  approach  gives 

A/p,  =  J  kpk'E< y(k)d3k.  (3.5.5) 

Since  gradients  of  all  statistical  quantities  vanish  in  homogeneous  turbulence, 

K^)»7  =  0.  (3.5.6) 

Expanding  the  differentiation  using  the  continuity  equation  (2.3.4), 

Ay,i  =  =  0-  (3.5.7) 

Note  that  this  is  consistent  with  (3.5.4)  and  (3.5.5)  if  the  continuity  constraints  (3.4.7)  or  (3.4.10)  are  applied. 
The  dissipation  rate  e  may  be  expressed  in  general  as 

e  =  u(D,ijj  +  Ayy*)*  (3.5.8) 

FVom  (3.5.7),  the  second  term  does  not  contribute,  and  in  homogeneous  turbulence  the  true  dissipation  rate 
e  is  the  same  as  the  homogeneous  dissipation  rate  P  defined  by  (2.6.4). 

Using  (3.5.8),  (3.5.7),  and  (3.5.5),  we  find  that  the  dissipation  rate  is  related  to  the  velocity  spectrum 
tensor  by 

e~uf  k2B,i{k)d3k.  (3.5.9) 

The  factor  Jfc3  means  that  the  main  contributions  to  the  dissipation  come  from  higher  wavenumbers  (smaller 
eddies)  than  those  that  provide  the  major  contribution  to  the  kinetic  energy. 

o.8  Vorticlty 

The  two-point  vorticity  correlation  tensor  is 

^(r)=«!(*)»;.(x  +  r).  (3.6.1) 

Note  that  _ __ 

tv.,(0)  =  w,'w!  =  to2.  (3.6.2) 

FVom  the  definition  of  vorticity  (1.9.1), 

wa  =  Dnjj  -  Di„i  (3.6.3) 

so  it  follows  from  (3.5.7)  and  (3.5.8)  that  in  homogeneous  turbulence  the  dissipation  is  directly  related  to 
the  mean-square  vorticity, 

e  =  util2.  (3.6.4) 

The  enstrophy  equation  (2.8.1)  is  therefore  sometimes  used  as  a  guide  in  developing  model  equations  for  the 
dissipation. 

The  vorticity  can  also  be  expanded  in  a  Fourier  representation;  for  the  box  of  section  3.2, 

#(*)==  5>(k)e-<k*  (3.6.5) 

k 

Because  the  vorticity  is  by  definition  divergence-free, 

fcwijk)  =  0  (3.6.6) 

and  because  the  vorticity  is  real 

A(k)  =  tO*(-k).  (3.6.7) 

The  vorticity  spectrum  tensor  Hi,  (k)  can  be  developed  following  the  approach  above.  It  is  of  course 
the  Fourier  transform  of  the  two-point  vorticity  correlation  tensor,  and  can  be  related  to  the  velocity  tensor. 
Because  the  vorticity  is  divergence-free, 

kiHij(  k)  =  0  (3.6.8o) 

and 

JfcyAy(k)  =  0  (3.6.86) 


and  because  it  ie  real 

tfi(-k)  =  %(k). 

The  Fourier  coefficients  of  the  vorticity  are  related  to  those  of  the  velocity.  Using  (1.9.1), 

k 

Equating  coefficients  of  like  exponentials,  the  vorticity  coefficients  are  found  to  be 


From  this  it  follows  that 


*.{k)  =  k). 


(3.6.10) 


(3.6.11) 


H,  y(k)  =  e<p„eJ>.Ap*r£Uk)  (3.6.12) 

One  can  express  Q{j-  in  terms  of  the  vorticity  correlation  tensor  and  J?,y  in  terms  of  the  vorticity  spectrum 
tensor.  This  requires  the  solution  of  the  Poisson  equation  (1.9.5),  which  is  easily  accomplished  using  the 
Fourier  representations.  Alternatively,  one  can  multiply  (3.6.10)  by  tr,ik,.  The  result  is 

*(k)  =  ‘,Mf^,(k).  (3-6.13) 

where  k 2  =  kjk,.  Substituting  in  the  discrete  representation  of  Ei}-  and  taking  the  limit,  one  finds 

*»(k)-«*9rs^**(k).  (3.6.14) 


(3.6.14) 


This  result  finds  important  use  in  rapid  distortion  theory,  where  it  is  used  to  estimate  the  anisotropy  in  the 
Reynolds  stresses  produced  by  distortion  of  the  vorticity  field  due  to  imposed  mean  strain.  It  is  also  useful 
in  constructing  models  of  E,j  for  anisotropic  turbulence  using  models  for  the  anisotropic  Hi,-. 

3.7  Correlations  and  spectra  In  isotropic  turbulence 

If  the  statistics  are  independent  of  the  coordinate  system  orientation,  only  two  types  of  correlations 
completely  characterize  the  velocity  correlation  tensor  (Fig.  3.7.1).  The  longitudinal  correlation  function 

/(r)  =  ^<?ii(rl,  0,0)  (3.7.1) 

describes  the  coherence  of  the  velocity  fluctuations  aligned  with  the  separation  of  the  two  points.  The  lateral 
correlation  function 

?(r)  =  4^(r»'0>°)  f3-72) 

1 

relates  to  the  coherence  of  fluctuation  velocities  perpendicular  to  the  separation  axis. 


Figure  3.7.1  Longitudinal  and  lateral  correlation  functions 

The  complete  tensor  <J,-y( r)  can  expressed  in  terms  of  these  two  scalar  functions.  The  tensor  must  be  a 
function  of  the  separation  vector  r.  The  most  general  such  function  is 

Ciy(r)  =  CiSi,  +  Cjr.r,-  (3.7.3) 

where  the  coefficients  Ci  and  Cj  may  be  functions  of  the  scalar  invariant  of  the  vector,  r  =  y/rffl.  The 
coefficients  can  be  identified  by  expressing  the  longitudinal  and  lateral  correlations: 


Qat[fi,0,0)  =  yff(r)  =  Ci 
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<3u(rii0,0)  =  j /M  =Ci  +  C^r7. 


Solving  for  C\  and  C2,  one  finds 


„  /.»  .  92  T /(»•)  -ffW..  _  ,  ' 

QiAr)  =  J  — J3 - r»rJ  +  9lr)sV  ■ 


Note  that  /  and  g  are  scalar  functions  of  the  scalar  separation  magnitude  r  (and  of  time,  not  shown  explicitly). 
The  continuity  equation  provides  a  relationship  between  /  and  g.  Since  r  =  \fr\u, 


dr  _  rk 
drk  r ' 


Differentiating  (3.7.6)  with  repect  to  rk, 


Qij,k  =  j  riri~  +  Mi*  +  V&*)  +  s' 7]  (3-7-8 

where  the  primes  denotes  differentiation  with  respect  to  r.  Setting  k  =  j  and  using  the  continuity  condi- 
tion(3.4.7),  one  finds 

/'  +  ?(/-*)  =  0  (3-7.9) 


This  integrates  readily  to  give 


f{r)  ~~S  jQ  ?S(r)df. 


(3.7.10) 


E,j  for  isotropic  turbulence  can  be  obtained  by  Fourier  transform  of  Q;y  as  outlined  in  section  3.3. 
Alternatively,  we  can  construct  its  general  form  directly  since,  for  isotropic  turbulence  the  U,y  tensor  must 
be  a  function  only  the  vector  k.  The  most  general  form  is 


£;y(k)  =  CtSij  +  Cjfbiky  (3.7.11) 


where  the  coefficients  can  depend  on 
condition  (3.4.10), 

the  scalar  invariant  of  the  vector,  k 

—  ^/(kiki).  Using  the  continuity 

Cxkj+Ct  Jbs*y  =  0 

(3.7.12) 

hence 

C2  =  -Cr/fc2 

(3.7.13) 

Redefining  Ci  as  4xkrE(k),  we  have 

(3.7.14) 

E(k)  is  called  the  energy  spectrum  function.  Note  that  it  is  a  scalar  function  of  the  scalar  k  (and  of  time, 
not  shown  explicitly). 


Figure  3.7.2  Coordinate  system  for  fc-space  integration 
The  tnruuence  energy  is,  using  (3.4.14), 

5?2  =  /  (3.7.15) 

The  integration  of  integrals  of  this  type  ,  in  which  the  unknown  function  depends  only  on  the  magnitude  of 
the  vector,  can  best  be  carried  out  in  spherical  coordinates  (Fig.  3.7.2).  We  have 


2  ™  Jk=oJo=oJ<t,=o  k2 


Carrying  out  the  integrations  over  <j>  and  8, 


\q' =  J”  E(k)dk. 


(3.7.16) 


(3.7.17) 


We  see  that  E(k)dk  represents  the  contribution  to  the  kinetic  energy  per  unit  mass  arising  from  all  the 
Fourier  modes  in  a  spherical  shell  in  k-space  of  radius  k  and  thickness  dk.  Once  E(k)  is  known,  the  entire 
velocity  spectrum  tensor  £?,•,■  is  known  from  (3.7.14). 

In  theory,  homogeneous  isotropic  turbulence  evolves  in  time,  and  one  should  measure  the  spectrum 
tensor  by  making  measurements  at  many  space  points.  In  reality  this  is  very  difficult  (but  it  is  what  is 
in  fact  done  in  a  numerical  simulation).  Instead,  laboratory  experiments  make  use  of  Taylor’s  hypothesis , 
which  assumes  that  the  velocity  pattern  measured  as  a  function  of  lime  at  one  point  is  frozen  in  the  fluid 
and  being  swept  over  the  probe.  The  probe  measurement  is  thereby  interpreted  as  providing  Qn(ri,0,0). 
Using  (3.7.14)  in  (3.4.4), 

<?u(ri,0,0)  =  /  1  -  (3.7.18) 

This  integration  is  conveniently  carried  out  in  the  coordinates  of  Fig.  3.7.3.  We  sort  the  Fourier  contributions 
according  to  those  with  the  same  wavenumber  |Jfcj|.  Terms  from  both  sides  of  the  kt  axis  contribute,  with 
opposite  signs  in  their  exponentials;  these  are  combined  into  a  cosine; 

<?n(ri,0,0)  =  f“_Jk°°k  f*no^(l-&ycos(klrl)kdtdkdkl  (3.7.19) 

We  carrying  out  the  <f>  integration,  and  define  the  one  dimensional  spectrum  function  Et  by 


r°° 

<?u(n>  0,0)=/  Et(k)cos[kiri)dki 

Jki-0 


(3.7.20) 


(3.7.21) 


One  can  taking  the  Fourier  cosine  transformation  of  the  measured  <2n(ri,0,0)  to  get  E-.(k,).  Then, 
differentiating  (3.7.18)  twice  (a  courageous,  step  with  laboratory  data!), 


,  *?a»gi(fc.)  kidEl(kl) 

l‘~  2  dkj  2  dki 


(3.7.22) 


This  allows  E(k)  to  be  determined.  It  also  shows  that  if  E(k)  varies  as  a  power  of  k  in  some  range  the.i 
Ei(ki)  will  vary  with  the  same  power  of  k\. 


Figure  3.7.3  Coordinates  for  one-dimensional  spectrum  integration 

Eqn.  (3.7.21)  in  essence  defines  Qn  as  a  one-dimensional  Fourier  cosine  transform  of  Ei.  The  inverse 
transform  is 

Ei(ki)---[  <?ii(ri,0,0)cos(fcir1)dri.  (3.7.23) 

*  Jo 


Noting  that  Qu(0)  =  q7/ 3  in  isotropic  turbulence,  the  integral  scale  defined  b>  (3.4.15)  is  given  by  (3.7.23) 


in  -  A/  -  7-j£?i(0) 


(3.7.24) 


A/  is  the  integral  scale  derived  from  the  longitudinal  correlation  function  /(r),  and  hence  it  is  called  the 
called  the  longitudinal  integral  scale.  Since  it  is  non-tero,  £i(0)  >  0,  in  contrast  to  £7(0)  =  0. 

3.8  Dissipation  in  isotropic  turbulence 

Using  the  isotropic  spectrum  (3.7.14)  in  (3.5.9),  carrying  out  the  integrations  using  polar  coordinates 
as  above,  the  dissipation  rate  is  found  as 


:  =  v  I™  k*E(k)dk 
Jo 


(3.8.1) 


The  factor  k 2  means  that  higher  wave  numbers  (smaller  scales)  make  more  contribution  to  the  dissipation 
(and  vorticity)  than  they  do  to  the  energy  (compare  3.7.17). 

Since  the  small-scale  component  of  turbulence  is  generally  throught  to  be  very  nearly  isotropic  at  high 
Reynolds  numbers,  isotropic  turbulence  theory  is  used  as  an  aid  in  estimating  e  from  laboratory  data.  This 
approach  makes  use  of  the  tensor  defined  by  (3.5.1).  In  an  isotropic  field,  the  only  tensors  upon  which 
Dij pq  can  depend  are  the  isotropic  numerical  tensors,  hence  it  must  be  of  the  form 


A'jpj  = 

=  ClStjSpq  +  CiSiySjq  +  C^SiqSjp 

(3.8.2) 

where  the  coefficients  must  be  scalars.  The  coefficients  can  be  evaluated  from  three  known  constraints.  First, 
the  definition  forces  a  symmetry, 

Ajm  =  Hjup.  (3.8.3a) 

Second,  continuity  requires  that 

Dijiq  —  0. 

(3.8.36) 

Finally,  we  know  that 

e  =  vl>%  tpp. 

(3.8.3c) 

Using  these  considition,  one  finds 

Exipq  = 

2c  f  1  * 

(3.8.4) 

The  pertin  -nt  quantity  most  easily  measured  in  an  experiment  (again  using  Taylor’s  hypothesis)  is 


K.l  )8  = 


15i/ 


(3.8.5) 


This  is  usually  the  way  that  c  is  estirr  ated  in  laboratory  experiments. 

Another  important  turblence  scale  defined  in  terms  of  the  dissipation  is  the  microscale.  It  can  be 
approached  through  the  longitudinal  correlation  function  f(r).  The  symmetry  property  (3.4.11)  indicates 
that  f[r)  must  be  an  even  function  of  r,  so  its  expansion  is 


/(r)  =  l-iars  +  0(r<) 


(3.8.6) 


The  interception  of  this  osculating  parabola  (Fig.  3.3.1)  with  /  =  0  defines  a  scale  A/  =  y/IJa,  called  the 
longitudinal  Taylor  microscale.  FVom  (3.5.4),  using  (3.7.5)  and  then  (3.8.4), 


e 

5t /q1 


A*  ■=  lOi/q'/e. 

Alternatively,  the  dissipation  rate  can  be  expressed  as 


s  =  10i/ 


(3.8.7) 

(3.8.8) 


This  equation  is  sometimes  used  to  determine  s  from  measurements  of  the  longitudinal  correlation. 
Using  (3.2.3)  and  (3.2.2),  the  ratio  of  the  Taylor  microscale  to  the  Kolmogorov  scale  is 

^  =  x/i0  ^ 

Ik 


(3.8.9) 


Using  (3.2.1),  the  ratio  of  the  energy-containing  scale  to  the  Taylor  scale  is 


Tt  =  jsF  (3-8-10) 

Thus  the  microscale  falls  between  the  smallest  and  largest  scales.  Although  it  is  the  most  commonly  leported 
turbulence  scale,  it  is  the  least  well  understood.  It  has  been  suggested  that  it  is  a  measure  of  the  size  of  the 
loops  in  the  vortex  filaments,  but  this  is  not  at  all  certain. 


Figure  3.8.1  The  osculating  parabola  defines  the  Taylor  microscale 

3.9  Scaling  of  the  spectrum  in  isotropic  turbulence 

The  general  form  of  E(k)  deduced  from  measurements  in  isotropic  turbulence  is  shown  in  Fig.  3.7.1.  By 
(3.7.17),  the  area  under  the  curve  is  the  turbulent  kinetic  energy,  to  which  then  greatest  contributions  come 
from  wavenumbers  around  the  peak.  The  vorticity  and  dissipation  occur  predominantly  at  high  wavenumbeis. 


Figure  3.9.1  Form  of  ..he  spectrum  in  isotropic  turbulence 

It  is  generally  thought  that  the  small-scale  motions  in  any  turbulent  flow  become  isotropic  at  high 
Reynolds  numbers,  and  therefore  that  the  Kolmogorov  scales  characterize  the  high  wavenumber  region 
of  any  turbulent  flow.  Moreover,  if  one  assumes  that  there  is  a  universal  small-scale  spectrum,  then  by 
dimensional  analysis  it  must  be  of  the  form 


Elk)  Jkir3/*\ 

yt>/eel/i  gl/4  J 


(3.9.1) 


The  one-dimensional  spectrum  jFi(fci)  would  have  to  scale  in  the  same  manner.  Figure  3.9.2  showa  that  the 
data  from  a  wide  variety  of  flows  do  indeed  collapse  when  plotted  in  these  Kolmogorov  variables.  The  data 
flatten  at  low  wavenumbers  because  they  are  one-dimensional  spectra  where  E\ (0)  is  given  by  (3.7.24). 


i 
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STREAMWISE  ENERGY  SPECTRA  FOR  VARIOUS  TURBULENT  FLOWS 

(CHAPMAN,  1979) 
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Figure  3.9.2  Spec’ra  in  Kolmogorov  variables 


Kolmogorov  suggested  that  there  should  be  a  range  of  wavenumbers  in  which  the  main  process  is  the 
passing  of  energy  from  larger  eddies  to  smaller  eddies  (the  cascade  of  turbulence  energy),  and  that  the 
structure  of  this  region  should  depend  only  on  the  rate  ol  energy  cascade.  Since  this  cascade  ultimately  ends 
with  distipation  at  the  small  scales,  the  rate  ol  energy  cascade  must  be  e.  If  one  assumes  that  E(k)  depends 
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only  on  e  (and  of  course  k)  in  this  range,  by  dimensional  analysis 


E(k)  kWe-W  =  constant  =  a 


or 


E(k)  =  ac7'3! IT5/3. 


(3.9.2) 


This  is  the  Komogorov  spectrum,  a  cornerstone  of  turbulence.  Measurements  give  a  Kolmogorov  constant  a 
of  about  1.5.  The  data  of  Figure  3.9.2  show  the  —5/3  range,  with  longer  runs  of  -5/3  behavior  at  larger 
Reynolds  numbers,  consistent  with  the  broadening  of  scales  as  R%f*. 

In  the  vicinity  of  the  peak  in  E(k),  the  spectrum  should  scale  on  the  large-scale  variables  (see  section 
3.1),  and  hence  should  collapse  when  plotted  as 


cE{k) 

9s 


(3.9.3) 


Where  this  form  overlaps  with  the  Kolmogorov  spectrum  the  function  G  must  be  such  that  q  drops  out,  and 
this  again  establishes  the  -5/3  law  for  the  asymptotic  overlap  range  between  low  and  high  wavenumbers. 

Figure  3.9.1  indicates  that  E(k )  -*  0  as  fc  — *  0,  but  there  is  controversy  as  to  just  how.  There  are 
good  arguments  supporting  both  k7  (Saffman)  and  k 4  (Loitskianski)  variation  as  k  — »  0.  The  it4  behavior 
is  required  if  is  to  be  analytic  at  k  =  0.  The  k 7  behavior  implies  some  residual  preferential  directions 
at  zero  wavenumbers,  which  may  be  more  characteristic  of  physical  experiments.  Numerical  simulations 
with  delta  spectra  at  mid-range  fill-out  as  k*  as  the  turbulence  develops,  but  simulations  initiated  with  k2 
behavior  at  low  wavenumbers  persist  as  E2.  Simple  models  of  turbulence  show  that  the  rate  of  energy  decay 
in  isotropic  turbulence  depends  on  the  low  wavenumber  portion  of  the  spectrum,  and  with  the  experimental 
decay  rates  support  the  k7. 


k 

Figure  3.9.3  Evolution  of  the  spectrum  in  decaying  isotropic  turbulence 

Turbulence  not  subjected  to  mean  deformation  will  decay  as  time  passes.  The  larger  eddies  take  more 
time  to  change,  and  the  smallest  scales  of  motion  adjust  most  rapidly.  Figure  3.9.3  depicts  the  nature  of 
the  evolution  of  E(k,t)  (we  now  include  the  time  variable  heretofore  suppressed).  Note  that  the  peak  moves 
to  larger  scales  (small  wavenumbers)  because  the  smaller  eddies  die  out  faster.  Thus  as  time  progresses  the 
integral  scale  will  grow. 


Figure  3.9.4  Model  spectrum  for  isotropic  turbulence 

A  simple  model  spectrum  for  isotropic  turbulence  is  shown  in  Fig.  3.9.4.  It  assumes  a  power  law 
behavior  at  low  wavenumbers,  a  -5/3  inertial  range,  and  a  sharp  cutoff  at  the  Kolmogorov  scale: 

(  Akm  for  k<kL 

E(k)  =  |  as^3fc-5/*  for  kL  <  k  <  k, .  (3.9.4) 

1 0  for  k  > 


Matching  the  spectrum  at  fcx,  gives 


.2/3  \  3/(3m+5) 


Assuming  M,  >•  ki „ 


from  which  an  estimate  of  the  peak  wavenumber  is  obtained, 


¥-K^i)r 


Again  assuming  kv  »  kL,  the  viscous  cutoff  wavenumber  is  estimated 


from  which 


:  =  !/  r 

Jo  4 

hS/*  _  (  4 \3'* 
e1'*  \3a) 


It  is  left  as  an  exercise  to  work  out  the  one-dimensional  spectrum  Ei  for  this  model  spectrum,  and  from  that 
to  determine  the  integral  scale.  For  m  =  2  and  a  =  1.5,  one  finds 

A/e/?3  =  0.11.  (3.9.9) 

This  model  spectrum  exhibits  thr  t  ”'oer  scaling  for  isoropic  turbulence,  and  gives  values  of  the  scales  within 
about  a  factor  of  two  of  those  fou  id  from  actual  spectra.  It  is  very  useful  in  constructing  simple  turbulence 
models,  in  setting  up  initial  fields  fvr  turbulence  simulations,  and  in  addressing  other  aspects  of  homogeneous 
turbulence. 


3.10  Third-order  statistics  in  Isotropic  turbulence 

Correlations  involving  product*  of  three  quantities  are  called  third  order  statistics.  These  depend  on  the 
relative  phases  of  the  Fourier  modes,  information  not  contained  in  the  spectrum  tensor  Eij.  Of  particular 
interest  in  turbulence  modeling  are  one-point  third-order  statistics.  For  isotropic  turbulence  these  tensors 
can  be  worked  out  using  the  methods  used  previously.  For  example, 

=  Cq3/%k.  (3.10.1) 

In  dealing  with  the  vorticity  and  dissipation  equations,  one  encounters  the  tensor 

^ijkpqr  =  Ujip  uy>5  u*>-  (3.10.2) 

This  is  evaluated  for  isotropic  turbulence  by  first  writing  the  general  tensor 

tpijkpqr  ~  tipiCltjefor  +  Cj£y*£4 r  +  CS5yr5*f)  +  8,-y (CqSpqSkr  +  C$6pk&qr  +  Cs£pr£jk) 

+6it(Cl6pj$kr  +  OtSpkSjr  +  Ci&prSjk)  +  £,'k(Ci05py5,r  +  CufpqSjr  +  CuSprSjq) 

+£i>(Cris£py£«*  +  CuSp^Sjk  +  CuSpkSt}).  (3.10.3) 

There  are  three  are  three  symmetry  constraints, 


tijkpqr  =  'frjipqkr  (3.10.4a) 

Tpijkpqr  =  'Pkjirqp  (3.10.44) 

i>i)kpqr  =  I’xkjprq-  (3.10.4c) 

Continuity  also  provides  some  constraints,  but  with  the  symmetries  enforced  only  one  is  required, 

V’.yk.M  =  0.  (3.10.5) 

Forming  (u(u'.u^),iy*  and  using  homogeneity  conditions,  one  can  show  that 

tfrijkjki  =  0.  (3.10.6) 


With  these  constraints,  (3.10.3)  can  be  reduced  to  a  form  containing  only  one  unknown  Coefficient.  With 
C6  =  A,  one  finds 

1 tijkpqr  —  d[(£ip£y,£jcr  +  f,-y£p*59r  +  hjhpr^qk  +  SiqSprSjk  +  £|fc£py£9r  +  SikSpqSjr  +  SirSPqSjk) 

4  3  1 

—  $(6ip&ik8ir+Sit8pqSkr+fik5fT8jq)  —  -{Sii6pi,6jr  +  6,r6pj6qit)  —  -[6ip6jr6k1  +  liit6pJSkr  +  firSpk6si)]-  (3.10.7) 

For  example,  _ 

(«i,i)3  =  A  (3.10.8) 

_  35 

"»<y  ~~Ya'  (310-9) 

The  derivative  tkewneti  7  is  related  to  A;  using  (3.8.5)  and  (3.10.8), 

7  =  RTF/[K^)3],/a  =  >l(^)8/a-  (3-10-10) 


The  skewness  is  measured  to  be  negative,  the  term  given  by  (3.10.9)  is  positive.  This  is  the  turbulent  vortex 
stretching  source  term  in  the  equation  for  mean-square  vorticity  (2.8.2),  by  which  the  turbulence  tends  to 
enhance  its  own  mean-square  vorticity. 
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4.  RAPID  DISTORTION  OP  HOMOGENEOUS  TURBULENCE 

4.1  Introduction 

The  state  of  homogeneous  turbulence  changes  significantly  when  it  is  subjected  to  mean  strain.  This 
occurs  in  practice  whenever  turbulence  passes  through  a  duct  of  variable  cross-section,  such  as  a  nozzle,  when 
turbulence  is  sheared  by  the  mean  flow,  or  when  turbulence  is  subjected  to  a  mean  rotation,  The  general 
trends  can  be  understood  using  vortex  stretching  concepts.  For  example,  passing  turbulence  through  an 
axisymmetric  nozzle  stretches  the  vortex  filaments  in  the  flow  direction  and  tends  to  align  them  with  the 
flow  direction,  reducing  the  turbulent  fluctuations  in  the  direction  of  flow  but  increasing  the  fluctuations 
transverse  to  the  flow. 

Because  of  the  non-linearity  of  the  governing  equations,  it  is  impossible  to  develop  a  rigorous  theory  of 
these  processes.  There  are  two  alternative  approaches  to  such  a  theory.  The  first  is  to  use  some  sort  of  a 
closure  model  to  produce  a  set  of  closed  equations  describing  the  evolution  of  statistical  properties  of  the 
turbulence  in  response  to  the  mean  strain.  The  second  approach  is  to  simplify  and  then  solve  the  exact 
equations  for  special  cases.  Both  approaches  are  useful.  In  this  chapter  we  examine  rapid  distortion  theory 
(RDT),  in  which  the  exact  equations  for  the  fluctuation  field  are  approximated  in  a  way  that  is  valid  for 
very  strong  imposed  mean  strain  rate,  yielding  linear  equations  amenable  to  exact  solution. 

It  might  be  thought  that  the  response  to  large  strain  rate  could  be  calculated  using  the  Reynolds  stress 
transport  equations  (2.7.1),  neglecting  the  terms  that  do  not  explicitly  contain  the  mean  velocity  gradients. 
However,  this  analysis  overpredicts  the  changes  in  the  Reynolds  stresses,  because  the  pressure-strain  term 
Ta  in  (2.7.1)  produces  an  immediate  effect  that  reduces  the  impact  of  the  production  term  P, y  by  a  factor 
of  about  50%.  The  Poisson  equation  for  the  fluctuation  pressure  (2.5.3)  shows  that  a  sudden  onset  of  mean 
velocity  gradient  instantly  changes  the  fluctuation  pressure  field.  The  result  is  a  sudden  change  of  2}y  with 
the  onset  of  applied  and  this  must  be  considered  in  the  analysis.  Turbulence  modelers  refer  to  the  part 
of  Tij  that  changes  suddenly  with  a  sudden  change  in  the  mean  deformation  rate  as  the  rapid  pressure  strain 
term.  RDT  plays  a  key  role  in  understanding  and  modeling  this  term,  and  this  chapter  is  intended  to  aid 
the  use  of  RDT  in  this  work. 

The  basic  idea  of  RDT  is  that  when  |S|q*/e  S>  1  the  time  scale  of  the  turbulence  q2  /e  is  long  compared 
to  that  of  the  mean  deformation,  and  so  the  turbulence  does  not  have  time  to  interact  with  itself.  Thus,  the 
non-linear  terms  in  the  governing  equations  (2.5.1)-(2.5.3)  involving  products  of  flu  tuation  quantities  are 
neglected,  and  so  the  RDT  equations  are  linear  in  the  fluctuation  quantities.  The  viscous  terms  are  linear 
and  can  be  included  in  the  analysis,  but  are  often  neglected  and  will  be  here. 

These  equations  contain  the  mean  velocity  gradients,  which  must  be  independent  of  position  for  ho¬ 
mogeneous  turbulence  but  may  depend  on  time.  The  convective  operators  D  contain  the  mean  velocities, 
which  must  vary  linearly  with  x  in  homogeneous  turbulence.  These  coefficients  prevent  representation  of 
the  solution  a3  periodic  in  the  coordinates,  and  this  hampers  direct  solution  by  Fourier  methods.  However, 
when  transformed  to  coordinates  marked  on  the  mean  flow  at  the  start  of  the  distortion,  the  variable  co¬ 
efficients  are  removed  and  the  solution  may  be  obtained  by  Fourier  methods  in  the  transformed  system. 
This  transformation  is  used  in  the  numerical  simulations  of  homogeneous  turbulence  (Rogallo  1981),  where 
it  permits  the  numerical  solution  to  be  exact  for  infinitely  rapid  distortions!  The  numerical  simulations  of 
the  full  equations  carried  out  using  this  program  are  useful  in  helping  assess  the  range  of  applicability  of 
RDT,  and  it  is  rather  surprising  that,  for  some  types  of  strain,  RDT  works  remarkably  well  even  at  relatively 
low  strain-rates  (Lee  and  Reynolds  1985).  Thus,  RDT  is  becoming  recognized  as  being  very  important  and 
useful  in  turbulence  analysis,  modeling  and  simulation  (Savill  1987). 

4.2  The  RDT  equations 

The  most  general  mean  velocity  field  in  which  homogeneous  turbulence  can  exist  is  of  the  form 

Vi  =  Aik(t)xk  (4.2.1a) 

from  which 

Vi,k  =  A, •*(«).  (4.2.16) 

Note  that  (3.1.1)  restricts  the  rotational  history  of  the  imposed  mean  deformation,  but  any  mean  strain  rate 
history  can  be  imposed. 
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Substituting  (4.2.1)  in  (2.5.1),  the  inviscid  RDT  approximation  for  homogeneous  turbulence  is 

u-  +  Aikxku'iti  =  -u'jAtj  -  V„- .  (4.2.2) 

The  continuity  equation  (2.3.4)  also  applies.  We  remind  the  reader  that  these  equations  hold  if  p  =  p(t),  so 
they  can  be  applied  in  certain  types  of  compressible  flow  situations. 

Solution  by  Fourier  methods  is  practical  only  if  the  coefficients  in  the  equations  are  independent  of  x. 
Therefore,  it  is  necessary  to  transform  the  equations  to  remove  the  troublesome  term  on  the  left-hand  side. 
The  transformation  is  assumed  to  be 


(i  =  Bik(t)xk  T  =  t. 


(4.2.3) 


Transforming  (4.2.2)  to  the  new  coordinates,  the  left-hand  side  becomes 


du;  ,3ui-  3u< 

+  BnkXk+  3'XkWn  ni‘ 


Setting  the  coefficient  of  xk  to  sero  to  remove  the  variable  coefficient, 


Bnk  +  AjkBnj  =  0. 


(4.2.4) 


This  defines  the  Rogallo  transformation.  The  can  be  found  by  solving  these  linear  equations,  although 
a  closed-form  solution  is  not  feasible.  The  transformation  ties  the  new  coordinate  systems  to  the  mean 
motion,  with  the  new  grid  distorting  and  rotating  as  demanded  by  the  mean  flow.  The  Rogallo  code  for 
direct  simulation  of  homogeneous  turbulence  operates  in  this  coordinate  system. 

With  this  transformation  the  RDT  momentum  equations  (4.2.2)  become 


3u£ 

dr 


-^-lpakBu 


and  the  continuity  equation  (2.3.4)  becomes 


du'j 

9<ik 


Bki 


=  0. 


(4.2.5a) 


(4.2.56) 


The  Poisson  equation  for  the  pressure  fluctuation  is  obtained  by  taking  the  derivative  of  (4.2.5a)  with  respect 
to  fit  and  the  derivative  of  (4.2.5b)  with  respect  to  r  and  combining,  using  (4.2.4).  Alternatively,  one  can 
simply  transform  (2.5.3).  The  result  is 

1  3V  3u'f 

ZaTaT8*8™  =  -WuAij-rf.  (4.2.5c) 

These  linear  equations  can  be  solved  to  track  the  evolution  of  the  Fourier  coefficients  of  the  velocity  field  in  the 
transformed  coordiates.  The  Reynolds  stresses  are  integrals  of  this  spectrum  function,  and  the  integrations 
may  be  carried  out  in  the  transformed  coordinates.  If  the  spectrum  in  the  original  coordinates  is  involved, 
the  spectrum  must  be  mapped  back  to  x  space  using  the  coordinate  transformation. 

Closed-form  solution  of  the  RDT  equations  for  a  general  problem  is  not  possible.  However,  exact 
solutions  for  special  cases  can  be  obtained,  in  some  cases  in  closed  form  and  in  others  in  terms  of  integrals. 
The  general  solution  can  be  found  as  a  power  series  in  time.  Some  of  these  solutions  that  play  useful  roles 
in  understanding  turbulence  and  in  turbulence  modeling  will  now  be  discussed. 

4.3  Response  of  turbulence  to  rapid  rotation 

RDT  can  be  applied  to  study  the  effect  of  rapid  rotation  on  turbulence  in  the  absence  of  strain.  Taking 
the  rotation  as  clockwise  about  the  axis,  the  mean  velocity  is 


Vi  =  Tx3 


u3  =  -rn 


(4.3.16) 
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and  the  coordinate  transformation  is  (Fig.  4.3.1) 

f i  =  x\  cos(IV)  -  xi  sin(rr) 
fa  =  cos(rr)  +  xi  ain(IV) 
fs  =  “3 

r  =  i. 

IVansforming,  the  RDT  equations  become 


|ii  =  _i[£0S(rr)^.  +  sin(r,)^]_Uar 

it = -H~8b(rf)^+C03(rr,S+Uir 


3u 3  _  1  dp 

dr  p3f 3' 


The  transformed  continuity  equation  is 


3u\  .  3u',  .  ._  .  3u4  .  .  duU  .  dui. 

_  cos  (IV)  +  --  sm(rr)  -  ^  sm(Tr)  +  —  cos(IV)  +  ~  0. 


(4.3.2a) 

(4.3.26) 

(4.3.2c) 

(4.3.2d) 

(4.3.3a) 

(4.3.36) 

(4.3.3c) 

(4.3.3d) 


It  is  helpful  to  transform  the  velocity  components  to  the  rotating  coordinate  system.  Denoting  these 
velocities  by  v;, 


t>i  =  tii  cos(IV)  _  ujsin(rr) 

(4.3.4a) 

V2  =  u2cos(rr)  +  tii  sin(rr) 

(4.3.46) 

t»3  =  u3. 

(4.3.4c) 

Forming  the  equations  for  the  new  velocities  form  the  old,  one  finds 

_2%r 

dr  pdf, 

(4.3.5a) 

|2,-I«f  +  Z„r 

dr  pd& 

(4.3.56) 

dvi  1  dp 

dr  p  3f $ 

(4.3.5c) 

O 

II 

(4.3.5d) 

The  second  terms  on  the  right  are  of  course  the  Coriolis  terms. 

Now  we  seek  the  solution  for  the  evolution  of  the  Fourier  modes  in 
the  developments  of  section  3.3,  we  write 

the  transformed  space.  Following 

K 

(4.3.6a) 

p' =  '£?{&,  t)'-i,c'u 
£ 

(4.3.66) 

where  £  is  the  wavenumber  in  the  transformed  coordinates.  Equating  coefficients  of  like  exponentials, 

(4.3.7a) 
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30a  titj «  »„« 

-p  =  — p  +  2r0i 
or  p 

(4.3.76) 

30s  »/c3  A 

3r  p  P 

(4.3.7c) 

*i0<  =  0. 

(4.3.7d) 

Applying  the  continuity  equation  (4.3.7d)  to  (4.3.7a-c), 

1  A  2r(02iCj  —  01 K2) 
pP  “  t/ca 

(4.3.8) 

where  k?  =  /cj  +  /c|  +  /c|.  Substituting  (4.3.8)  in  (4.3.7a-c),  and  seeking  solutions  of  the  form  0,(ic,r)  = 
Oi  exp (>7?r),  one  obtains 

s/9oi  -  2F^(a2K1  -  ox/cj)  +  21*02  =  0  (4.3.9o) 

i/?a2  —  2T"j^{ct2Ki  “  °i^2)  —  2rai  =  0 

(4.3.96) 

ipaz  -  2r~(a2/C!  -  a^)  =  0. 

(4.3.9c) 

This  linear  equation  system  has  non-trivial  solutions  only  if  the  determinant  of  the  coefficient  matrix  vanishes. 
This  condition  gives 

32  =  4r’(i-i^)=4r^>o.  (4.3.10) 

Hence,  except  for  modes  with  (Cj  =  0,  the  solutions  are  undamped  oscillations  in  time  at  frequency  /?(«). 

The  *3  =  0  modes  require  special  attention.  They  correspond  to  two-dimensional  modes  with  their 
vorticity  aligned  with  the  rotation  axis.  The  solution  for  these  modes  is 

01  (i$,r)  =  01  (£,  0)  -  C(k)k2t 

(4.3.11a) 

~  0a(fi,O)  +  <%)* if 

(4.3.116) 

V3[&,r)  =03(&,O) 

(4.3.11c) 

where 

c  „r^«i0i(£,O)  +  k2C2{k,  0)  j 

(4.3. lid) 

But  for  X3  =  0  the  numerator  of  C  is  sero  by  continuity,  and  hence  the  Fourier  coefficients  of  these  modes 
do  not  change  under  rapid  rotation.  Thus,  these  coefficients  can  also  be  regarded  as  undamped  oscillations 
at  frequency  P(k). 

The  solution  for  the  Fourier  coefficients  is  therefore 

0,-  =  a+eifT  +  a-e"*'. 

(4.3.12) 

oi±  and  a2±  are  related  by  (4.3.9a)  or  (4.3.9b), 

/  ■_-* 3  ,  K1K2\  _  /*1  .\ 

(±t—  +  -0-)ai±  =  1^2  ~ 

(4.3.13) 

The  coefficients  Oi±  are  set  by  the  initial  values  of  the  Fouiier  amplitudes, 

CiO  =  “i+  +  ai- 

(4.3.14) 

where  u,o  b  the  initial  value  of  0<(s).  Using  (4.3.13)  and  (4.3.14),  one  finds 

ai± = [(*? + ^)0,° + 11  “  ^)°30]. 

(4.3.15) 
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Following  section  3.4,  the  spectrum  tensor  Bti  (  in  the  rotating  coordinate  system)  is 


Using  the  solution  and  a  bit  of  algebra,  one  finds 


(4.3.16) 


Elite, T)  -  +  -^p^ii(t£.0)  +  2^1  -  Em(&,0)  +  -^(l  -  ^(£12(5,0)  +  £21(5,0)) 


^)*nM)  -  (1  -  &)\iteM  -  ^(1  -  §)  (Elite, 0)  +  ftita.0))]  cos  (2/Jr) 

-2  [(Si^»£ll(£,0)  +  f  (l  -  (E13(k,0)  +  iJatM))]  sin(2/?r)}.  (4.3.17) 


If  the  initial  turbulence  is  isotropic,  the  initial  spectrum  is  given  by  (3.7.14),  and  one  finds  that  the 
coefficients  of  the  sin  and  cos  terms  vanish;  hence  there  is  no  change  in  the  spectrum  as  viewed  by  an  obsever 
in  the  rotating  coordinate  system.  Since  the  spectrum  is  isotropic,  the  spectrum  seen  by  a  stationary  observer 
is  also  unchanged.  Thus,  rotation  of  itself  will  not  distort  the  spectrum  of  isotropic  turbulence. 

If  the  initial  spectrum  is  anisotropic,  as  for  example  produced  by  prior  strain  and  associated  rotation, 
the  residual  rotation  will  simply  cause  the  spectrum  to  oscillate  at  a  frequency  u  =  2/?(/c).  The  associated 
Reynolds  stress  (in  the  rotating  frame),  determined  by  integrating  En  over  all  k,  will  oscillate  in  a  compli¬ 
cated  manner  that  depends  on  the  initial  spectrum.  However,  using  the  symmetry  property  of  the  spectrum 
(3.4.13),  the  contribution  of  the  sin(2/?r)  term  to  the  integral  is  seen  to  vanish.  Hence,  relative  to  a  rotating 
observer,  the  Reynolds  stress  oscillations  can  be  expressed  as  an  even  power  series  in  r  arising  from  the 
cos(2/8r)  term.  Hence,  the  Reynolds  stresses  seen  by  a  stationary  observer  would,  to  O(t),  appear  to  rotate 
in  the  manner  described  by  the  kinematic  rotation  terms,  with  deviations  from  this  behavior  being  described 
by  an  even  power  series  in  time. 

These  are  important  results  for  turbulence  modeling.  Turbulence  models,  when  reduced  to  the  same 
rapid  distortion  approximations,  should  not  show  any  effect  of  pure  rotation  (rotation  without  straining) 
on  isotropic  turbulence.  More  iver,  when  applied  to  the  pure  rotation  of  anisotropic  turbulence,  the  models 
should  shown  the  kinematic  rotation  of  the  Reynolds  stress  described  by  (2.7.4),  plus  modifications  by  an 
even  power  series  in  time.  This  condition  is  very  useful  in  setting  coefficients  in  turbulence  models,  and  we 
shall  use  it  in  Chapter  6. 


4.4  Rapid  isotropic  compression  or  expansion 

Consider  next  isotropic  expansion  (or  compression)  with 


u{  =  r*,. 

(4.4.1) 

The  RDT  momentum  equations  are 

“<  +  IX, y  =  -IX  -  . 

(4.4.2) 

The  density  is  given  by  the  continuity  equation, 

p  =  —3pT. 

(4.4.3) 

The  RDT  transformation  i3 

(i  -  x te~rt  r  =  t 

(4.4.4) 

and  the  transformed  equations  are 

£4  =-iv.-  —  ^e~r‘ 

9t  1U*  p(t)3&e 

(4.4.6) 
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Hi 


=  o. 


(4.4.7) 


Multiplying  (4.4.6)  by  u|,  the  pressure  term  drops  out  by  continuity  (4.4.7).  Averaging,  we  obtain  the 
RDT  approximation  for  the  kinetic  energy, 


1  dq3 

2  dr 


=  -r  q7. 


(4.4.8) 


The  solution  is 


_  e-art 
9  -  9oe 


(4.4.9) 


where  9j}  is  the  initial  kinetic  energy.  Thus,  the  turbulence  kinetic  energy  will  decrease  with  expansion 
(r  >  0)  and  increase  with  compression. 

The  evolution  of  the  spectrum  is  obtained  by  solving  the  individual  component  equations.  Fourier 
expansions  are  used  as  above.  The  pressure  fluctuations  (i.e.  the  rapid  part)  are  zero  by  continuity,  and  all 
Fourier  modes  of  the  velocity  vary  as  exp[—Tt).  Thus,  the  spectrum  retains  its  inital  shape  in  the  sirctchcd 
coordinate  system,  and  simply  scales  in  magnitude  with  q2.  As  a  consequence  the  integral  scale  (3.4.15) 
varies  in  proportion  to  the  strain, 

A/M  =  A/(0)er*.  (4.4.10) 


These  results  are  useful  in  constructing  turbulence  models  for  compressible  turbulence.  Some  of  the 
turbulence  models  currently  in  use  do  not  predict  the  proper  behavior  with  compression,  some  even  predicting 
an  increase  in  length  scale  as  turbulence  is  compressed! 


4.5  Response  of  turbulence  to  rapid  irrotational  strain 

RDT  analysis  for  irrotational  mean  strain  is  neatly  handled  using  the  vorticity  equation.  Under  the 
RDT  approximations,  with  no  mean  rotation,  (2.5.2)  reduces  to 


Du-  =  uj-S.-y  -  U-Skk. 


(4.5.1) 


We  work  in  principal  coordinates  of  %  and  take 


0’.  =  r.(t)x«. 


(4.5.2) 


Recall  that  Greek  indices  are  not  summed.  The  RDT  coordinate  transformation  is 


—  “a  /^Q  T  —  t 

(4.5.3a.  6) 

where 

/pt  \ 

«a=exp^  ro(t')dt'J 

(4.5.3c) 

is  the  total  strain  in  the  a 

direction.  The  transformed  vorticity  equation  is 

du'«  _  f  ;  i. 
dr  ~Va  a 

(4.5.4a) 

where 

fa  =  r„  —  To 

(4.5.5a) 

r0  =  r,  +  r2+r3. 

(4.5.55) 

The  solution  of  (4.5.4)  is 

<(x,r)  =<{x,0)e'a 

(4.5.6) 

where 

/ft  \ 

«a=exp  yj  Ta{t')dt'J 

(4.5.7) 

is  a  modified  total  strain  in  the  a  direction.  This  result  clearly  shows  the  essence  of  RDT;  it  computes 
the  change  in  the  turbulent  state  by  considering  the  rapid  vortex  streching  i.-mosed  by  the  mean  field.  The 
velocity  field  can  be  deduced  from  the  vorticity  field.  In  the  transformed  coordinates,  the  Poisson  equation 
(1.9.5)  for  the  velocity  gives 

(“-5-8a) 

ofs  e3  ofj  e2 


where  the  transformed  Laplace  operator  is 


~  e\di\  +  e\ ae2  e\d ft 


(4.5.8b) 


The  equatiors  for  oij  and  u>3  can  be  obtained  by  permuting  the  indices.  The  solution  is  obtained  using 
Fourier  expansions, 

w,'(x,r)  =  (4.5.9a) 


u! (x>  T)  =  H  “*(&  T)e~,K'(' ' 


(4.5.96) 


The  solution  for  ui  is 

,  |(k3W2/«3  -  K2'j3/e2) 

U\  —  -  2  2  2  * 

«1  <2  e3 

The  other  components  can  be  found  by  permutation  of  the  indices. 

The  velocity  sp-ctrum  function  Ekj  is  related  to  the  vorticity  spectrum  function  H,j  by 

r,  ,  ,  (^)2/f22(fi,0)  +  (^)2^33(lC,0)-2(^)(^)ff2D(£,0) 

(£-rl  - - ; - - - — - • 

[(ff)2  +  (t)2+(l?)2 

From  the  solution  for  the  vorticity  evolution  (4.6,6), 


(4.5.10) 


Han(n,  t)  =  HapitZt  0)eaep. 


(4.5.11) 


(4.5.12) 


If  we  assume  that  the  initial  turbulence  is  isotropic,  the  initial  vorticity  spectrum  is  given  by  (3.7.23), 
with  k  replaced  by  ic.  Using  this  spectrum  and  (4.5.12)  in  (4.5.11), 


E^~'T]  =  w - TTT-r— - ■ 


(£)2  +  (£)2  +  (£)2] 


(4.5.13) 


The  spectra  o'  .  and  E33  can  be  found  by  permuting  the  indices. 

The  Rc>  stresses  can  now  be  calculated  by  integrating  Ei,  over  all  wavenumbers  (see  3.4.6).  The 
integrations  ;  je  most  easily  carried  out  using  spherical  coordinates,  and  can  be  evaluated  in  closed  form  for 
a  few  very  simple  cases,  such  as  isotropic  compression.  However,  the  general  case  of  inotational  strain  can 
be  handled  by  power  series  expansion  in  the  total  strains.  In  (4.5.3c)  we  expand 


e„  =  exp(a)  =  1  +  aa  +  ja*  1- ... 


(4.5.14) 


The  integrals  are  then  expressed  as  power  series  in  the  ac,  and  evaluated  in  spherical  cooidinates,  where  the 
angular  integrations  can  be  carried  out  analytically.  The  k  integration  produces  ?y/3,  the  initial  isotropic 
valu*  of  Rxl.  Using  this  approach,  the  Reynolds  stress  Rjy,  dissipation  tensor  £>,/,  and  'orticity  Vlt  =  *»{«•’ 
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i 


t 


were  evaluated  by  the  author  and  Moon  Lee  (Reynolds  1983)  to  0(c2).  Subsequently  Piomelli  used  the 
symbolic  manipulation  program  MACSYMA  to  extend  the  Reynolds  stress  (the  most  important  quantity 
for  turbulence  modeling)  to  0(»5)  (Lee,  Piomelli,  and  Reynolds  1986).  The  results  are  .-s  follows  (the  other 
components  car.  be  found  by  permuting  the  indices):' 

^11  1  1 
R\i  =•  <?o  |^3  ”  ~(2a°  4-  4ai)  4*  -^(lOa*  4-  \2al  —  320203)  4-  -~{-l2ao  +  48000203  -  8dj  4-  48010203) 

4  -(30qq  4*  32o^oi  —  48oqOi  —  128oqG20j  —  32000010203  4*  36aj  —  320*0203  4-  lGaSc*) 

3465 

(  --i— (-244oJ  -  1440ajai  +  33C0a;X  -  4320^.,'  -  2488uf  +  1200floa2a3  +  7600a;jaia2a3  +  4320u0a} 
225225 


— 344DaoO?a203  —  881)000303  4*  5200a* 0^03  4“  560010303)  4-  0(ofi) 

Du  =  2eo  -  ^3i  +  —“o  +  D(“2) 

Pit  =  —  fl  +  2oi  -  a0  +  0(a2) 

«  =  «o  |l  -  jao  +  0(a4) 

hi  =  -~«I  -  jjM*  +  2aja5)  +  ^-(of  -  aja^)  +  ^(aj4  H-  -  2a^of) 

+  2364i625(1968na‘5  +  25189a:^a=?  ~  479453aJSa~aJ)  +  0(a*°) 


where  the  Reynolds  stress  anisotropy  tensor  is 


i  ii,y  — q2w,j/3 
b”~  - ? - 


(4  5. IS) 

(4.5.16) 

(4.5.17) 

(4.5.18) 

(4.5.19) 

(4.5.20) 


and  the  anisotropic  strain  components  are 


“a  =  “■>  "  j®"- 


(4.5.21) 


Note  that  the  anisotropy  tensor  b, ,■  is  depends  only  or,  the  total  anisotropic  strain,  and  is  independent  of  the 
strain-rate  history.  These  results  are  use'ul  in  turbulence  modeling  where  one  seeks  to  develop  models  that 
will  be  consistent  with  RDT  when  the  RDT  approximations  are  applied  to  the  model. 

4.6  Combinations  of  strain  and  rotation 

The  general  RDT  problem  for  homogeneous  turbulence  involves  combinations  of  strain  and  rotation,  for 
which  a  general  solution  can  be  developed  in  symbolic  form  (Cambon  1981).  Using  the  Fourier  expansions 
(4.5.9)  and  a  similar  one  for  the  pressure,  (4.2.5c)  is  first  solved  to  express  the  Fourier  coefficients  of  the 
pressure  in  terms  of  those  of  the  velocity, 


1.  2iKKBkiAi}  . 

~P  =  ~  I,  a — 5  u. 

P  LJmp°np 


Then,  the  Fourier  expansion  of  (4.2.5a)  gives 


3u ,• 

Sr 


-Aijij  + 


2KkBkiKqBqp 

Kn*mBm9Bnt 


Ap,us  =  Hi,  rij. 


(4.6.1) 


(4.6.2) 
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Following  Cam'uon,  the  solution  can  be  expressed  using  Green’s  functions, 

«■(£.»■)  =  <?it(£,r)ujfc(ic,0)  (4.6.3) 

where  the  Green’s  functions  are  given  by  the  solution  of 

dGil3f'-T)  =  Hlk(K,r)Gkj(!i,T)  C.-yM)  =  6;,.  (4.6.4) 

This  allows  the  spectrum  tensor  E; y  to  be  expressed  in  terms  of  the  initial  spectrum, 

t)  =  G{p(k,t)G}1{k,t)Em(k,  0).  (4.6.5)  ' 

The  Reynolds  stresses  are  then  simply  integrals  of  the  spectrum  function  over  all  k. 

This  method  of  solution  is  instructive  for  looking  at  the  structure  of  the  solution,  but  the  calculations  for 
the  Reynolds  stresses  require  appf  oximate  evaluation  of  the  integrals,  for  example  by  power  series  expansions. 

Moreover,  when  the  principal  axes  of  the  strain  rate  vary  with  time  the  Green’s  functions  are  not  easily 
obtained.,  except  perhaps  as  power  series  in  time.  If  one  is  going  to  resort  to  series  solution,  a  direct  solution 
by  power  series  in  time  is  simpler.  We  will  develop  this  here  for  future  reference. 

A  superscript  summation  convention  aids  the  analysis.  We  denote  a  series  by 

-  ’ 

OO 

A  =  £A<n>t’’  =  A(n>en.  (4.6.6) 

n=0 

Any  repeated  superscript  or  power  is  summed  over  all  possible  values.  The  delimiters  on  the  superscripts 
establish  the  range,  with  (  )  establishing  a  lowest  value  of  0  and  |  ]  establishing  a  lowest  value  of  unity. 

Muliplication  of  two  series  and  sorting  out  of  powers  of  t  is  then  very  easily  accomplished.  For  example, 
simply  replacing  n  by  r  -  m  in  the  product  below  collects  the  coefficient  of  tr, 

AB  =  =  Air-m)B<m)tr.  (4.6.7) 

Here  the  delimiters  correctly  establish  that  the  m  summation  in  the  coefficient  of  tr  is  from  0  to  r.  The 
leading  coefficients  can  also  be  extracted, 

A(T -m)B(m)  _  AW  gW  +  AW g(')  +  ,j|r-m|B!m|  (4 .6 .8) 

where  the  m  sum  at  the  end  now  ranges  from  1  to  r  -  1. 

We  treat  a  general  case  of  arbitrary  strain  and  initial  rotation  as  applied  to  initially  isotropic  turbulence, 
and  express  the  velocity  gradient  tensor  A,k  (see  4.2.1)  as 

Afc(t)  =  Sik{t)  +  je*wn,(0.  (4.8.9) 

The  strain-rate  history  described  by  S,jt(t)  and  the  initial  rotation  described  by  0,(0)  will  be  arbitrary,  and 
the  rotation  history  is  governed  by  (3.1.1). 

Expanding, 

s,k  =  s£hn  n,  -  n<">r 

a*  =  4‘>tn  B,k  =  B^t" 

X.,  =  u,(n,tn  p  =  p<n)t".  (4.6.10) 

The  coefficients  then  are  generated  recursively.  FVom  (3.1.1) 

(r  +  i)n<r+1>  -  n<r)sj;-,).  (4.6.11)  i 


j 


i 
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from  (4.6.11) 


from  (4.2.4) 


4’ = s.(;‘ + ^Ar)- 


(r  -  l)fl<>+1>  =  B®  B<$  =  r,nk. 

The  Fourier  representation  (in  stretched  space)  of  (4.2.5a)  gives 

(r  +  l)uj'+1>  =  -u^A[f  + 


The  continuity  condition  (4.2.5b)  gives 


The  Fourier  representation  of  the  Poisson  equation  (4.2.5c)  gives 


(4.6.12) 
(4.6.13a,  fc) 

(4.6.14) 

(4.6.15) 

(4.6.16) 


Extracting  'he  leading  pressure  term  given  by  r  =  0, using  (4.6.15b), 


4-c  =  i«**ra^“«>lW^»-»,^j}  +2iKkBll?,-r)Alr}-'ul;) 


(4.5.17; 


where  the  notation  llrl  forces  r  >  0  in  the  sum. 

The  procedure  is  now  very  simple  At  each  order  r,  one  finds  the  rotation  term  from  from  (4.6.11),  the 
velocity  gradient  term  from  (4.6.12),  the  transformation  term  from  (4.6.13),  the  pressure  term  from  (4.6.17), 
and  the  velocity  terra:  fiom  (4.6.14).  The  spectrum  censor  is  expressed  as  a  similar  series  exoansion,  and  its 
terms  are  generated  and  integrated  in  spherical  coordinates  to  calculate  the  Reynolds  stresses,  much  as  in 
the  previous  section.  This  is  a  natural  task  for  a  symbolic  manipulator  like  MaCSYMA.  The  result  would 
enable  the  determination  of  all  unknown  coefficients  in  the  model  for  the  rapid  pressure  strain  term  (see 
Chapter  6);  we  are  attempting  to  carry  out  this  evaluation. 

4.7  Two-dimensional  turbulence 


RDT  of  two-dimensional  turbulence  is  useful  for  testing  the  range  of  performance  of  turbulence  mod¬ 
els.  Stanford  student  Laura  Pauley  carried  out  an  RDT  analysis  of  initially  axisymmetric  two-dimensional 
turbulence  for  three-dimensional  irrotational  strain  along  the  principal  axes  of  with  622  =  —1/3.  Her 
results  are 

Rn  =  “^1  d-  (“l  d*  2a2  +  03]  +  [— (aj  +  a*)  +  0103  +  2a2(ai  +  a2  +  03) j 

aia3  -  —*l  +  “i(»*i  d-  a§  +  20123)  +  2a2  (  +  -a2  +  03^  J  +  0(a4)  J  (4.7.1) 


11  3  5  2 

~  24°i  -  r*03 


11 
8  ' 


1  +  y  (*?  “  “3)  +  |(“i“3  -  aia|)  +  0(a*) 


(4.7.2) 


where  the  total  strain  in  the  flh  direction  is  e,-  =  exp(o,),  a2  =  a2-co  and  io  =  oi+a2  (-a3.  Note  that  strain 
aligned  with  the  vorticity  does  not  affect  the  anisotropy,  and  that  changes  in  anisotropy  do  not  occur  until 
third  ord»  would  be  instructive  and  useful  to  extend  this  analysis  to  more  general  2-D  cases  including 
rotation  .  -  .rain  not  aligned  with  the  principal  axes  of  hi- 


5.  MODELING  SCALE  EVOLUTION  IN  HOMOGENEOUS  TURBULENCE 


S.I  Introduction 

This  chapter  and  the  next  are  devoted  to  one-point  models  of  homogeneous  turbulence.  Here  we  deal 
with  modeling  the  evolution  of  the  length  and  time  scales,  assuming  that  whatever  must  be  known  about 
the  tensor  character  of  the  turbulence  can  be  generated  by  an  anisotropy  model.  Anisotropy  modeling  is 
lddressed  in  the  subsequent  chapter. 

The  turbulent  kinetic  energy  equation  provides  the  equation  for  the  turbulence  velocity  3cale  o2.  For 
homogeneous  turbulence  (2.6.2)  becomes 

W*)  =  2  (P-c).  (5.1.1) 

If  the  other  model  scale  variable  is  e,  this  equation  is  closed.  Alternatively,  if  one  choses  to  use  a  time  scale 
variable  r  instead,  a  model  relating  e  to  r  is  required.  There  are  many  clues  that  the  use  of  a  time  scale 
as  the  second  scale  parameter  would  offer  advantages  in  modeling  more  general  flows.  Where  it  becomes 
desirable  to  think  along  these  lines  we  will  use  the  lar^e-eddy  time  scale  identified  in  Chapter  3, 


(5.1.2)) 


Following  the  most  popular  current  trend,  we  shall  start  by  using  a  model  equation  for  e  as  our  second 
equation.  In  homogeneous  turbulence  (see  3.6.4)  e  =  i/u2,  and  so  the  n2  equation  (2.8.12)  yields  the  e  (care 
must  be  taken  to  account  for  the  density  change  when  introducing  v).  For  homogeneous  turbulence  with 
p  =  p{ i)  and  p  =  constant  the  result  is 

£  =  2vu,yjS's  -  iffS'kfc  +  +  2t/w(u)'-s(y  -  2i/2wf„  to!,,  (5.1.3) 

where  ^ 

S,‘-  =  Sij  -  -SkkS;,-  (5.1.4) 

is  the  anisotropic  strain  rate.  The  last  two  terms  provide  the  means  by  which  e  changes  in  isotropic  turbu¬ 
lence.  In  addition,  we  see  that  incompressible  strain,  isotropic  volume  change,  and  rotation  wi'l  also  modify 
the  evolution  of  c.  We  shall  address  these  issues  separately. 

5.2  Decay  of  isotropic  turbulence 

With  no  production  the  energy  equation  gives 

q2  =  -2c  (5.2.1) 


Assuming  that  one  can  make  a  model  using  only  q2  and  e  as  variables,  the  form  of  the  e  equation  for  isotropic 
turbulence  can  be  deduced  by  dimensional  analysis, 


(5.2.2) 


where  the  coefficient  C, o  can  depend  on  the  turbulence  Reynolds  number  (see  3.2.2)  Rt  =  q*/(i/e).  This  is 
the  form  used  by  all  models  of  this  type. 

Insight  is  obtained  by  recognising  that  the  right  hand  side  of  (5.2.1)  comes  from  the  difference  of  the 
last  two  terms  in  (5.1.3).  The  first  of  these  is  the  turbulent  vortex  stretching  term,  which  is  related  to  the 
derivative  skewness  by  (3.10.9).  The  last  term  can  be  written  as 

2i/2w!„  u>;„-  =  2v2  r  k*E{k)dk  (5.2.3) 

Jo 


which  shows  that  it  is  dominated  by  the  smallest  scales  of  motion  and  hence  should  scale  on  the  Kolmogorov 
variables.  It  can  be  estimated  using  the  model  spectrum  of  Fig  3.9.4.  Using  the  e  two  estimate*  for  isotropic 
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turbulence,  put  in  terms  that  resemble  the  model  equation  (5.2.1),  one  finds  that  both  terms  scale  as  \/Rt, 
and 


(5.2.4) 


Experiments  clearly  indicate  that  a  constant  coefficient  C, o  does  a  very  adequate  job  at  high  Reyno'd. 
numbers,  which  means  that  the  difference  in  the  two  terms  within  the  brackets  in  (5.2.4)  must  decreas :  as 
l/y/Rr.  Both  terms  are  very  large  and  they  are  nearly  in  balance  (an  estimate  of  the  skewness  can  be  m-ie 
from  this  balance).  It  would  be  unwise  to  model  these  two  large  terms  separately  when  we  only  need  their 
difference,  and  for  this  reason  the  two  are  lumped  together  in  (5.2.2). 

The  value  of  C,o  can  be  determined  by  fitting  the  energ>  decay  rate  for  isotropic  turbulence  to  that 
measured  experimentally,  and  this  is  what  most  modelers  have  done.  The  exact  solution  of  the  q2  and  e 
model  equations  is 

q2  —  ?o(!  +  t/a)~n  e  =  eo(l  +  t/a)“'n+1)  (5.2.5 a,  6) 


a 


2 

”  “  (C. o  -  2) 


(5.2.5c,  d) 


The  subscripts  0  denote  initial  values.  The  best  experiments  suggest  n  should  be  in  the  range  1. 1-1.3.  At  low 
Reynolds  numbers,  where  the  turbulence  is  in  its  final  period,  n  =  5/2  is  found  theoretically  and  confirmed 
experimentally. 

The  model  spectrum  (3.9.4)  can  be  used  to  find  n  (Reynolds  1976)  by  assuming  that  the  spectrum  is 
permanent  below  ki,  Le.  that  the  low  wavenumber  spectrum  parameter  A  is  constant.  Expressing  e  in 
terms  of  q 2  and  A  using  (3.9.5)  and  (3.9.6),  then  using  this  in  (5.2.1)  to  find  the  q2  history,  one  obtains 
(5.2.4a)  with  n  =  (2m  +  2)/(m  +  3).  This  clearly  supportes  the  idea  that  the  low  wavenumber  part  of  the 
spectrum  affects  the  energy  decay  rate.  The  k*  spectrum  (w  =  4)  gives  n  =  10/7,  which  is  really  too  high 
to  fit  the  best  experiments  very  well.  However,  the  k2  spectrum,  with  m  =  2,  gives  n  =  6/5,  in  quite  good 
agreement  with  experim  its.  In  a  finite-bourier  series  representation,  the  assignment  of  the  same  energy  to 
each  low  wavenumber  Fourier  mode  would  make  £,•,  independent  of  k  and  hence  E(k)  vary  like  k2,  and  so 
k2  turbulence  can  be  thought  of  as  being  cqtiipartitioncd  at  low  wavenumbers. 

With  n  —  6/5  as  suggested  by  both  the  experiments  and  the  k2  spectrum,  C,0  —  11/3,  and  this  is  the 
value  that  we  prefer.  It  is  very  close  to  the  value  of  3.84  used  by  many  k  —  c  modelers. 


5.3  Isotropic  compression 

For  isotropic  turbulence,  R,,  =  q26,j/3.  Denoting  .9**  =  3r  (see  4.4.1),  and  assuming  isotropic  volume 
change  with  p  =  p(t),  the  energy  equation  (2.6.2)  reduces  to 


q2  =  -2IV  -  2c. 


(5.3.1) 


The  c  must  be  modified  to  account  for  the  change  in  volume.  The  exact  c  equation  (5.1.3)  suggests  that  this 
modification  might  be 


(5.3.2) 


For  very  large  T  the  solutions  to  the  above  equations  are 


e = 9o4~2r< 


(5.3.3a) 


e  =  e0e-rt  (5.3.36) 

The  energy  development  matches  RDT  (4.4.9).  If  we  assume  that  the  integral  scale  is  proportional  to  q3/c, 
the  large-eddy  length  scale,  then  according  to  (5.3.3)  the  length  scale  varies  as  exp(-2rt).  This  says  that 
expanding  the  flow  volume  will  reduce  the  length  scale,  which  should  bi  disturbing  to  anyone  and  is  not  in 
agreement  with  RDT.  Nevertheless,  this  modification  of  the  c  equation  was  used  for  some  time  in  i.c.  engine 
modeling  before  the  problem  was  noted  (Reynolds  1980). 


The  RDT  analysis  suggests  instead  that  the  e  equation  for  this  problem  should  be 


(5.3.4) 


For  rapid  volume  change  this  produces 

e  =  eoc-4rt  (5.3.5) 

for  which  the  length  scale  varies  in  proportion  to  the  strain,  i.e.  as  exp(rt). 

This  example  points  out  the  pitfalls  of  using  the  exact  equation  for  e  as  the  basis  for  its  model  equation. 
To  paraphrase  Saffman,  one  should  model  the  Physics  and  not  the  equations. 

5.4  notation 

Experiments  and  numerical  simulations  show  that  rotation  does  not  appreciably  alter  the  anisotropy  of 
isotropic  turbulence.  RDT  (section  4.6)  showed  that  rotation  does  not  affect  much  of  the  spectrum  at  all, 
but  does  tend  to  produce  a  slow  growth  in  the  energy  of  the  two-dimensional  component  of  the  t  :rbulence 
aligned  with  the  axis  of  rotation.  The  simulations  (Bardina  et  al  1985)  refiect  this  growth  as  a  charge  in 
the  integral  scales,  with  the  scale  in  the  direction  of  the  rotation  axis  becoming  longer  than  the  other  two  as 
time  passes.  Rotation  also  reduces  the  dissipation  rate,  apparently  by  inhibiting  the  energy  transfer  cascade. 

Most  turbulence  models  in  use  today  show  no  effect  of  pure  rotation  on  e,  a  weakness  that  has  been 
slow  to  receive  correction.  Bardina  found  that  his  large-eddy  simulations  and  Wiegland  and  Nagib’s  (1978) 
experimental  data  could  both  be  predicted  extremely  well  using  a  simple  modification  of  the  e  equation, 


11  <•  ^  « 
e=  — -~r  -  CtQcU 
3  t? 


(5.4.1a) 


where  fl  is  the  rms  rotation  rate  _ 

n  =  v/n,yn.y.  (5.4.16) 

Bardina  found  that  C, n  =  O.lo js/1  well,  and  we  adopt  this  value. 

The  imposition  of  a  mean  strain-rate  provides  a  source  of  turbulent  kinetic  energy  through  the  turbulence 
production  term  (2.6.3).  We  assume  that  the  anisot  opy  part  of  the  turbulence  model  will  produce  Rfj 
values  given  q 2  and  e,  hence  P  need  not  be  modeled.  Thus,  no  modeling  for  the  q2  equation  is  required  for 
homogeneous  turbulence. 

The  associated  changes  in  the  dynamics  of  c  must  be  incorporated  in  the  c  model  equation.  To  date 
the  most  effective  means  for  doing  this  is  to  add  a  term  proportional  to  P, 

e2  Pc 

*  =  -C, q—j  -  C, netl  +  C,p  -rj-  (5.4.1) 

An  estimate  of  C,p  can  be  made  using  the  homogeneous  shear  flow  data  of  Tavoularis  and  Corrsin  (1981). 
Homogeneous  shear  flow  apparently  reaches  an  equilibrium  structure  in  which  the  Reynolds  stresses  all  scale 
with  the  turbulent  kinetic  energy.  The  energy  and  dissipation  rate  both  increase  with  time  in  a  manner  that 
keeps  the  turbulence  time  scale  very  nearly  constant  at  a  value  set  by  the  mean  shearing  tate  T  =  dUi/dx 2. 
The  equation  for  r,  derived  from  (5.1.2)  using  (5.1.1)  and  (5.4.1),  is 

r  =  (C,o  -  2)  +  C.oDr  -  {C.p  —  2)—.  (5.4.2) 

The  experiments  gave  Tq^/c  =  12.7,  corresponding  to  fir  =  8.98,  and  P /e  =  1.8,  Using  C, o  =  11/3  and 
C, o  =  G.15/\/2,  a  constant  value  of  r  requires  C,p  =  3.45.  This  is  somewhat  higher  than  the  value  that 
Bardina  recommended,  which  was  based  on  his  large  eddy  simulations  of  strained  flows. 

Most  k  —  c  models  used  today  do  not  include  the  C, n  term.  For  plane  shear  flows  the  rotation  term 
and  the  production  terms  have  the  same  form,  and  when  these  terms  are  into  a  single  term  expressed  as  in 
the  form  of  the  production  term  the  resulting  combined  coefficient  based  on  the  above  coefficients  is  about 
3.0,  which  is  very  close  to  the  value  of  2.88  used  in  many  k  —  e  models. 
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6.5  Proposal  for  a  simple  it  —  r  model 

Compared  to  the  c  equation  (5.4.1),  the  r  equation  (5.4.2)  is  impressive  in  its  simplicity.  When  one 
examines  models  for  inhomogeneous  turbulence,  qa/e  frequently  appears,  suggesting  that  the  time  scaie 
might  be  preferable  to  e  as  the  second  model  variable.  The  choice  should  be  based  on  the  ease  with  which 
the  model  extends  to  new  situations.  The  diffusion  terms  required  for  inhomogeneous  flows  are  particularly 
useful  in  evaluating  various  proposals. 

For  example,  consider  what  happens  to  the  terms  in  the  e  equation  near  a  solid  boundary.  The  t?  jq1 
term  goes  to  infinity,  but  the  Pe/q 2  term  goes  to  sero.  Consequently,  a  great  deal  of  effort  has  been  spent 
inventing  near-wall  patches  for  these  terms.  One  does  not  excape  these  simply  by  changing  variables,  unless 
a  slight  modification  is  made.  In  contrast,  Wilcox  (1986),  who  uses  a  reciprocal  time  scale  in  place  of  e, 
achieves  reasonable  near-wall  solutions,  even  in  the  viscous  region,  with  no  near-wall  modifications  of  his 
model  equation. 

Two-equaticn  models  have  been  criticised  because  the  length  scales  are  anisotropic  in  anisotropic  tur¬ 
bulence  but  the  model  assumes  isotropy  of  length  scale.  The  success  that  two-equation  models  enjoy  would 
seem  remarkable  in  the  light  of  this  objection.  But  suppose  it  is  really  time  scale  information  that  is  carried 
by  e,  and  that  the  anisotropy  of  length  scales  is  reflected  by  anisotropy  of  ft-y. 

Another  clue  is  provided  by  the  case  of  isotropic  volume  change,  for  which  the  r  equation  is 

t  =  (C,o  -  2)  -  |sj,kr.  (5.5.1) 


Note  the  appearance  of  the  strain  rate  term. 

It  is  suggested  that  it  might  be  better  to  replace  the  production  term  in  the  r  equation  by  a  term 
proportional  to  the  rms  strain  rate.  Some  additional  simplicity  of  form  is  obtained  by  using  the  kinetic 
energy  k  =  q2/ 2  and  redefining  the  time  scale  and  turbulent  Reynolds  number  by 

f  =  k/c  RT  =  kf/u  (5.5.2a,  6) 


The  model  equation  proposed  is 


.  _  ^4 

f  =  Cfo  +  CrpOf  -  Cts'S't  -  -Skkf. 

o 

(5.5.3) 

Here  S'  is  the  rms  anisotropic  strain  rate 

S*  =  \ /« 

(5.5.4c) 

determined  from  the  anisotropic  strain  rate  tensor 

Sij  =  S>j  ~  jSwc&V 

(5.5.46) 

Mote  that  none  of  these  terms  is  ill-behaved  at  the  wall,  and  so  there  is  hope  that  the  near-wall  modifications 
can  be  much  simpler.  The  constants  for  this  model,  evaluated  ir.  the  same  manner  as  those  in  the  e  equation, 
are 

Cf0  =  5/6  C,n  =  0.11  CrS.  =0.69.  f5.5.5a,f>,c) 

Exploration  of  this  idea  is  encouraged. 


% 


6.  MODELING  ANISOTROPY  IN  HOMOGENEOUS  TURBULENCE 


6.1  Description  of  anisotropy 


The  scale  equations  developed  in  the  previous  chapter  are  closed  only  for  isotropic  turbulence.  In 
genera!,  the  Reynolds  stress  tensor  must  also  be  determined  by  the  model.  The  Reynolds  stress  anisotropy 
tensor 


(6.1.1) 


is  a  very  convenient  way  to  describe  the  deviations  from  isotropy.  This  chapter  deals  with  b,i  and  its 
modeling,  which  must  be  done  with  great  care  if  unrealistic  predictions  are  to  be  avoided. 

The  anisotropy  tensor  has  some  important  properties  that  need  to  be  kept  firmly  in  mind.  By  definition 
it  is  trace  free, 

b„  =  0.  (6.1.2) 


It  is  often  convenient  to  think  of  btJ  in  its  principal  coordinates,  where  only  diagonal  elements  are  non-zero. 
By  (6.2.1)  the  sum  of  these  principal  values  is  zero,  so  only  two  are  independent.  This  means  that  the 
anisotropy  can  be  characterized  by  two  independent  invariants, 


II  = -i>,y6,,/2  III  =  6,J6Jjfc6fc,/3.  (6.1 3a,  fc) 

If  the  turbulence  is  two-dimensional ,  meaning  that  one  (principal-axis)  velocity  component  is  always 
zero,  by  the  definition  (recall  Greek  indices  are  not  summed) 

baa  =  -1/3  if  Raa  =  0.  (6.1.4) 

And,  if  all  of  the  energy  becomes  concentrated  in  one  component, 

baa  =  2/3  if  Raa  —  •  lO.i.5) 

This  is  called  one- dimensional  turbulence.  Note  that  the  one  non-zero  velocity  component  could  be  a  function 
of  the  other  two  coordinates,  say  u\  (z2,  i3,  t),  so  that  the  flow  would  resemble  a  honeycomb  of  opposing  jets. 

Thus,  the  possible  values  of  the  two  independent  principal  baa,  say  fcn  and  i>2 2,  must  lie  within  the 
triangle  on  Fig  6.1.1.  The  vertices  correspond  to  the  three  possible  states  of  one-dimensional  turbulence, 
and  the  sides  to  states  of  two-dimensional  turbulence.  The  isotropic  state  is  the  origin.  The  diagonal  lines, 
along  which  two  principal  components  are  the  same,  are  states  of  axisymmctric  turbulence. 


Figure  6.1.1  Range  of  possible  principal  values  of  the  anisotropy  tensor 
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Note  that  one  can  either  move  along  an  axisymmetric  line  away  from  isotropy  to  a  two-dimensional  state 
(edge)  or  to  a  one-dimensional  state  (vertex).  These  limiting  cases  may  seem  extreme.  However,  turbulence 
near  a  wali  is  two-dimensional  (the  normal  component  vanishes),  and  turbulence  in  a  strongly  sheared  layer 
moves  remarkably  far  towards  one-dimensionality. 

In  homogeneous  turbulence,  the  move  towards  a  two-dimensional  state  is  made  by  straining  the  tur¬ 
bulence  in  one  direction  and  contracting  it  equally  in  the  other  two.  This  stretches  vortex  filaments  in  the 
direction  of  positive  strain,  aligning  these  filaments  with  the  flow  and  thereby  reducing  the  fluctuations  in  the 
direction  of  positive  strain.  This  is  what  happens  to  turbulence  when  it  is  passed  through  an  axisymmetric 
contraction. 

The  move  towards  a  one-dimensional  state  is  achieved  by  straining  the  flow  equally  in  two  orthogonal 
directions,  and  contracting  it  in  the  third,  as  one  could  do  in  an  axisymmetric  diffuser  (using  boundary 
layer  suction  to  prevent  separation).  The  vortex  cores  are  stretched  out  to  form  sheets  (pancakes)  and  the 
limiting  one-dimensional  case  corresponds  to  a  honeycomb  of  two-dimensional  vorticity.  We  will  call  this 
type  of  deformation  axisymmetric  expansion. 

An  equivalent  and  less  specific  way  to  characterize  the  anisotropy  is  through  the  anisotropy  invariant  map 
introduced  by  Lumley.  For  axisymmetric  turbulence  we  write  the  anisotropy  tensor  in  principal  coordinates 


0  0 
a  0 
0  -2a 


II  =  -3a2 


III  =  -2a3. 


Along  lines  where  a  <  0  so  that  the  component  along  the  axis  is  more  energetic  than  the  other  two  (axisym¬ 
metric  expansion), 

/-II\3/2 

III  =  +2^— j  (6.1.7a) 

while  if  a  >  0  so  that  the  axis  component  is  less  energetic  (axisymmetric  contraction) 


The  two-dimensional  boundaries  can  be  studied  in  principal  coordinates,  writing 


(6.1.7a,  6) 


6,y  =  0  0  . 

V  0  °  V/ 


11--s(1+t)  '""Ti1 


so  that  it  for  two-dimensional  turbulence 


G  =  i  + 11  +  3111  =  0. 


(6.1.9a,  b) 


(6.1.10) 


Using  these  results,  the  range  of  possible  turbulence  states  is  shown  in  the  invariant  map  of  Fig.  (6.1.2). 
The  origin  is  the  isotropic  state,  the  upper  boundary  is  the  locus  of  two-dimensional  states,  the  two  sides 
are  the  two  types  of  axisymmetric  states,  and  the  upper  vertex  is  the  one-dimensional  state.  The  anisotropy 
invariant  map  is  a  very  useful  way  to  characterize  the  state  of  turbulence  in  modeling,  simulations,  and 
experiments. 

Two  tensors  that  can  be  formed  from  the  anisotropy  tensor  are  :ts  square, 


t2-  =  b,kbki 


(6.1.11) 
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and  iti>  cube, 

6?y  =  binbnmbmj.  (6.1.12) 

The  Caylcy-Hamilton  theorem  of  linear  algebra  says  that  a  matrix  satisfies  its  own  characteristic  equation, 
which  in  this  instance  means  that 

6?  +  116.-, ■  -  IlW.y  =  0  (6.1.13a) 

or  alternatively 

=  +  (61-136) 

Hence,  ify,  and  all  higher  powers  of  the  tensor,  are  linearly  dependent  on  the  lower  powers  and  hence  do 
not  contain  new  tensorial  structure  beyond  that  in  6?y,  6,y,  and  f,y.  As  we  shall  see,  this  is  very  important 
in  turbulence  modeling.  Readers  not  familiar  with  this  important  theorem  may  find  it  instructive  to  verify 
(6.3.13b)  by  writing  6,y  in  its  principal  coordinates,  carrying  out  the  products  using  the  trace-free  condition 
to  express  one  of  the  principal  values  in  terms  of  the  other  two. 


(2/27,1/3) 


o  IS 


Figure  6.1.2  Anisotropy  invariant  map 

6.2  Evolution  equation  for  the  anisotropy  tensor 

Using  the  evolution  equation  for  R,j  (2.7.1)  and  the  definition  of  bIJt  the  equation  for  evolution  of  btJ 
in  homogeneous  turbulence  wii..  p  =  p[i)  can  be  written  as 

blj  —  ~  J  Si]  ~  [KkSj, y  +  bjkS/c,  —  “inm^nm^u)  +  26nmS'niB6,j 

+(6«-*n*y  +  iy*fi*,)  +  —  [7)y  -  (Ay  -  -Dkkkj)]  +  2-j4,y 
9  *  5 


(6.2.1) 
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Here  S-,  is  the  anisotropic  strain  ra ,‘e  tensor  defined  by  (5.5.4).  Note  that  only  anisotropic  strain  produces 
Reynolds  stress  anisotropy,  and  that  the  right  hand  side  is  properly  trace-free.  The  terms  containing  the 
mean  rotation  tensor  0,/  represent  a  kinematic  rotation  of  the  anisotropy  tensor.  When  used  in  conjunction 
with  q 2  and  s  equations,  models  for  the  pressure-strain  term  Tii  and  the  anisotropy  of  the  dissipation  tensor 
Dij  must  be  provided. 

There  is  a  class  of  turbulence  models  called  algebraic  two-equation  models  in  which  it  is  assumed  that 
the  turbulence  structure  has  reached  an  equilibrium  stat  '.  determined  by  a  balance  of  the  terms  on  the  right 
hand  side  of  (6.2.1).  For  example,  the  standard  k  —  c  model  uses  an  algebraic  equation  equivalent  to 

bb  ~  — (6.2.2) 

with  Cp  —  0.09.  A  problem  should  be  immediately  apparent.  The  sudden  imposition  of  a  strong  strain 
could  easily  produce  b;y  states  lying  outside  of  the  anisotropy  invariant  map.  This  is  a  very  serious  potential 
problem  when  such  models  are  applied  in  new  flows. 

Another  weakenss  of  this  model  is  that  it  assumes  that  the  principal  axes  of  stress  and  strain-rate  are 
aligned.  This  is  not  true  in  the  most  important  engineering  flow,  namely  shear  flow.  However,  the  constant 
has  been  set  to  give  the  right  anisotropy  of  the  shearing  stress.  For  example,  in  the  homogeneous  shear 
flow  experiment  of  Tavoularis  and  Corrsin  discussed  in  section  (5.4),  612  =  -0.149  is  predicted  by  (6.2.2),  in 
excellent  agreement  with  the  measurements.  However,  the  model  predicts  bn  =  0,  whereas  the  experiments 
show  bn  =  0.196,  so  the  normal  stresses  are  badly  in  error.  However,  they  do  not  play  a  significant  role  in 
determining  the  mean  velocity  field,  and  so  this  error  usually  of  little  consequence. 

Algebraic  models  assume  that  the  turbulence  structure  responds  instantly  to  changes  in  the  imposed 
mean  strain.  This  is  reasonable  for  computing  the  slow  evolution  of  mean  fields,  but  not  satisfactory  if  the 
strain  rates  are  large,  i  e.  if  S‘q7/e  »  0,  where  5*  is  the  rms  anisotropic  strain  rate.  And  algebraic  models 
predict  instant  restoration  of  isotropy  after  the  removal  of  an  applied  mean  strain-rate.  Hence,  if  one  wants 
to  have  realistic  predictions  of  the  Reynolds  stresses  in  these  cases,  a  model  of  the  b ,,  evolution  equation  be 
solved  in  parallel  with  the  q5  and  £  equations. 

In  the  balance  of  this  chapter  we  review  the  formal  methods  that  have  been  applied  in  attempts  to 
develop  rational  models  to  close  the  h;y  evolution  equation.  Then,  at  the  end  we  will  present  a  much  simpler 
mode!  that  achieves  some  of  the  objectives  of  the  more  complicated  models  at  much  less  expense.  This  new 
model  might  be  useful  for  engineering  analysis. 

6.3  Decomposition  of  the  pressure-strain  term 

The  Poisson  equation  for  the  fluctuation  pressure  (2.6.1)  has  two  terms  on  the  right  that  act  as  sources 
for  pressure  fluctuations.  The  source  involving  the  mean  velocity  gradients  will  change  instantly  when  the 
gradients  change,  resulting  in  an  instant  change  in  the  fluctuating  pressure  field  and  hence  an  instant  change 
in  the  pressure-strain  term  Tii-  The  source  involving  only  the  turbulence  will  change  only  as  the  turbulence 
adjustes  to  its  new  cositions.  This  suggests  that  the  pressure  fluctuations  be  split  into  rapid  and  slow  parts, 

p'  ir  pt1)  +  p(2)  (6.3.1a) 


where  the  rapid  term  is  the  solution  of 


V1’... = uit. 


(6.3.16) 


and  the  slow  term  is  the  solution  of 


V2),»  =  -2 u'-„  u[„  +2u' 


The  resulting  contributions  to  the  pressure-strain  term  (2.7.5)  will  be  denoted  by  T^p  and  T-p ,  respectively. 

Eqn.  (3.6.1b)  is  linear  and  has  constant  coefficients  in  homogeneous  ‘urbulence,  and  so  can  be  solved 
by  Fourier  methods.  We  follow  the  approach  of  Chapter  3,  and  write 
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P(,)  =  £p(k)<r,k-  u|  =  £fi,(k)e-k  *.  (6.3.2a,  6) 

k  k 

The  time-dependence  of  the  coefficients  is  not  explicitly  expressed  because  we  are  solving  the  Poisson  equation 
at  one  instant  of  time.  The  solution  of  (6.3.1b)  is  then 

ip(k)  =  -2t;piJ^uJ(k).  (6.3.3) 

Multiplying  the  pressure  fluctuation  series  oy  the  the  velocity  gradient  series,  using  the  conjugate 
symmetry  properties  of  the  Fourier  modes,  averaging  over  the  box  of  Fig.  3.3.1,  then  taking  the  limit 
as  done  in  section  3.3,  one  finds 

-P(1)u(,5  =  Wp„  Myw  (6.3.4) 

P 

where 

k)<*3k.  (6.3.5) 

The  rapid  pressure-strain  term  is  the  sum  of  two  such  terms, 

T,[11  =  Wp„  (MyM  +  M,y,„).  (6.3.6) 

Modeling  of  the  rapid  pressure  strain  term  therefore  becomes  a  task  of  modeling  n/,/p7 ,  which  we  address 
in  the  next  section. 

6.4  Modeling  the  Mt)-pq  tensor 

The  Mifpq  tensor  has  been  modeled  in  various  ways,  all  relatively  simple,  usually  with  one  constant 
being  adjusted  to  fit  data  for  the  predictions  of  a  selection  of  flows.  Here  we  introduce  a  very  different 
approach;  we  arge  that  the  anisotropy  model,  when  applied  in  circumstances  for  which  rapid  distortion 
theory  would  apply,  should  give  results  consistent  with  RDT.  The  RDT  form  of  the  model  equation  includes 
only  the  rapid  pressure  strain  term,  the  production  term,  and  the  mean  rotation  term  in  (6.2.1),  'xactly 
the  same  terms  used  in  RDT  theory.  The  solution  above  for  the  rapid  pressure  field  is  exactly  the  same  as 
used  in  RDT.  Therefore,  in  principle  it  should  be  possible  to  determine  all  of  the  coefficients  in  the  rapid 
pressure  strain  model  (i.e.  in  M,yOT)  so  as  to  make  the  anisotropy  predicted  by  the  model  equation  under 
RDT  approximations  exactly  the  same  as  that  predicted  by  RDT  theory,  for  an  arbitrary  rapid  deformation. 

Following  Shih  and  Lumley  (1985),  we  begin  by  writing  the  general  expression  for  a  tensor  Mi,pq  = 
Mijp^/q2  that  is  assumed  to  be  a  function  of  the  tensor  6,j,  with  the  symmetries  in  indices  required  by  the 
definition.  This  is 

Mijpq  =  Cid,y6J)7  "h  ^2(vrpdj7  +  6iq6jp)  -f  CjStjbpq  4*  Oqdpqbij  4-  Cs(6,p6J(J  4*  6lqbJP  4-  OjPbtq  4-  bjqbtp) 

4- Co <5, -yip,  4-  Cr&pqbJj  4-  Cs(5,p6y7  4-  6,'?6*p  4-  S,pb2q  4-  fiy qbfp)  4-  C<>b%Jbpq  4-  Gio(b,pbjq  +  b,-qb}p) 

4-CuMjij  +  O^bp^bfj-  +  Cl3{bipb2Jq  4-  btqb2p  4-  bjpbfq  4-  bjqb?p)  +  C'w&fj&p,  4-  Ci*(6?f  iy,  4-  b2qb2p).  (6.4.1) 

Because  of  the  Cayley -Hamilton  theorem,  higher  powers  of  btJ  are  not  required.  The  coefficients  Ci  -  C is 
uay  be  function  of  the  invariants  II  and  III,  and  of  other  scalars,  such  as  Rt- 

The  continuity  (2.3.4)  equation  requires  =  0.  When  this  condition  is  applied  to  (6.4.1).  »n 

equation  containing  5y„,  biq,  and  b2q  is  obtained.  Since  these  are  independent  tensors,  the  coefficient  of  each 
rnuat  vanish.  This  produces  three  equations. 


Ci  4-  \Ct  4-  6**Cs  4-  -bkk(Cn  4-  Cu  4-  2C13)  =  0 


C3  4-  C4  4-  5Cs  4-  ~bkk{C n  4-  Ci2  4-  4C13)  4-  -bkk(Ciq  4-  C15)  =  0 


(6  4.2a) 


(6.4.26) 
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C<  +  07  +  5  C(  +  Cg  +  C10  +  —  bkk(Ci*  +  3Cis)  =  0.  (6.4.2c) 

FVom  its  definition,  Mi}pt  =  /2,y,  so  Af;yM  =  6,-y  +  6<y/3.  In  the  same  way,  this  condition  gives  three 
additional  constraints, 

3Ci  +  2Cj  +  hfcfcC'e  +  j&iSfcCu  =  -  (6.4.3a) 

3C4  +  4Cj  +  6*(t(Cii  +  2Cn)  +  —bkkCis  =  1  (6.4.31) 

3C7  +  4Cs  +  2Cio  +  b*k(Cu  +  C15)  =  0.  (6.4.3c) 

These  six  conditions  reduce  the  number  of  undetermined  coefficients  to  nine,  and  ;tve 

Cl  =  Ti  +  bkk  (!c* +  lCa  +  hCl° )  +  6“  (iCn  +  TsCl-  ~  iCis) 


+{'°ikY  +  i^16)  (6.4.4a) 

*  =  -To  +  * {-lc>  -  Toc>  -  Toc “)  +  * 

■M*)*  ("iCl4  ~  ^ Cls)  (6'44t) 

c3  =  - 3  -  y  Cs  +  4^  ^“Cn  ~  “^12  “  3^13 j  (~3Cl*  ~  i^15)  (6.4.4c) 

Ci=  3~  3Ci  +  bkk  (_3^u  ~  i^13)  +  bkk  (“'r^15)  (6.4.4d) 

c,  =  -He,  _  Co  -  |c,0  +  HU  (-J014  -  jCw)  (6.4.4c) 

°7  *  ~\C*  “  |Ci<>  +  &  (-5^14  -  jCa5)  (6.4.4/) 


Once  the  coefficients  are  evaluated,  can  be  determined.  The  result,  written  in  terms  of  the 
anisotropic  strain  rate  tensor  (5.5.4)  and  the  rotation  tensor,  is 

T<Y  (  2  \ 

=  2 (C,  +  C2)S*.  +  (C3  +  C4  +  2CS) Is^bk,  +  s;kbk{  -  -s*m6mn5,yj 

+  (Ca  +  C7  +  2C8)  (s'kblj  +  S;*63,  -  |s*m42mn5,y)  +  2(C5  +  Cl0)S p*,  (biqbjp  -  ±4^,)  +  2CJ05;,iw4,J 

+(C„  +  Ca  +  2^3)5;,  (m?,-  +  »*$  -  ?*»„*,)  +  ZC13S^fbiy  +  2C13Sp*,6,P  (i?-  -  ^S.-y) 

+2(C14  +  C15)5^  (b*pbyq  -  ±6’p4’,fcy)  +  2C„^(^  -  |*T  Ay) 

+(C3  -  c<)(nkibki  +  nkybki)  +  (Ce  -  c7)(nkibl-  +  nkJbl)  +  (cn  -  c12)nM(4,-,63y  +  5y,6^).  (6.4.5) 

Realizability  has  been  of  much  concern  in  modeling  the  pressure-strain  term  and  other  terms  in  the 
4,y  equation.  The  principal  values  baa  can  not  be  less  than  -1/3,  and  any  model  that  would  carry  a 
principal  value  below  this  amount  (i.e.  outside  the  bounds  of  the  invariant  map)  then  produces  unrealizable 
turbulence  (nonsense).  TVuncated  approximations  to  the  series  above  have  this  danger,  although  the  model 
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jusl  dea<  ribed,  with  the  infinite  set  of  coefficients,  would  be  realisable  because  RDT  solutions  are  realizable. 
In  order  to  guarantee  realizabilty  one  can  enforce  certain  conditions.  There  are  various  ways  to  develop 
these  conditions.  Shih  and  Lumley  (1985)  gel  them  by  requiring  that  the  Taa  terms  must  not  drive  baa  out 
of  bounds.  This  requires 

TJP,,  Mal-pa  =  0  when  baa  —  -1/3  (6.4.6) 

which  produces  three  additional  constraints, 

Cl  +  Cj  — —  (C/3  +  C4+2f?5j  +  — (Ce+CV-f 2C*+Co+Ci<i)  — — (C';;+fi';s-:-2C;5)+— (C.,  :  Cip)  =  C  (C.4.7u) 
3  &  '  li  ol 

C5-jClu+i<?13  =  0  (6.4.7/;) 

c\  -  ic, 3  +  5C13  =  0.  (6.4.7c) 

We  believe  it  is  preferable  to  impose  the  realizability  conditions  directly  on  the  modeled  tensor  When 

the  velocity  component  u'a  is  everywhere  zero  then  ua  =  0  and  consequently  Ma]pq  =  0.  In  the  piincipal 
coordinates  of  btJ  this  requires 


M;i u  —  0  Mn22  -  Afnss  —  0  M1212  ~  0  when  8n - 1/3 

Using  the  fact  that  8|fc  =  -1/9  +  8j£k/2  on  the  two-dimensional  line,  (6.4.8a-c)  give 


(6.4.8a,  b,  c) 


Ci  +2 C2  -  g(C3  +  C<  +  4CS)  +  -(C„  +  C7  +4C*  -t-C#  +2C,o)  -  bC12  +  4Ci3)  +  —  (CM  +  2C]5)  —  0 


-Cz  +  -(Co  -  C's)  -  --(Cu  -  Ci?)  +  —C't  =  0 

o  a  *./  cl 

Jcs  +  i(Cs-CIO)+IijCn  =  0 


(0.4.9a) 

(6.4.98) 

(6.4.9c) 


c2  -  c%  -  ~Cio  +  - 1*!*)  cu  +  (- c »  =  °-  (6-4-9<0 

When  equations  (6.4.4)  are  used  to  express  the  lower  coefficients,  (6.4.9d)  is  -1/2  (6.1.9a),  and  so  only  three 
independent  conditions  are  obtained, 

~  +  \Cs+  {-l+lblky,l  +  ^blkCo+  (|+^8^C7JO+  f~  +  ^)(Cn+CI2) 

+  (~45  +  13  +  —  (8*J2CM  +  ^  ~  +  70 (***)*)  Cu  -  0  (6.4.10 a) 

1  11.,  11„  2„  1_  /  i  1  ,j  /]  i.,\ 

~9  "  JCi  "  27~*  "  9^°  "  27Cl°  ~  [27  +  +  \27  “  66**J 

“5^Cl3  +  (h  _  l/^)Cu  +  Gis "  S6**)Cl*  =  ° 


/  W2 


gC/s  +  i(Ca-C10)  +  Y^^s=:0 


(6.4.108) 

(6.4.10c) 


When  these  are  satisfied,  the  Shih-Lumley  conditions  will  also  be  satisfied.  It  is  important  to  realize  that 
these  realizability  constraints  apply  only  when  the  turbulence  is  two-dimensional,  i.e.  only  on  the  line  G  =  0 
that  forms  the  top  boundary  of  the  invariant  map. 

The  equations  above  suggest  that  the  coefficients  will  depend  on  the  invariants  and  not  simply  be 
constants.  We  might  expand  each  coefficient  as  a  power  series  in  the  invariants, 


Cn  =  c<°>  +  *2*<#>  +  b>kcl3>  +  (*2*)*d‘>  +  *2**2*<*,)  +  (b3kk)’cl°>  + . 


(6.4.11) 
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We  see  that  the  first  approximations  to  the  isotropic  coefficr  its  ^  and  C3  are  already  known,  and  the  firm 
approximations  to  the  linear  coefficients  C3-Ct  are  determined  by  the  first  approximation  to  C$. 

Most  turbulence  models  presently  m  use  include  only  the  terms  in  M,yp,  through  C3  (the  linear  terms), 
employing  constant  values  for  the  coefficients.  But  with  Cs-Cn  =  0  no  single  value  of  Cj  can  satisfy  all 
three  readability  conditions  (6.4.10),  so  these  linear  models  do  not  satisfy  realizability 

The  simplest  set  of  coefficients  satisfying  realizability  L>  obtained  by  truncating  Af,yp?  to  0(b2)  and 
assuming  all  coefficients  are  constants.  The  truncation  gives 

On  =  Oyi  ~  Oi 3  =  Ci 4  =  Ci$  —  0.  (6.-1. 12a) 

From  (6.4.4a, b),  the  coefficients  Ci  and  C3  will  be  constants  only  if  C$  =  0  and  Cio  —  ~3Cj.  Then,  the 
realizability  conditions  give 

Ci  =  2/15  Ci  -  -1/30  C3  =  1/30  =  7/15 

Ci  =  —1/10  Ci  =  2/10  C9  =  l/10  Cio  =  —3/10  (6.4.126) 

These  are  the  coefficients  determined  in  a  slightly  different  manner  by  3hih  and  Lumley  (1986).  Under  the 
rapid  distortion  approximations,  the  time-series  solution  of  the  model  equations  resulting  from  (6.4.12)  match 
RDT  of  isotropic  turbulence  only  to  0(1).  The  model  also  predicts  that  anisotropic  turbulence  subjected  to 
pure  rotation  would  undergo  anisotropy  changes,  in  excess  of  those  caused  by  the  kinematic  rotation  terms, 
of  O(i),  whereas  RDT  indicates  that  this  excess  change  must  be  an  even  power  series  in  t  (see  section  4.3) 
and  hence  should  not  appear  until  0(t2).  It  would  seem  desirable  to  obtain  a  better  match  to  RDT. 

Under  rapid  pure  rotation  of  anisotropic  turbulence,  (6.4  5)  wifi  produce  an  0(f)  change  ir.  6,7  in  excess 
of  that  produced  by  the  kinematic  rotation  terms  unless  (C|°*  -  C)0*)  =  0.  This  condition  gives 

=  —2/7  Ci0)  =  C’f  >  =  5/7.  (6.4.13) 

With  these  values,  the  RDT-equivalsnt  model  predictions  also  agrees  with  RDT  to  O(t)  for  all  irrotational 
strains  (Reynolds  1983).  Le  Penven  and  Gence  (1983)  carried  the  analysis  to  one  additional  order  in  t  lor  the 
case  of  irrotational  strain  at  a  constant  strain  rate,  and  found  that  the  coefficients  could  indeed  be  matched 
tc  0(t2).  Hence,  it  seems  clear  that  (6.4.13)  gives  the  rational  choices  for  the  first  approximations  to  the 
linear  coefficients.  However,  with  Cj  =  -2/7  the  realizability  conditions  can  not  be  satisfied  by  a  truncation 
of  Mi]M  to  0(b2),  and  one  must  include  higher-order  terms  to  effect  realizability. 

It  seems  clear  that  continued  matching  with  RDT  wi  ’d  determine  all  of  the  coefficients,  and  since 
RDT  predicts  realizable  turbulence  the  iesulting  model  would  guarantee  realizability.  The  RDT  required  for 
a  complete  matching  must  be  sufficiently  general  to  allow  all  coefficients  to  be  determined.  The  arbitrary 
irrotational  strain  analysis  given  in  section  (4.5)  is  not  sufficient  because  there  the  principal  axes  of  S,y  were 
fixed  and  hence  the  principal  axes  of  S;}  and  6,y  always  remained  aligned.  An  RDT  for  of  isotropic  turbulence 
with  arbitrary  initial  rotation  rate  and  arbitrary  strain  rate  history  iz  required  (see  section  4.6).  It  should  be 
possible  to  select  the  constants  in  the  coefficient  expansions  (4.6.10)  to  match  RDT  to  any  arbitrary  order  in 
a  time-series  solution  of  the  RDT-approximate  model  equations,  and  then  to  use  the  realizability  conditions 
to  truncate  the  expansions,  maintaining  full  realizability.  Thus,  in  principal  the  rapid  pressure  strain  model 
should  be  determined  completely  by  RDT  analysis,  with  no  adjustable  constants  matched  to  experiments. 
We  are  attempting  to  complete  this  task. 

Another  approach  that  may  be  fruitful  is  to  use  RDT  for  initially  axisymmetric  two-dimensional  tur¬ 
bulence,  in  conjunction  with  the  realizability  constraints,  to  develop  expressions  for  the  coefficients  that 
must  hoid  along  the  two-dimensional  line  G  =  0.  The  results  of  section  4.7  should  be  useful  in  this  regard. 
These  coefficients  might  then  be  expanded  in  power  series  in  G  in  order  to  determine  appropriate  values 
for  th.ee-dimensional  turbulence,  perhaps  by  matching  to  RDT.  Many  interesting  analyses  of  this  nature 
remain  to  be  done  in  turbulence  modeling. 

6.5  Modeling  the  slow  terms 

The  negative  of  the  slow  pressure-strain  term  and  the  dissipati  n  ansiotropy  term  are  modeled  together 
in  (6.2.1)  as 

1iP  ~  (Ay  -  A*W3)  =  — e&y-  (6.5.1) 


B 
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Assuming  tiiat  if-  j  possible  to  model  <p,j  in  terms  of  6,; ,  a  premise  that  is  not  supported  very  well  by  direct 
numerical  simulation:.,  the  most  general  form  must  be 


ft,  =  (or  -*•  2)6, j  +  £(62  +  -IK,/) 


(6.5.2) 


where  the  coefficients  a  and  ft  could  he  functions  of  the  invariants  il  and  ill  and  possibly  of  other  -.culars,  such 
as  R-'.  Under  these  assumptions,  one  can  in  principle  evaluate  the  coefficients  by  reference  tc  experiments 
and  simulations  on  the  rctv*n  to  uotropy  following  removal  of  mean  strain  rate.  In  this  case  (6.2.1)  reduces 
to 


6,-j  =  --T (&/  -  26,-.)  =  +  p{b;}  -  -l*fce,-,)]. 

9  9° 


(6.5.3) 


If  the  anisotropy  is  weak,  a  controls  the  return  and  must  be  positive  if  there  is  to  be  a  return. 

Using  (6.5.3),  the  evolution  of  the  stats  point  on  the  invariant  map  is  described  by  the  two  equations 


(6.5.4) 


dill 

‘dt 


-4(3*  III  +  I/JII2) 

9  3 


so  that  the  trajectory  on  the  map  is  described  by 


dll  _  2011-3^111 
d  III  3alll  +  ?/?II2 ' 


(6.5  5) 


(6.5.6) 


Therefore,  if  the  underlying  premise  of  the  model  is  correct,  the  trajectories  must  be  unique  and  the  ratio 
-7  (IT,  IIT)  =  a//3  can  l.e  determined  by  the  local  traiec-ory. 

There  have  not  been  many  experiments  on  the  return  to  isctropy.  Those  that  do  exist  often  show  very 
strange  behavior.  Direct  numerical  simulations  of  Lee  and  Reynolds  (1985)  using  the  Rogallo  code  in  a 
1283  mesh  attempted  to  address  these  questions  in  the  hope  of  evaluating  the  parameters.  Turbulence  that 
bad  been  strained  by  axisymmetric  contraction  relaxed  smoothly  to  isotropy  along  the  axisymmetric  line  as 
expected.  But  turbulence  that  had  been  strained  by  axisymmetric  expansion  showed  very  strange  behavior, 
in  some  cases  moving  further  away  from  isotropy  before  starting  the  return.  Turbulence  strained  by  ■;omplex 
combinations  that  produced  states  near  the  middle  of  the  anisotropy  map  did  not  show  convincingly  unique 
trajectories.  A  sample  of  the  trajectories  following  removal  o!  plane  strain  are  shown  in  Fig.  6.5.1.  The 
points  to  the  left  have  been  strained  most  rapidly,  and  the  initial  states  are  preducted  very  well  by  RDT. 
The  lowermost  points  are  in  general  agreement  with  the  one  experiment  on  the  relaxation  from  plane  strain 
by  Tucker  and  A.  Reynolds  (1968).  Note  th:.t  one  point  begins  its  “return”  by  going  substantially  far  in  the 
wrong  direction.  It  seems  impossible  to  incorporate  this  wierd  behavior  within  the  structure  of  (6.5.2). 
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Figure  6.5.1  TVajectories  of  the  return  to  isotropy  from  plane  strain  (simulations) 

The  simulations  cast  doubt  on  the  basic  idea  of  modeling  these  terms  using  only  the  6,-y  tensor.  But 
the  simulations  did  show  that  the  return  of  the  small-scales  to  isotropy,  as  reflected  by  the  anisotr  ipy  in  the 
vorticity  and  disssipation  tensors,  was  quite  well  behaved  and  easily  modeled.  This  suggests  some  directions 
for  future  modeling  research. 

These  simulations,  as  well  of  those  of  Rogallo  for  homogeneous  shear  flow,  suggest  very  strongly  that 

4>a  —  26,/  as  |6)  — *  0.  (6.5.7). 

This  means  tha$  there  should  be  no  linear  return  to  isotropy.  Careful  examination  of  the  very  near’y  isotropic 
data  of  Comte-Bellot  and  Corrsin  (1966)  seems  to  support  this  behavior. 

Choi  (1983)  perfomed  experiments  on  the  return  to  isotropy  from  the  right  side  of  the  invariant  map, 
and  did  seem  to  observe  more  consistent  behavior.  A  fit  to  hi3  data  developed  by  the  Cornell  group  and 
reported  by  Shih  and  Lumley  (1986)  is 

a  =  12.44(9C)2(1  -  9G)3/4  p  --  0.  (6.5.8) 

The  G  factors  provide  a  sort  of  realizability,  and  there  is  no  linear  return  tc  isotropy. 


M&aissasvsKP 
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A  criticism  that  might  be  raised  about  this  model  is  that  it  does  not  allow  two-dimensional  turbulence  to 
remain  two-dimensional,  relaxing  to  an  axisymmctric  state.  It  is  possible  to  construct  a  modei  that  does  by 
using  the  realizability  condition.  When  uj,  =  0  everywhere,  then  Daa  =  0  Toa  =  0,  and  hence  <*•  ,a  ■-  2b^a, 
which  will  sustain  baa  =  -1/3.  Thus,  the  realizability  condition  gives 


a  =  +  when  G  =  0. 


Since  this  constraint  only  need  be  true  for  G  =  0,  wo  can  add  functions  of  G  without  destroying  realizability. 
A  linear  term  suffices,  with  its  coefficient  chosen  to  remove  the  linear  return  to  isotropy  when  G  =  1/9  and 
II  =  0  and  to  make  0  vanish  for  small  anisotropy, 


Q  +  2II-3<?)/ 


(6.5.10a) 


(6.5.105) 


The  model  is  then 


=  -^2  (^3  +  211  -  3(7^  80b,j  +  0O{1  -  9(7)  ^  +  -115,,^  .  (6.5.11) 


With  this  model,  for  nearly  isotropic  turbulence  (6.5.4)  becomes 


a  *  -0oll 


(6.5.12) 


while  for  small  anisotropy  (6.5.8)  gives 


a  «  i2.44(— 9II)3^. 


(6.5  13) 


Matching  at  -  II  =  0.05  suggests  0o  ss  10.  This  modified  model  satisfies  realizability,  restores  axisymmctry 
in  two-dimensional  turbulence,  displays  no  linear  return  to  isotroy,  and  gives  return  rates  of  the  right  order 
of  magnitude. 

However,  one  might  suspect  that  the  slightest  little  three-dimensionality  would  explode  the  turbulence 
into  a  three-dimensional  field,  so  perhaps  it  is  unreasonable  to  insist  on  maintaining  two-dimensionality  in 
the  model.  Undecided  issues  likes  this  provide  fruitful  grounds  for  new  research,  and  we  are  now  explorin ; 
questions  like  these  using  direct  turbulence  simulation. 


0.8  A  simple  anisotropy  model 

The  gap  between  the  eddy-viscosity  models  used  in  the  simplest  k-e  models  and  those  discussed  above 
is  immense.  There  is  a  need  for  a  much  simpler  model  that  would  protect  engineering  calculations  from 
the  dangers  of  unrealizable  turbulence,  provide  some  indications  of  the  trends  in  anisotropy  for  unusual 
flow  situations,  and  handle  dynamic  changes  on  roughly  the  right  time  scale,  but  without  such  calculational 
complexity.  The  beginnings  of  such  an  idea  are  presented  here. 

We  start  with  the  idea  that  a  large  positive  strain  rate  in  one  direction  tends  to  stretch  vortex  filaments 
in  that  direction,  aligning  them  with  the  flow,  thereby  intensifying  the  perpendicular  fluctuation  components 
and  reducing  those  along  the  axis.  In  the  limit  of  very  strong  strain  rate,  the  energy  in  the  axial  fluctuations 
axial  will  approach  sero.  The  anisotropy  model  must  prevent  negative  values.  And,  we  know  that  only  the 
it  anisotropic  component  of  strain  produces  anisotropy  in  the  turbulence.  A  simple  algebraic  model  with 
this  character  is 

*■'  "  <«•  “  " 

In  order  for  realizability  to  be  maintained,  baa  should  approach  —1/3  as  S‘a  — ►  oo,  for  any  combinations  of 
other  S'j.  This  requires  that  the  coefficient  As  depend  on  the  type  of  strain. 

In  thi  principal  coordinates  of  S‘},  we  take  ,?‘j  as  having  a  large  positive  value  F,  and  write  the 
strain-rate  tensor  as 

(10  0  \ 

5y  =  r  0  -lift  0  .  (6.6.2) 

VO  0  -Ha/ 


Note  that  a  =  0  gives  axisymmetric  contraction,  o  =  1  gives  plane  strain,  and  o  =  3  gives  axisymmetric 
expansion.  Then 

5*  =  >V  +  (6.6.3) 


For  large  positive  f  our  model  must  yield 


,  1  r  r 

6,1 — 5  =  'a^ 


and  this  requires  that 


(6-6-5) 

We  need  a  way  to  represent  a  for  an  arbitrary  orientation  of  the  coordinates  The  structure  of  5,'-  is 
charrcteiized  by 

s*  s\s: 

W  =  (6.6  6) 


which  for  (6.6.2)  is 


3(1  —  p2)/4 
[(3  +  a2)/2]3/2 


IV  ranges  from  -l/\/6  for  axisymmetric  expansion  to  l/\/0  for  axisymmetric  contraction.  Plane  strain  and 
shear  flow  correspond  to  W  —  0.  Using  (6.6.5)  to  express  a  in  terms  of  As,  and  then  in  turn  expressing  W 
in  terms  of  As,  we  find 


W  =  —  -  — 
9  2 


This  allows  us  to  determine  As  from  a  known  W.  The  relationship  between  them  is  shown  in  Fig.  6.6.1. 


I  ^  ! 
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Figure  6.6.1  Variation  of  the  model  parameter  with  strain  type 

The  constant  A0  should  be  chosen  to  produce  the  proper  level  of  shear  stress  in  shear  flow,  for  that 
is  the  most  important  engineering  flow.  Shear  flow  can  be  represented  as  a  combination  of  rotation  and 
irrotational  strain.  Denoting  Ull2  =  T, 

(0  $  °\  f  0  §  0\ 

$,=  §00  n0  =  -§  0  0  .  (6.6.9a, 6) 

VO  0  0 J  {  0  0  oj 

Hence,  for  shear  flow  W  =  0,  As  =  3/\/2,  and  S  =  V/y/ 2.  With  these  values,  Ao  —  23  produces  bl2  =  -0.15 
at  IV  =  12.7,  corresponding  to  the  homogeneous  shear  flow  experiments  of  Tavoularis  and  Corrsin. 

We  now  have  an  anisotropy  model  that  is  always  realizable  for  all  types  of  strain,  and  has  the  right 
general  trend  of  6,-/  with  StJ,  but  assumes  that  a  state  of  structural  equilibrium  has  been  attained.  In  order 
to  handle  transients,  we  propose  an  evolution  equation  for  6,-j  that  would  give  (6.6.1)  as  its  equilibrium 
solution, 

i>i,  =  -C,  [(40  +  AsS'T)bi y  +  5*  r]/r  (6.6.10) 

By  choosing  Ci  =  4/15,  the  model  will  agree  with  the  initial  phase  of  rapid  distortion  of  isotropic  turbulence, 
and  the  rate  of  return  to  isotropy  is  of  the  right  general  magnitude  for  linear  approximations.  Note  that  the 
model  correctly  predicts  no  change  in  the  ansiotropy  of  isotropic  turbulence  under  pure  rotation. 

For  many  engineering  problems  the  main  objective  of  the  turbulence  model  is  to  reveal  important  trends 
This  simple  anisotropy  model  would  make  the  important  stresses  change  in  the  right  general  way,  without 
becoming  unrealizable,  and  therefore  it  should  be  an  attractive  alternative  for  use  in  simple  two-equation 
turbulence  models.  Preliminary  studies  by  students  in  the  author’s  turbulence  class  support  this  conjecture. 
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7.  NUMERICAL  SIMULATIONS  OP  TUBULENCE 

7.1  Introduction 

Over  the  past  decade,  two  important  types  of  numerical  simulations  have  become  important.  The 
earlier  work  concentrated  on  large  eddy  simulations  (LES),  in  which  simple  models  are  used  for  the  small- 
scale  turbulence  and  a  realisation  of  the  large-scale  turbulence  is  computed.  The  underlying  idea  is  that  the 
structure  of  large  eddies  differ  greatly  from  flow  to  flow  (which  is  why  universal  models  are  elusive),  whereas 
the  small  eddies  are  more  universal  and  therefore  easier  to  model.  Large  eddy  simulations  have  provided 
important  information  for  turbulence  modeling,  and  there  is  now  great  interest  in  the  development  of  large 
eddy  simulations  as  a  tool  for  engineering  analysis.  A  prominent  program  in  this  direction  exists  in  Prance 
at  the  EDF. 

It  was  argued  that,  since  the  ratio  of  the  largest  to  the  smallest  scales  of  turbulence  varies  as  R 
(see  3.2.4),  it  would  never  be  practical  to  do  a  significant  simulation  of  all  the  important  turbulent  scales. 
However,  valid  direct  simulations  of  turbulent  flows  at  of  the  order  of  100-300  have  become  possible.  This 
is  the  range  of  turbulence  Reynolds  numbers  in  turbulent  shear  flows  with  Reynolds  numbers,  based  on  the 
layer  thickness  and  the  driving  mean  velocity  difference,  of  about  1000,  and  a  number  of  direct  simulations  of 
channel  flows  and  boundary  layer  flows  at  these  low  Reynolds  numbers  have  now  been  attained.  These  direct 
simulations  provide  an  important  new  tool  for  studying  turbulence,  particularly  because  they  yield  essentally 
any  data  that  one  might  desire.  Already  they  have  contributed  important  new  insight  into  turbulent  structure 
and  have  aided  advances  in  turbulence  modeling,  as  well  as  new  understanding  of  transition  physics. 

In  this  chapter  we  will  review  the  fundamentals  and  current  status  of  this  very  fast-moving  area  of 
research,  drawing  primarily  from  the  experience  of  the  large  group  working  in  this  area  at  the  NASA/Ames 
Research  Center  and  Stanford  University.  At  present  this  group  involves  about  ten  NASA  scientists,  three 
Stanford  Professors,  a  dozen  or  so  graduate  students,  and  some  post-doctoral  scholars  and  other  visitors, 
with  the  work  being  coordinated  by  the  joint  NASA/Stanford  Center  for  Turbulence  Research.  Some  of  the 
exciting  new  things  going  on  in  this  group  will  be  outlined,  with  details  being  left  for  the  authors  to  report 
for  themselves. 

7.2  Fundamentals  of  large  eddy  simulation 

In  LES  one  needs  a  way  to  define  the  large-scale  components  of  the  fields,  and  filtering  is  usually  used. 
The  filtered  field  f  is  defined  by 


f{x,t)  =  J  G(x,x';A)/(x',  t)d3x'. 


Here  G  is  a  filter  function,  which  determines  exactly  what  fraction  of  the  motion  i3  defined  as  being  large 
scale,  and  A  is  a  filter  parameter  that  implements  this  choice.  The  filtei  function  must  be  normalised  such 
that 

J  G(x,x';  A)d3x'  =  1  (7.2.2) 

for  all  x.  The  residual  field  /'  is  then  what  is  left  over  after  filtering, 


f(x,t)  s»  /(x,t)  +  /'(x,t). 


The  filtered  residual  field  is  not  zero  since 

7*7  7*0.  (7.2.4) 

Filtering  (7.2.3), 

1=7  +  7  (7.2.5a) 

so  the  filtered  residual  field  can  be  expressed  in  terms  of  the  singly  and  doubly-filtered  resolved  fields, 


/'  =  /-/• 


(7.2.55) 


This  proves  very  useful  in  modeling  the  residual  turbulence. 

In  homogeneous  turbulence  the  filter  must  be  of  the  form  G(x  -  x';  A).  Then 

7(x.t)  =  J  C(x-x';A)/(x',t)dV 

has  the  Fourier  transform 

/(k,f)~G(*;A)/(M  (7.2.6) 

where  the  *  argument  of  (7  is  the  magnitude  of  the  k  vector.  Several  filter?  ahve  been  explored.  The  sharp 
cut-off  filter 

£=SC  if  \k  -  *||  <  kc  (7.2.7) 

1 0  otherwise 

make  a  clean  separation  of  large  and  small  scales  in  spectral  space,  but  the  Gibbs  phenomena  in  the  inverse 
Fourier  transform  make  the  physical-space  interpretation  undesirable.  Smoother  behavior  cm  De  obtained 
with  the  Gaussian  filter, 

G(x  -  x';  A)  =  (7.2.8) 

where  A  is  a  constant  determined  by  the  normalization  and  depends  on  the  number  of  directions  in  which 
the  filter  is  applied.  The  Fourier  transform  of  the  Gaussian  filter  is  also  Gaussian, 

(J(k;A)  =  Be-*,A,/;l4.  (7.2.9) 

Filtering  is  more  of  a  problem  for  inhomogeneous  flows  .  The  most  satisfying  approach  is  to  use 
an  appropriate  set  of  expansion  functions  in  the  inhomogeneous  directions  and  then  to  define  the  filtered 
value  as  the  n -term  approximation.  However,  most  work  has  instead  used  finite-difference  methods  in  the 
inhomogeneous  directions  with  the  Gaussian  filter  in  the  homogeneous  directions,  and  taken  whatever  implicit 
filtering  is  provided  by  the  difference  scheme.  This  is  not  very  satisfying  because  it  leaves  the  computed  field 
ill  defined,  and  does  not  provide  a  systematic  way  for  estimation  of  the  energy  content  in  the  residual  field. 
This  is  one  of  the  unsatisfying  loose  ends  in  LES  that  needs  to  be  cleaned  up  by  some  good  research. 

The  evolution  equations  for  the  fil'.red  field  are  derived  by  filtering  the  Navier-Stoles  equations,  so  it  is 
important  that  the  filtering  definition  commute  with  differentiations  with  respect  to  both  time  and  space. 
The  Gaussian  filter  has  this  property,  and  so  homogeneous  turbulence  really  can  b„  done  properly  with  LES 
using  the  Gaussian  filter.  If  p  =  p(t)  then  the  filtered  continuity  equation  is 

p  +  puf  =  0.  (7.2.10) 

Subtracting  this  from  the  full  equation, 

u;„  =  0  (7.2.11) 

so  the  residual  field  is  divergence-free,  and  if  p  =  constant  the  filtered  field  is  divergence-free.  Filtering 
the  momentum  equations,  assuming  p  is  constant  and  again  allowing  p  =  p(t),  the  equation  for  the  filtered 
velocity  field  is 

it,  +  (ufuj)  ,i  =  -  ~P,i  of  ■  (7.2. 12) 

P 

Representing  the  velocity  as  the  sum  of  filtered  and  residual  components, 

uiuy  =  U(Uj  +  Rij  (7.2.13) 

where  the  residual  stress  terms  are  _ _ 

Rij  =  u,u'  +  u(uy  +  uju'.  (7.2.14) 

In  LES  one  needs  to  model  Rij.  Given  this  model,  and  a  suitable  computer,  and  a  few  little  details  like 
boundary  and  initial  conditions,  single  realizations  of  tuibulence  fields  cat  be  generated.  In  homogeneous 
turbulence  this  appears  to  be  sufficient,  because  volume  averages  ever  a  single  realization  seem  to  provide 
good  representations  for  ensemble  averages. 
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The  term  5,-oy  does  not  need  to  be  modeled  because  :t  can  be  computed  directly  by  filtering  the  product 
of  the  filtered  velocities.  This  is  easily  done  in  Fourier  space,  and  we  handle  this  term  this  way  now.  Our 
earlier  representation  of  this  in  terms  of  ti.uy  +  Li„  where  Ui  was  the  Leonard  stress,  is  now  abandoned. 

It  may  be  noted  that  we  have  not  made  any  mention  of  numerical  methods  and  have  avoided  use  of 
the  term  sub-grid  scale  turbulence.  We  believe  that  it  is  important  to  cast  the  LES  equations  in  a  way  that 
is  independent  of  the  numerical  method,  and  would  lend  itself  to  purely  theoretical  analysis.  However,  in 
reality  the  filter  width  that  is  taken  is  related  to  the  computational  grid  employed.  The  results  depend  upon 
the  ratio  of  filter  width  to  mesh  width,  and  the  best  results  are  obtained  when  the  filter  width  is  twice  the 
mesh  width. 

7.3  Modeling  the  residual  stresses  in  large  eddy  simulation 

One  can  not  afford  a  very  complex  model  for  the  residual  stresses  in  LES  Almost  all  of  the  work  to 
date  has  been  done  with  simple  algebraic  models,  although  there  have  been  some  explorations  with  simple 
one-equation  turbulence  models. 

It  is  useful  to  separate  R,}-  into  isotropic  and  anisotropic  parts,  as  is  done  with  viscous  stresses, 

R.i  =  \RkkS,j-rT„.  (7.3.1) 

The  isotropic  term  is  absorbed  with  the  filtered  pressure  by  writing 

P'  =  ~P+\Rkk  (7.3.2) 

pi 

and  then  P‘  replaces  p/p  and  7)y  replaces  R, y  in  (7.2.12). 

An  important  element  of  most  LES  calculations  is  the  Srr.agorinski  model,  which  assumes  that  the 
residual  Ta  is  a  linear  function  of  the  anisotropic  strain  rate  imposed  by  the  filtered  field 


Tij  =  -2urS,}  (7.3.3) 

where  uj-  is  an  eddy  viscosity  of  the  residual  field.  If  it  is  assumed  that  the  length  scale  of  the  dominant 
residual  eddies  is  the  filter  width,  and  that  the  time  scale  is  that  set  by  the  strain  rate  of  the  filtered  field, 
then 

vr  =  (CsA)2\jsmnSmn.  (7.3  4) 

The  coeffient  in  this  model  can  in  principle  be  evaluated  by  performing  direct  numerical  simulations  on  a  fine 
mesh  (say  1283),  then  filtering  this  data  to  a  coarse  mesh  (say  83)  to  define  the  filtered  and  residual  fields, 
and  then  comparing  the  model  with  the  residual  field  from  the  coarse  filtering.  Clark  et.  al.  (1979)  were 
the  first  to  emply  this  technique,  which  is  now  known  as  a  Clark  test.  For  isotropic  turbulence  the  results 
are  moderately  encouraging,  and  do  not  show  much  dependence  on  Reynolds  number,  a  value  of  about  0.12 
being  typical.  However,  when  this  test  is  applied  in  strained  and  sheared  flows,  essentially  no  correlation 
is  found  between  the  model  and  the  data.  The  model  simply  is  inadequate  under  these  more  interesting 
circumstances. 

An  important  advance  in  residual  stress  modeling  vas  made  by  Bardina  (1985),  who  first  proposed  to 
model 

Ri,  =  CB  (uiu}  -  !z<Cy).  (7.3.5) 

The  basic  idea  was  to  characterise  the  stresses  of  the  residual  scales  as  being  similar  to  that  of  the  smallest 
resolvable  motions,  so  Bardina  called  this  the  scale  similarity  model.  By  itself  it  was  not  adequate  either, 
because  it  does  not  dissipate  sufficient  energy.  But  it  does  provide  energy  transfer  from  high  to  low  wavenum¬ 
bers,  and  effect  that  is  missing  in  the  Smagorinsky  model.  When  used  in  combination  with  the  Smagorinsky 
model  (the  Bardina  mixed  model]  remarkably  good  results  are  obtained  in  the  Clark  tests,  with  the  same 
values  of  the  constant  yielding  correlations  between  predicted  and  actual  stresses  of  the  order  of  70%  for 
shear  flow,  irrotational  strain,  and  unstrained  Sow!. 
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The  value  of  the  constant  CB  can  actually  be  deduced  from  a  simple  theoretical  argument.  If  one 
transform  to  new  coordinates  moving  linearly  with  respect  to  the  original  ones, 

2*  =  Xi  —  c,t  t*  =  t  u*  =  Ui  +  e<  (7.3.6a,  ft) 

the  equations  of  motion  of  course  do  not  change  because  they  are  invariant  under  such  (Galelean)  trans¬ 
formations.  However,  individial  terms  in  the  equations  do  change  when  transformed.  For  the  filtering 
operation, 

u*,-  =  Hi  +  c;  u‘J  =  u(-  (7.3.7a,  6,  c) 

so  that  R,j  transforms  to 


The  terms  modeling  Jfcy  should  transform  in  the  same  way;  the  Smagorinsky  model  is  invariant  under  the 
transformation,  and  hence  can  not  possibly  represent  all  of  Rij.  The  added  terms  of  the  Bardina  model 
(7.3.5)  transform  to 


R,j  =  CD  [a\u*y  -  u'.u'y  -i-  a(u"j  -  u'y)  +  ry^,  -  u'.-jj.  (7.3.S) 

Using  (7.2.3)  and  (7.3.7b),  this  becomes 

Rii  =  Rr  +  CB{c,'7j  +  Cj^).  (7.3.10) 

Comparing  (7.3.8)  and  (7.3.10),  it  is  evident  that  Cg  =  1.  Bardina  was  unaware  of  this  result  at  the  time 
he  did  his  numerical  work,  on  the  basis  of  which  he  recommended  a  value  of  1.05! 

In  recent  work  yet  to  be  published,  Piomelli  has  been  reexamining  LES  residual  modeling  using  the 
recent  direct  simulation  of  channel  flow  as  the  basis  for  Clark  tests,  also  carrying  out  LES  simulations  with 
various  models.  This  work  has  shed  some  new  light  on  LES  modeling,  which  can  be  summarized  as  follows. 
In  coarse  mesh  calculations  (say  163)  r.o  real  difference  is  observed  between  using  just  the  niagorinsky 
model  and  the  Bardina  mixed  model,  and  the  results  in  general  reflect  the  coarseness  of  the  grid.  However, 
at  643  calculations  there  are  important  differences.  The  calculations  are  filtering  has  been  in  planes  parallel 
to  the  wall  only,  because  as  yet  we  do  not  really  have  any  good  way  to  do  explicit  filtering  in  directions  of 
inhomogeneity.  Piomelli  finds  that  the  choice  of  filter  function  is  important  in  determining  the  performance 
of  the  residual  turbulence  model.  The  filter  makes  Its  appearance  in  the  calculations  when  the  term  u,u y  is 
calculated  by  filtering  the  product  of  the  computed  filtered  components.  If  the  Gaussian  filter  is  used  with 
the  Bardina  mixed  model,  very  good  results  are  obtained.  If  the  Gaussian  filter  is  used  with  the  Smagorinsky 
model,  very  poor  results  are  obtained.  But  if  the  Smagorinski  model  is  used  with  the  sharp  cut-off  filter,  fair 
results  are  obtained. 

The  inference  from  this  work  is  that  the  sharp  cut-off  filter  defines  a  clear  length  scale  for  the  residual 
turbulence,  whereas  the  Gaussian  filter  spreads  the  residual  scales  out  over  a  broader  range.  The  Bardina 
model  accounts  for  the  different  scales  in  the  residual  field  generated  by  the  Gaussian  filter.  On  the  other 
hand,  only  one  length  scale  is  carried  by  the  Smagorinsky  model,  and  therefore  this  model  can  not  account 
for  all  the  scales  filtered  by  the  Gaussian  filter. 

One  might  argue  that  the  turbulence  time  scale  in  the  Smagorinsky  viscosity  should  be  a  scale  appro¬ 
priate  to  the  residual  field.  In  isotropic  turbulence  the  strain  rate  of  the  resolved  field  sets  this  scale,  but  in 
inhomogeneous  flows  with  strong  mean  strain  rate  it  may  be  better  to  extract  the  time  scale  from  the  high 
wavenumber  end  of  the  resolved  field,  as  in  the  Bardina  model.  One  possible  approach  is  to  use  the  velocity 
scale  in  this  range,  _ 

t^r  =  CA\J(~ik  ~  u*)(u*  -  ujfe).  (7.3.11) 

Another  approach  would  be  to  use  the  strain  rate, 


nr 


=  C1A*\/(; 


^mn  ^nm)- 


(7.3.12) 
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In  LBS  one  probably  does  not.  want  to  attempt  to  resolve  the  wall  region  of  boundary  layers,  and  so 
some  appropriate  wall  conditions  are  needed.  For  high  Reynolds  numbers,  it  is  through  this  condition  that 
the  viscosity  will  enter  the  problem.  The  main  thrust  of  Piomelli’s  work  has  been  to  assess  various  proposals 
for  these  conditions.  At  this  writing  about  all  we  can  say  is  that  nothing  that  we  or  anyone  else  ha3  suggested 
shows  up  very  will  in  Clark  tests  against  the  direct  simulations  of  channel  flow.  However,  we  are  hopeful 
that  a  satisfactory  working  model  for  the  residual  wall  stress  will  be  found,  and  this  probably  will  draw 
upon  new  knowledge  about  the  structure  of  the  wall  region  that  is  currently  being  extracted  from  the  direct 
simulations. 


7.4  Insights  from  direct  simulations  of  homogeneous  turbulence 

Boundary  conditions  are  a  problem  in  turbulence  simulations.  The  problem  is  avoided  in  homogeneous 
turbulence  by  use  of  periodic  boundary  conditions.  The  resulting  turbulence  is  somewhat  artificial  in  that 
the  motion  on  opposite  sides  of  the  computational  domain  is  fully  correlated,  which  of  course  would  not  be 
the  case  in  a  real  turbulence  field.  One  must  select  a  computational  domain  large  enough  that  the  statistical 
correlations  at  separations  of  half  the  computational  domain  are  small,  and  when  this  is  done  the  statistical 
results  up  to  this  separation  seem  to  be  quite  like  those  of  real  turbulence. 

A  large  number  of  homogeneous  turbulence  simulations  have  been  carried  out  by  the  Ames/Stanfoid 
group,  almost  all  using  the  Rogailo  code.  This  program  uses  the  coordinate  transformation  (4.2.4),  and  as 
a  result  achieves  remarkable  robustness  in  runs  with  very  strong  deformation.  For  a  recent  description  of 
the  code  see  Lee  and  Reynolds  (1985).  Simulations  now  include  homogeneous  shear  flow  at  a  variety  of 
shear  rates,  many  cases  including  scalar  transport,  a  variety  of  irrotational  strain  flows,  return  to  isotropy 
following  various  strains,  some  rotation  cases.  Spec;  d  codes  have  handled  a  funr.y  type  of  homogeneous 
compressible  shear  flow  and  some  flow  compression  cases.  Meshes  ranging  from  C43  to  2563  have  been  used, 
although  the  1283  cases  are  now  the  most  abundant. 

In  a  direct  simulation  one  must  capture  both  the  energy  at  larga  scales  and  the  dissipation  at  small 
scales,  and  this  limits  the  calculations  to  relatively  lew  Reynolds  numbers.  One  can  usually  tell  when  not 
enough  small-scales  have  been  captured  by  a  pile-up  of  energy  at  the  high  wavenumebr  end  of  the  spectrum. 
The  the  model  spectrum  (3.9.4)  can  be  used  to  estimate  the  fraction  of  energy  left  out  of  a  calculation  at 
any  given  Rp.  Typical  1283  calculations  miss  less  than  1%  of  the  turbulence  energy  at  Rp  =  50,  a  typical 
range  for  these  simulations. 

The  initial  turbulence  field  must  be  constructed  in  a  divergence-free  manner,  and  this  is  easily  dene  with 
the  Fourier  representation.  The  spectrum  can  be  shaped  initially  and  scaled  to  contain  the  proper  energy 
for  a  ta.get  Rp.  For  details  see  Lee  iJtd  Reynolds  ,1985). 


Figure  7.4.1  Spectra  for  relaxation  from  plane  strain 
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All  of  the«e  calculations  show  a  remarkable  amount  of  small-scale  anisotropy.  For  example,  Fig.7.4.1  shows 
one  of  Lee’s  spectra  during  relaxation  from  plane  strain,  with  the  different  lines  representing  different  com¬ 
ponents.  Note  that  the  anisotropy  persists  throughout  the  -5/3  range  of  the  spectrum.  We  investigated 
this  issue  of  small  scale  anisotropy  by  extending  the  measures  of  anisotropy  discussed  in  Chapter  6  to  the 
vorticity  and  dissipatin  fields.  The  vorticity  tensor  is  defined  as 

(7.4.1) 


and  the  vorticity  anisotropy  tensor  is 


vi  ,■  =  -L- 


-w2Sis/ 3 


The  dissipation  anisotropy  tensor  is  defined  by 


t.  _  y/3 

Dkk 


(7.4.3) 


These  two  anisotropy  t.nsors  are  characterised  by  their  second  and  third  invariants,  defined  the  same  way 
as  those  for  the  Reynolds  stress  anisotropy  tenser  b,  ,■  (see  6.1.3).  Their  anisotropy  invariant  maps  are  the 
same  form  as  those  for  4,-y  explained  in  section  6.1.  The  boundary  lines  are  the  same  for  the  and  dy 
invariant  maps,  but  on  the  vorticity  invariant  map  the  two  ixisymmetric  side  boundaries  are  reversed,  and 
the  uppermost  point  corresponding  to  one- dimensional  vorticity  corresponds  to  the  two-dimensional  velocity 
field. 

Fig.  (7.4.2)  shows  the  second  invariants  of  vorticity  and  velocity  during  relaxation  to  isotropy  from 
a  variety  of  different  strain  types.  The  trajectories  on  this  diagram  are  generally  down  and  then  to  the 
left.  Upon  the  removal  of  mean  strain  rate,  the  vorticity  anisotropy  relaxes  quickiy  to  a  point,  and  then 
relaxes  slowly,  locked  on  to  the  anisotropy  of  the  Reynolds  stress!.  Moreover,  essentially  aii  of  the  points 
shewed  more  anisotropy  of  the  vorticity  thatn  of  the  Reynolds  ..tress!  These  are  astonishing  observations  to 
anyone  who  has  grown  up  with  the  idea  that  the  small  scales  become  isotropic  quickly,  compared  to  the  slow 
relaxation  of  the  scale  anisotropy. 

It  is  also  very  interesting  that  the  relationship  between  the  two  invariants  in  the  iock-on  phase  returning 
from  axisymmetric  expansion  is  quite  different  than  that  when  returning  from  axisymmetric  contraction. 
This  suggests  that  there  may  be  two  types  of  competing  structures  in  turbulence,  the  noodles  formed  by 
axisymmetric  contraction  and  the  pancakes  formed  by  axisymmetric  expansion,  ana  that  perhaps  better 
turbulence  models  could  be  made  by  treating  these  structures  separately. 

We  have  mentioned  that  the  trajectories  for  return  to  isotropy  on  the  Reynolds  stress  invariant  map  are 
not  well  behaved,  which  casts  doubt  on  the  viability  of  modeling  the  slow  pressure  strain  and  dissipation 
anisotrooy  terms  in  terms  of  However,  those  on  the  vorticity  map  are  extremely  well  behaved.  Figure 
(7.4.3)  snows  these  trajectories,  which  are  well  fit  by  the  simple  model 


(7.4.4) 

where  a  depends  on  both  the  invariants  of  b, /  and  v,,-.  The  dissipation  anisotropy  trajectories  are  quite 
different,  but  they  too  are  very  well  behaved  and  can  be  modeled  qu'te  neatly.  For  details  see  Lee  and 
Reynolds  (19S5). 

Upon  reflection,  the  requirement  that  the  vorticity  field  be  anisotropic  is  obvious  from  the  Bh.-.-Savart 
law;  if  the  vorticity  spectrum  were  isotropic,  the  Reynolds  stress  spectrum  would  be  isotropic.  It  may  be 
that  explicit  consideration  of  this  anisotropy  in  turbulence  modeling  could  have  some  advantages.  We  have 
been  exploring  some  possibilities. 

In  another  recent  study,  Rogers  (1988)  has  examined  the  structure  of  homogeneous  turbulent  shear 
flow.  His  studies  reveal  that  hairpin  vortices  of  the  type  found  in  wall  boundary  layers  are  also  found  in 
homogeneous  turbulence.  However,  in  homogeneous  turbulence  there  are  both  “up”  and  “down”  hairpins, 
while  in  a  boundary  layer  one  sees  only  one  kind.  He  also  found  evidence  of  some  transverse  vortices  believed 
to  be  associated  with  the  weak  orientation  of  vorticity  caused  by  mean  rotation  (see  section  4.6). 
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Lee  has  extended  Rogers  work  to  (high)  shear  rates  and  Reynolds  numbers  comparable  with  the  viscous 
region  of  turbulent  boundary  layers.  Remarkably,  he  finds  long  longitudinal  streak:  that  familiar  objects  in 
the  wall  region,  with  transverse  spacings  that  scale  on  the  turbulent  stress  and  viscosity  in  ex'-ily  the  same 
way  as  in  wall  boundary  layers.  This  work  suggests  that  it  is  the  high  shear  rate,  and  not  the  wall,  that 
produces  the  streaks!  This  would  be  good  news  f ..  modelers,  because  it  would  mean  that  models  based  on 
homogeneous  turbulence  might  have  far  more  to  do  with  boundary  layer  flows  than  one  might  think. 

Rogers  also  studied  scalar  transport  in  homogeneous  shear  flow  at  three  different  Prandtl  numbers. 
There  aie  three  interesting  situations  corresponding  to  an  (imposed)  means  scalar  gradient  in  each  direction. 
He  calculated  the  scalar  fields  for  all  three  cases  at  the  same  time  for  a  set  of  common  hydrodynamic 
simulations.  A  surprising  result,  actually  seen  in  experiments  by  Tavoularis  and  Corrsin,  is  that  some 
cross-gradient  scalar  fluxes  are  larger  than  the  flux  in  the  direction  of  the  mean  gradient!. 

Rogers  used  his  insight  about  the  hairpin  vortex  structures  and  the  transverse  vortices  to  explain  the 
mechanism  by  which  these  cross-gradient  transports  can  develop.  He  then  went  on  to  model  the  scalar 
flux  in  tv'o  ways,  using  his  simulation  data  both  as  a  guide  in  the  modeling  and  as  the  basis  for  coefficient 
evaluation.  The  models  deal  with  ar.  anisotropic  diffusion  tensor  Dx],  defined  by 

=  (7.4.5) 

where  6'  is  the  scalar  fluctuation  and  0,,  is  a  mean  scalar  gradient.  The  diffusivity  tensor  could  be  calculated 
from  his  measurements,  and  is  found  to  be  inherently  non-symmetric.  However,  he  did  find  that  it  became 
antisymmetric  in  a  coordinate  system  that  is  aligned  with  the  principal  axes  of  the  Reynolds  stress.  This 
led  him  to  model  the  diffusion  tensor  in  the  form 


Ay  =  Cj£,y  +  CjAy  +  (7.4.6a, J) 

He  was  able  to  correlate  his  coefficients  with  Reynolds  and  Prandtl  numbers  to  within  about  20%. 

Rogers  made  another  model  assuming  that  the  scalai  flux  is  aligned  with  the  sum  of  the  mean  gradient 
terms  in  its  own  transport  equation,  and  thereby  obtained  a  model  of  comparable  accuracy  with  only  one 
free  coefficient.  This  model  is 


-  CdK  +  h, U„ =  0 


*-4**T“R ifcp 


where  r  =  q2/e  and  Rr  =  q*/(ve).  This  result  should  be  of  immediate  use  in  turbulence  modeling  for  both 
homogeneous  and  inhomogeneous  flows.  Rogers  has  recently  checked  this  model  age  ins t  direct  simulations 
of  turbulent  channel  flow  at  Ft  =  1  and  found  that  it  is  remarkably  accurate  for  the  flux  in  the  direction  of 
the  mean  temperature  gradient  and  within  about  20%  for  the  flux  perpendicular  to  the  mean  temperature 
gradient. 


7.5  Direct  simulations  of  spatially-developing  flows 


Some  of  the  most  exciting  work  at  present  are  the  boundary  layer  simulations  of  Spalart.  He  is  using 
a  clever  stretching  of  the  coordinate  system  that  enables  him  to  use  periodic  inflow-outflow  conditions  in  a 
growing  boundary  layer,  and  has  already  produced  results  about  the  structure  of  boundary  layers  in  pressure 
gradients  of  much  interest  to  experimentalists. 

In  order  to  simulate  more  general  turbulent  flows,  inflow  and  outflow  conditions  are  needed  The  outflow 
problem  is  simpler  and  we  have  had  a  reasonable  solution  for  some  time.  The  inflow  problem  is  harder,  but 
we  have  recently  made  some  excellent  progress. 

l, owery  (1986)  simulated  the  spatially-developing  mixing  layer,  including  scalar  transport.  He  found 
that  a  soft  convective  outflow  condition, 


(7.5.1) 


applied  to  the  velocity  components  and  scalar  worked  quite  well,  wi.h  minurrum  upstream  influence.  The 
convection  velocity  Uc  was  taken  as  the  average  of  the  two  free  stream  speeds.  At  the  inlet  he  forced  the 
flow  with  a  combination  of  fundamental  and  two  subharmonics  of  a  dominant  instability  of  the  inlet  layer 
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(tanh  profile),  because  the  layer  was  forced,  it  responded  like  a  forced  layer,  with  pnrings  occuring  cyclicly 
at  frcsen  locations.  And,  the  layer  grows  not  linearly,  as  do  natural  layers,  but  by  leaps  and  bounds,  as  do 
forced  mixing  layers  in  the  laboratory. 

It  has  been  asked  if  the  mixmg  layer  is  absolutely  unstable,  in  which  case  if  the  forcing  is  stopped  after 
large  disturbances  have  developed  downstream  the  layer  should  continue  to  remain.  When  Lcwery  terminated 
forcing,  the  initial  region  of  the  layer  rclarniuariied,  suggesting  that  the  instability  was  convective,  but  midway 
dev/n  the  flow  the  turbulence  never  went  away,  and  by  the  exit  the  flow  was  quite  turbulent.  His  calculation 
did  not  include  the  splitter  plate,  which  undoubtedly  plays  a  role  in  promoting  absolute  instability,  so  the 
matter  is  not  really  resolved.  Lowery  also  studied  the  growth  of  three-dimensional  disturbances  in  the  layer, 
finding  that  they  grew  to  scales  and  structures  characteristic  of  the  braid  region  of  the  mixing  layer. 

Ongoing  extensions  of  our  mixing  layer  simulation  work  by  Sandham  involve  the  use  of  random  Jitter 
of  the  forcing  to  simulate  more  ratural  turbulent  inflow  condition.  This  produces  the  linear  growth  seen 
in  natural  experimental  layers,  at  growth  rates  in  excellent  agreement  with  experiemnts.  The  resulting 
statistical  quantisers,  including  the  scalar  pdf,  are  much  more  like  those  measured  for  natural  layers.  It 
now  seems  that  this  will  be  quite  an  acceptable  method  for  generating  relatively  simple  yet  effective  inflow 
conditons  for  direct  numerical  simulations  of  turbulence. 

Current  work  is  concentrating  on  extensions  to  compressible  mixing  layers,  the  goal  being  to  use  these 
direct  simulations  as  the  basis  for  building  better  turbulence  models  for  supersonic  flows,  including  combus¬ 
tion,  both  for  use  in  LES  and  in  simpler  turbulence  models.  There  is  a  growing  group  at  Ames,  involving 
Rogers,  Moser  and  others,  beginning  to  work  very  seriously  on  turbulent  combustion  simulations.  It  seems 
safe  to  forecast  that  a  decade  from  now  the  capabilities  for  know  much  more  about  the  modeling  and  simula¬ 
tion  of  these  and  flows  of  technical  interest  will  be  considerably  advanced,  and  students  who  have  mastered 
these  notes  should  b.  ready  to  begin  the  exciting  work  ahead  in  this  area. 
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EOF  -  DER  -  Laboratoire  National  d‘Hydraulique 
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SUMMARY 


Reynolds  stress,  k-e  »  and  Low  Re  models  for  the  modelling  oi  inhomogeneous  flows  are 
considered.  They  are  shown  to  provide  satisfactory  predictions  for  engineering  ilows.  Near 
wall  and  buoyan  .y  effects  are  also  Included.  Results  of  Large  Eddy  Simulations  are  used  as 
guidance  to  the  standard  one  point  closures,  especially  for  data  which  cannot  be  obtained 
by  experiment. 

introduction 


The  problem  computing  tnrbuJLe.»r  flows  arises  from  the  non-linear  term  of  the 
Nrvier-Stokes  equations  and  the  simple  fact  that  "the  average  of  a  product  is  not  equal  to 
the  product  of  tl«e  avcrs^ed  operands".  Henre  the  Reyrolds  stresses  appearing  in  the 
Reynolds  averaged  Navler  Stokes  equations  :  RiJ  -  u*iu*j.  The  Reynolds  Stress  transport 
equations  (RST)  are  also  non-linear  and  contain  third  order  correlations,  the  evolution  of 
which  depend  on  still  extra  unknowns  etc... 

So  the  system  of  equations  for  the  statistics  of  a  turbulent  flow  is  infinite.  Also  If 
the  spaclal  structure  of  turbulence  is  to  be  studied,  2  point  correlations,  or 
equivalently,  spectra  must  be  considered.  The  computational  power  at  cur  disposal  being 
finite,  one  has  tc  cnoose  at  what  level  modelling  assumptions  must  be  Introduced,  i.e.  this 
power  1l  shared  between  the  number  of  variables  (turbulence  statistics)  and  the  number  of 
points  in  physical  space  (inlu-mogeneity). 


This  situation  can  be  illustrated  by  the  sketch  hereafter  : 
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The  top  and  bottom  of  this  table  are  illustrated  in  this  course  by  Dr.  Aupoix  and  Pr. 
Reynolds  while  the  central  part,  one  point  closures,  is  currently  used  in  engineering 
problems  which  we  will  consider  here.  Valuable  information  stems  from  each  type  of  approach 
to  the  problem  and  in  addition  to  experience,  enables  improvement  of  all  the  other 
approaches,  and  in  particular  the  one  point  closures. 

For  this  reason,  when  involved  in  a  particular  type  of  turbulence  modelling,  one  must 
also  be  aware  of  the  work  going  on  in  all  the  other  approaches. 

We  will  consider  here  industrial  applications  for  incompressible  fluids.  Many  were 
conducted  earlier  and  have  been  reported  more  thoroughly  outside  of  LNH.  To  keep  the 
reference  list  short,  only  mandatory  publications  are  given  (in  which  thorough  lists  can  be 
found),  namely  :  Kathieu,  Jeandel  [  1  ]  for  spectral  analysis  ;  Launder,  Reynolds,  Rodi  f  2] 
for  second  moment  practice,  physics,  new  simulations  of  turbulence,  and  applications  ;  Rodi 
[3]  for  engineering  practice.  Also  recommended  for  an  extended  introduction  :  Lumley  (4]  , 
Arpaci,  Lasen  !  5  ]  for  thermal  problems  »  Favre,  Kovasnay  at  al  [6]  also  consider 

compressible  flows. 

I.  ONE  POINT  CLOSURES 


The  oldest  proposal  is  Boussinesq'o  Eddy  Viscosity  Model  (1877)  in  which  it  is  assumed 
that  the  Reynolds  stresses  are  proportional  to  the  gradients  of  mean  velocity  : 


-  uiuj 


3Ui  +  N  -  2  k 
3xj  3xi  ^  3 


6ij  (EVM) 


k  -  -  (ulul) 
2 


This  model  provides  good  predictions  provided  the  velocity  and  length  scales  of  the 
turbulence  Ut  and  Lt  are  known,  so  that  vT  can  be  prescribed  :  ~  ut  l*t» 


This  is  an  easy  task  only  for  boundary  layers  where  Lt  (also  called  "mixing  length")  can 
be  defined  through  a  ramp  function  : 


K  “  0.4  (Von  Karman  constant) 
6  »  boundary  layer  thickness 
Y  *  distance  to  wall 


Also  assuming  :  *  Lfi  3JJ.  ♦ 

3  Y 


Prandtl’s  mixing  length  model  is  obtained  :*\)t  -  Lfc2 


This  is  not  a  "modern  approach"  but  performes  well  and  more  sophisticated  models  coincide 
to  this  one  when  applied  to  boundary  layers. 

Another  field  where  the  mixing  length  is  still  used  is  "Large  Eddy  Simulation"  (L£S), 
where  the  mixing  length  (size  of  largest  sub-grid  scale  eddies)  is  taken  proportional  to 
the  mesh  resolution. 
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1.1.  TRANSPORT  EQUATIONS 

The  state  of  the  Reynolds  stresses  is  a  consequence  of  the  strains  of  the  mean  flow,  but 
turbulence  has  strong  memory  effects*  Turbulence  can  be  considered  as  a  set  of  eddies  the 
angular  momentum  of  which  can  only  be  changed  progressively.  Status  of  t.ie  Reynolds 
stresses  thus  depend  not  only  on  the  local  mean  flow  but  also  on  the  (Lagranglan)  history 
of  the  strains  which  the  turbulence  has  experienced.  The  rate  at  which  the  anisotropy  and 
level  of  turbulence  (statistics  of  eddy  angular  momentum)  can  be  changed  depends  on  the 
ratio  of  the  mean  train,  S  (dU/dy) ,  and  the  time  scale  of  turbulence  k/  e(  -  energy  / 
dissipation) . 

Hence  in  modem  approaches  where  it  is  ambitionned  to  model  complex  inhomogeneous  mean 
flows,  introduction  of  transport  equations  for  turbulent  statistics,  which  will  account  for 
the  Lagrangian  history  of  the  turbulence,  is  necessary. 

The  most  popular  of  these  models  for  engineering  flows  is  the  two  equation  k-e  model. 
However  beginners  might  be  confused  by  the  “variations  of  the  constants"  often  introduced 
in  this  model.  To  see  why  this  is  legitimate,  it  is  preferable  to  begin  with  the  more 
complex  Differential  Second  Moment  Closure  (DSM)  in  which  less  assumptions  are  made,  and 
then  reduce  the  DSM  to  the  standard  k-e  model. 

1.2  DIFFERENTIAL  SECOND  MOMENT  CLOSURE  DSM 

Let  U,  P,  C  be  the  velocity y pressure  and  density  of  the  mean  flow  ;  u»  p  ,  6  *  the 
fluctuations  ;  v  ind  g  the  molecular  viscosity  and  gravity  (density  variations  only  being 
considered  when  associate  with  gravity).  The  exact  equation  for  the  Reynolds  stresses  can 
be  written  as  : 


'  The  transport  by  mean  flow  and  production  terms  PiJ  and  Gij  are  computed  exactly,  dij 
corresponds  to  dispersion  of  turbulence  (vanishing  for  homogeneous  turbulence)  and  r:  ij  is 
the  dissipation  (transformation  of  kinetic  energy  into  heat)  and  is  assumed  to  be  Isotropic 
as  for  fully  developed  turbulence  :  e  ij  ■  e6  ij 

A  lot  of  works  have  been  devoted  to  the  pressure-strain  correlations  which  play  an 
important  part  in  modifying  (reducing  ?)  the  anisotropy  of  the  Reynolds  stresse ».  It  ij 
shown  12]  ,  (6)  that  0ij  can  be  decomposed  into  3  parts 

-  0ij,l  -  the  non  linear  part  depends  only  on  statistics  of  the  fluctuating  velocity 

-  0ij,2  -  the  linear  part  also  involves  the  strains  of  the  mean  field 

-  0ij»3  -  accounts  for  buoyancy  effects. 
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These  quantities  are  not  accessible  to  measurements,  the  models  have  only  been  tested  by 
their  indirect  effects.  The  main  assumption  is  that  of  a  "return  to  isotropy"  and  damping 
or  production.  Moreover,  near  wall  effects  are  found  to  be  strong. 

This  is  a  problem  for  which  great  help  is  expected  from  LES  and  DS  and  is  presently  being 
analysed  ("Numerical  data"  on  dij  or  eij  require  non-homogene oue  simulations  which  are 
only  just  starting,and  DS  which  are  still  restricted  to  very  low  Re  numbers). 

The  model  considered  is  that  of  Launder,  Reece,  Rodi  [6)  and  is  quite  cumbersome  but 
reduces  to  4  equations  in  2D  flows  (ul4,  ij22,  ulu2  and  e). 

Although  it  has  been  proposed  for  over  a  decade,  progress  of  computers  have  made  it 
manageable  for  engineering  computations  only  recently.  It  is  widely  used  by  the  UMIST  team 
(Launder  at  Al  7  ,  1986)  and  is  presently  developed  at  LNH.  The  full  model  can  be  written 
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1.3  ALGEBRAIC  SECOND  MOMENT  CLOSURE  (ASM) 


For  a  three  dimensional  non  isothermal  flow  the  DSM  model  requires  that  15  coupled 
differential  equations  be  solved.  However  if  only  the  source  and  sink  terms  are  considered, 
the  model  becomes  algebraic.  To  preserve  some  generality  for  inhomogeneous  flows,  we  can 
assume  with  RODI  I  8)  proportionality  of  the  differential  part  of  uiuj  with  that  of  k  : 

D  uiuj  -  Diff  (uiuj)  *  uiuj  J  Dk  -  Diff  (k)| 

DC  k  L*  J 

This  is  illustrated  by  Viollet  in  a  appendix  A.  Applications  of  the  ASM  to  a  stratified 
shear  flow  are  shown  to  yield  much  better  results  than  the  standard  k-e  model  especially 
in  the  unstable  situation,  where  the  latter  model  falls  to  predict  the  rapid  generation  of 
turbulence  by  buoyancy.  It  is  only  when  this  effect  is  more  moderate  (Froude  ■  5)  that  the 
eddy  viscosity  assumption  yields  acceptable  predictions. 

It  is  also  shown  that  starting  from  this  model,  one  can  reduce  it  to  the  standard  k-e 
model  but  with  variable  viscosity,  diffusivity  coefficients  and  Prandtl  numbers,  Cp,  Cp0 
and  o0  as  functions  of  Richardson  number  and  (P+G)/e  ,  (P  ■  1/2  Pii,  G  ••  1/2  Gii). 

For  turbulence  driven  secondary  motions,  as  in  a  square  duct,  the  modelling  must  be  at 
DSM  or  ASH  level.  They  yejld  fairly  good  results  as  can  be  seen  on  Fig  1.3.1,  where  Reece's 
[2l)  ,  and  Noat  and  Rodi's  (22)  computations  are  compared  with  measurements  of  Launder  and 
Ying  [23]  . 

The  situation  is  different  for  a  meandering  channel  where  the  secondary  motion  is  Induced 
by  inertia  and  pressure  forces.  In  this  case,  good  predictions  have  been  found  by  reducing 
the  ASM  to  a  k-e  EVM  with  variable  Cp  (Fig  1.3.2  ;  Demuren  Rod!  (24]  ) 
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1,4  THE  STANDARD  k-  £  MODEL 

To  further  reduce  the  computational  effort,  one  can  consider  only  the  transport  equations 
for  k  -  1  uiuj  and  the  dissipation  e  *  which  still  enable  to  prescribe  turbulence  scales  : 

2 

velocity  :  U  ^k1^2,  time  :  t  •  k/ e  *  and  length  Lt~  k*'^/e  .  The  eddy  viscosity  is  thus 

written  as  :  vT  “  Cp  k 2f  e  . 

The  k  equation,  which  contains  no  pressure-strain  terms  is  modeled  by  : 
jk  +  Oj  —  -  _3  Tvt  — V  P  +  G  -  e 

3t  3X3  jxj  V  3 A' 

The  e  equation,  in  which  most  of  the  terms  are  totally  unknown  is  modeled  similarly  : 

3e  +  Uj  -  _9 ( vt  3e\  +  C  .  £_  P  +  U  -  C  9 

at  axj  axj  yor  axj  y  ei  k  L.  _J  k 


For  grid  turbulence,  the  equations  reduce  to 
U  9k  U  3c  2 

_  *  -  £  and  _ »  -  C  ^2  •  yielding 

3  x  3  x  k 

k  ~x*"n,  n  *  _  ,  and  experiments  give  n  ~  1.2  so  C  ^  ■  1.92 

C  e2  -  1 

In  the  final  stage  of  decay  of  k,  n  is  higher,  so  C ^  must  be  decreased  for  low  Re  flows. 

When  only  shear  is  relevant  in  one  direction,  the  production  is 

l  -  GT.  SU /  3Y  -  Cp.k2/e  (  3U/  3Y) 

Hence  Cp  -  (uv/k)2.  G  /p 

The  standard  value  *  0.09  is  taken  after  observations  of  the  boundary  layer  where  P  -  G 
and  uv/k  *  0.3. 


However,  this  formula  shows  that  Cp  can  be  varied  in  configurations  where  a  better  value 
of  the  structure  parameter  *3?/k  is  known  (curvature,  weak  lets).  Also  Cp  can  be  plotted  as 
a  decreasing  function  of  P/e  (round  jet,  far  wake).  See  Real  [  2 j  and  [3]  . 

Again,  for  the  log  region  of  a  boundary  layer,  Ce  1  can  be  related  to  the  other  constants 
by  :  Ce  -  Ce  0  -  kf _ 

oeVS. 

The  standard,  widely  used  values  recommended  by  Launder  and  Spalding  are 
Cp  -  0.09,  Ce  1  -  1.44,  Ce  2  -  1.92,ce  «  1.3 

The  boundary  conditions  are  given  by  supposing  that  the  first  grid  point  is  located  in 
the  log  region  and  thus  one  writes 


-VI  -  j_ 

7  -  ufs 

3  Y 

e 

k  - _  , 

Uf* 

e  “ _ 

Vcp 

KY 

1  is  the  wall  shear 

stress. 

and  Uf  the  friction  velocity. 

Applications 


When  testing  the  model  on  "academic”  turb  flows  one  can  have  the  impression  that  the 
quality  of  the  predictions  is  only  fair,  a  -  that  constants  adjusting  is  systematical 
required,  (See  table  II,  p.10). 

From  practice,  it  seems  that  for  the  more  complex  industrial  applications,  the  standard 
model  is  quite  satisfactory.  This  may  be  because  the  test  cases  measure  the  effect  of 
turbulence  solely  (which  is  expected  from  a  good  test),  whereas  in  "real  life"  problems, 
the  main  features  of  a  flow  result  from  a  balance  between  turbulence.  Inertia  and  pressure 
forces,  these  two  latter  now  being  well  represented  by  actual  numerical  schemes. 
Furthermore,  complex  geometries  provide  strong  guidelines  for  the  mean  flow,  whereas  test 
cases  in  unbounded  space  can  give  rise  to  large  deviations  far  away  from  Inlet  conditions. 

Vehiculc  aerodynamics 

The  3D  code  of  LNH,  ESTET,  using  the  standard  k-G  model  has  been  applied  to  vehicle 
aerodynamics  Uo)  .  It  is  observed  that  the  flow  over  most  of  the  car  can  be  predicted  even 
with  inviscid  equations.  The  friction  stresses  are  not  really  important  for  the  computation 
of  the  flow  in  the  front  pa  t,  but  the  nature  of  the  flow  in  the  wake,  especially  behind 
blunt  obstacles,  requires  a  correct  description  of  the  turbulent  stresses  in  the  large 
structures  of  the  wake  shown  on  Fig  1.4.1.  The  rate  at  which  these  stresses  develop  depends 
in  turn  on  the  characteristics  of  the  turbulence  in  the  detaching  boundary  layer.  The 
correct  structure  of  the  wake  enables  a  good  comparison  of  the  pressure  coefficients  with 
seperate  comptutations  (Chometon  I 2o]  ).  The  overall  pressure  drag  is  highly  dependant  on 
the  values  of  Cp  found  at  the  back.  The  slight  hump  of  Cp  in  the  middle  of  the  rear  end  is 
due  to  the  jet  formed  between  the  recirculating  eddies. 

For  a  slanted  back  version  the  pressure  gradient  between  top  and  bottom  associated  with 
lift  Induces  a  vertical  component  of  the  flow  along  the  side,  which  in  the  wake  generates  a 
pair  of  longitudinal  vortices  ("wing  tip  vortices")  (Fig  1.4.2). 

1.5  NEAR  WAXL  LOW  RE  MODEL 

In  many  problems,  the  Interest  lies  in  the  wall  region  :  heat  transfer,  wall  shear 
stress,  aerodynamics  etc...  It  is  now  possible  to  use  very  fine  mesh  in  this  region  so  that 
the  viscous  sublayer  can  be  described.  In  this  case  the  log  law  hypothesis  can  be 
abandonned  and  exact  boundary  conditions  can  be  prescribed  : 

U  (wall)  -  0,  k  (wall)  -  0,  T  (wall)  -  T  (solid) 

The  low  Re  version  of  the  k-e  model  must  then  be  used.  To  see  what  modifications  are 
requested  one  can  use  the  following  development  of  the  fluctuation,  consequence  of  the 
continuity  equation  : 


t.  -  0)  u  -  bj  Y  +  Cj  Y2  ... 

“wall  ‘  °(“’>  v  '  0  *  c2  Y’  — 

J  w  -  b„  Y  +  c,  Y2  ... 


(V  :  wall  distance) 


Using  the  non  dimensional  variables  scaled  by  the  friction  velocity  Uf  : 


u+  -  u/Uf,  Y+  -  Y  Uf/  v 


k+2  -  A+  Y+2  +  B+  Y+s  +...,  E  -  2A+  +  4B+  Y+,  dU+/dY+~  1 
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and  since  the  production  is  P+  -  Y+s,  while  (  \)A  k)+ ~2A+,  the  dissipation  at  the  wall  is 
balanced  by  the  molecular  diffusion  of  k,  which  of  course  must  be  included  in  the  model. 

This  also  means  that  further  away  from  the  wall  we  must  have  P  >  e  . 

Also,  since  uv+  ~  Y+3  and  k^2  dU*  -Y*^ 
e 2  dY+ 

We  must  introduce  a  variation  in  the  turbulent  viscosity  : 

vT  -  Cp  fp  k^  with  the  function  fpsf(Y+)  at  the  wall,  so  that  :  fp  -  ^8ee  P»5)^ 

e  ^k  '  p 

Furthermore,  the  standard  value  of  Ce  2  is  not  suitable  for  the  final  stage  of  decaying 
turbulence,  as  msntioned  earlier,  and  C  el  is  related  to  Ce  2  and  Cp  so  two  additional 
functions  fl  and  f2  are  introduced. 


Various  propositions  have  been  made  for  fp,  fl  and  f2,  and  a  thorough  review  can  be  found 
in  I  8 )  .  The  models  of  Launder  i  Sharma  and  Lamb  &  Bremhorst  have  been  tested  for  pipe 
flows  (Fig  1.5.1)  and  give  similar  results,  although  the  latter  is  not  applicable  for 
decaying  unbounded  turbulence  since  it  uses  explicitly  the  wall  distance  Y.  The  results  are 
well  compared  to  experiment  and  confirms  the  preceeding  analysis. 

This  is  a  field  where  experiment  can  be  completed  by  direct  simulation  from  which 
pressure  strain,  turbulence  diffusion  8nd  dissipation  terms  can  be  computed.  This  type  of 
computation  has  been  conducted  by  Kim  and  Moin  !  9 1  at  NASA  Ames  and  data  is  now  being 
analysed  which  should  soon  greatly  improve  Low  Re  modelling  (Kim,  Moin,  Mansour). 


Near  wall  buoyant  secondar 


The  same  model  is  now  applied  to  an  "industrial"  problem  :  in  a  steam  generator,  the  cold 
feedwater  (7®C)  is  brought  by  a  horizontal  cylinder  immersed  in  hot  recirculating  water 
(275®C) .  The  wall  temperature  inside  the  cylinder  is  expected  to  be  .  200*C.  Density  will 
be  reduced  by  25Z  and  the  Prandtl  number  will  vary  by  a  factor  10.  So  a  very  fine  mesh  is 
necessary  in  the  boundary  layer  where  a  secondary  buoyancy  motion  is  expected.  A  3D 
elliptic  computation  is  performed  with  the  ESTET  code.  The  k  and  mean  velocity  profiles  are 
slightly  changed  and  the  secondary  motion  appears  right  at  the  entrance  (fig  1.5.2).  The 
fall  oi  the  cold  core  of  the  flow  is  compensated  by  the  buoyant  upwards  creeping  motion  of 
tht  sublayer  and  a  recirculation  at  the  top  of  the  duct,  replacing  the  cold  core  by  more 
tepJd  water  coming  from  downstream.  The  close  up  view  shows  high  refinement  and  distortion 
of  the  mesh  near  the  wall  (the  conjugate  gradient  method  enables  convergence  although  the 
matrix  is  very  ill-conditionned) . 


A  stratification  develops,  though  not  as  strong  as  that  actually  observed.  It  is 
conjectured  that  the  heat  transfer  is  underpredicted  since  the  model  does  not  account  for 
turbulence  production  increase  with  buoyancy  for  a  horizontal  temperature  gradient.  This 
will  be  analysed  by  LES  in  par.  II, A. 


The  previous  computation  is  very  time  consuming  because  of  the  large  number  of  nodes  for 
all  of  which  advection  and  pressure  are  computed.  However  this  is  not  necessary  in  the 
transition  sub-layer  (Y+  .*  1  to  30)  when  buoyancy  is  not  considered.  One  can  assume  that 
near  the  wall,  advection  is  negligeable  and  that  the  main  feature  is  diffusion  of  momentum 
in  the  normal  direction  with  a  constant  pressure  gradient. 

The  numerical  procedure  is  the  following  :  an  elliptic  computation  is  performed  on  a 
coarse  mesh  (A  Y+«.50).  In  the  first  wall  cell  a  ID,  refined  mesh  is  set  between  points  A 
and  B,  on  which  the  parabolic  momentum  and  low  Re  k-e  equations  are  solved. 

•  b  •  • 

•  •  • 

•  •  • 

#  •  •  •  a  nodal  polo's  (or  th« 

«  •  •  elliptic  computation 

•  •  • 

4  •  * 

•  A  1  1  •  m  nodol  points  for  wall  model 

77*7777  >w7iT7 7777/9777777777 lT*f’T 

Definition  sketch  for  the  wall  treatment 

-  From  the  elliptic  computation  at  step  n,  values  of  V  (r>) ,  k  (B) ,  c  (B)  are  taken  as 
outer  boundary  conditions  for  the  wall  model  ; 

-  From  the  wall  model  results,  values  of  3k/3x„  (B) ,  3u/3x„  (B) ,  De /9  x  (B)  are  taken  as 

n  n  n 

boundary  conditions  for  the  step  (n  +  1)  of  the  elliptic  computation. 

-  Study  of  a  simple  example  ;  the  wall-driven  turbulent  flow  in  a  rectangular  cavity 

As  an  example,  the  ca<*e  of  the  wall-driven  turbulent  flow  in  a  rectangular  cavity  is 
treated  :  in  the  experiments  from  Normandin,  a  moving  belt  at  the  left-hand  side  of  the 
cavity  entrains  the  fluid  motion  (26)  .  A  computatio  -  *  he  SBIRE  code  using  wall 
^unctions  is  compared  to  another  one  using  the  above  described  technique,  with  the  same 
mesh  for  the  elliptic  computation.  In  the  latter,  the  wall  models  use  an  expanding  10 
points  mesh.  Figure  1.5.3  shows  the  computed  streamlines  for  the  two  computations,  while 
table  1  shows  how  the  higher  wall  stresses  obtained  using  the  local  wall  models  enables 
better  prediction  both  of  the  entrained  flow  rate  and  of  the  position  of  the  center  of  the 
recirculation.  Figuie  1.5.4  shows  tne  comparison  of  velocity  profiles  at  2  locations  frem 
the  experiment  and  from  the  two  computations. 

lable  1  :  Comparison  of  bulk  flow  patterns  for  the  wall-driven  flow 
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flow  rate 

Position  of  center  of  : 

recirculation  : 
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50 
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:  Computation  with  /all 

44.5 

36.8 

8  : 
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:  Computation  with  local 

48.6 

32.2 

8  : 

:  lew-Re  wall  treatment 

{ 
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-  Application  to  a  LMFBR  HOT  PLENUM 


The  technique  for  wall  modelling  using  local  one-dimensional  wall  models,  as  described 
above,  has  been  applied  to  the  two-dimensional  computation  of  the  hot  plenum  of  the  RNR 
1500  project,  at  nominal  steady-state.  This  steady-state  is  non  isothermal  due  to  : 

-  the  outlet  temperature  differences  between  different  parts  of  the  core  ; 

-  the  heat  transfer  with  the  cold  plenum  (below). 

Figure  1.5.4  shows  the  computed  velocity  and  temperature  fields  in  the  whole  plenum, 
while  figure  1.5.6  shows  at  two  points  of  the  redan  the  results  of  the  local  wall  models, 
in  terms  ’of  velocity,  turbulent  kinetic  energy  and  temperature.  In  this  case,  the  local 
wall  models  lead  directly  to  the  steel  temperature  (assuming  a  given  temperature  and  heat 
transfer  coefficient  on  the  cold  plenum  side  of  the  redan) ,  without  any  need  of  an 
assumption  concerning  the  heat  transfer  coefficient  in  the  hot  plenum. 

1.6  COMMENTS  ON  NUMERICS 


The  full  Differential  Stress  Model,  although  proposed  since  over  a  decade  has  not  been 
widely  used  until  recently  with  both  increasing  computer  capacity  and  improvement  of 
numerical  schemes.  Nevertheless  it  is  still  a  difficult  task  since  with  the  replacement  of 
the  eddy  viscosity  by  source  terms  in  the  momentum  equation,  div  u~"  u^ ,  we  lose  numerical 
stability.  Indeed,  since  the  modeled  turbulent  stresses  are  no  longer  aligned  with  the  mean 
strain  rate  tensor,  in  some  situations  this  can  result  in  a  direct  imput  of  energy  into  the 
mean  flow.  The  coupling  with  the  mean  flow  is  delicat  and  often  initial  data  must  be  given 

by  a  standard  k-  e  computation.  Also,  the  coupling  between  components  Is  sensitive  and  a 

careful  decomposition  between  explicit  and  implicit  terms  is  carried  out  to  ensure 
stability.  Indeed,  during  transients  some  schemes  can  lead  to  negative  normal  stresses  u^2. 

Code  malntalnance 

In  order  to  assert  reliability  of  the  code  for  industrial  applications  and  simultaneously 
allow  modifications  for  improvement  cf  the  scheme  or  the  turbulence  models,  an  ensemble  of 
test  cases  is  maintained  on  which  each  version  of  the  codes  can  be  run  at  any  time.  The 
simplest  one  is  the  channel  flow  shown  in  appendix  B.  The  head  loss  coefficient  X  (Re)  Is 
of  course  correctly  predicted,  but  only  at  the  far  end  of  the  channel.  This  example  is 
shown  here  to  Illustrate  the  strong  influence  of  inlet  condition  :  U,  k  and  t  are  given 
constant  across  the  width  and  only  after  200  mesh  steps,  the  equilibrium  values  are  found. 
In  applications  the  values  at  inlet  should  be  defined  as  accuratly  as  possible. 

For  some  test  cases  it  is  known  that  the  k-e  model  fails  to  predict  the  measured  values 

(the  backward  facing  step  for  instance).  On  the  other  hand,  it  has  hapened  that 

discreptancies  have  been  attributed  to  the  model,  and  in  the  meantime,  improvements  of  th* 
sole  numerics  yielded  better  results.  Computations  are  now  compared  in  IAHR  (International 
Association  for  Hydraulic  Research)  work-groups  for  a  set  of  benchmarks.  This  defines  a  "k-E 
consensus"  solution  used  as  reference  for  the  codes. 

The  2  and  3D  Finite  Element  code  N3S,  developed  at  LNH  now  lnclueds  the  k-£  model  and 
has  passed  the  "backward  facing  step"  test  (Fig  1.6).  Including  such  a  turbulence  model  in 
a  FE  code  nearly  doubles  the  CPU  time  requirement  because  the  diffusion  matrix  must  now  be 
re-built  at  each  step.  Also,  introducing  the  "leg  law"  boundary  condition  in  the 
diffusion-pressure  coupling  is  not  straightfoward  ([  25]  ). 
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1AILE  II  -  Application  examples  of  k  -  £  model 


~0? 

k  -  £  Prediction 

Improved  with 

Grid  Turbulence 

Good 

Low  Re  model  for  final  stage 

Channel  flow 

Good 

Plane  Shear 

Good 

Round  jet 

Spread  overpredicted  (30  Z) 

oj  -  f(?/n 

Axisyoetric  wake 

Good  in  near  field 

Oj  -  f (P/£ )  for  far  field  (x/D>30) 

fell  Jet 

Spread  overpredicted  (20  Z) 

A3i,  DSM 

Adresse  pressure  gradient 

Stress  overpredicted 

1  eq  (mixing  length) 

Favorable  pressure  gradient 

Good  for  moderate  acceleration 

Low  Re  model  for  stronger 
accelerations 

Backward  facing  step 

Length  of  separation  buble 
underpredicted 

Ncne  significant 

Sudden  pipe  expansion 

Good  for  main  recirculation,  second 
buble  not  reproduced 

Curvature /rotation 

Jhir 

Qj  decreased  or  rotation  in  l  eq. 

TUrbulence  driven 
secondary  motion 

None 

ASM  or  DSM 

Hall  driven  cavity 

Recirculation  “ace  underpredicted 

Low  Re  model,  ASM,  DSM 

Wall  heat  flux  in  nen 
homogeneous  situation 

Badly  underpredicted  (stagnation 
point) 

Boundary  condition  accounting  for 
advected  free  screan  turbulence 

II  URGE  EDDY  SIMULATION 


II. I  Introduction 


In  the  Large  Eddy  Simulation  (L.E.S.)  approach  the  total  Instantaneous  velocity  V"*  (x,t) 
is  decomposed  in  3  parts  : 


V(x,t)  -  V(x)  +  v(x,t)  +  v*(x,t) 


V(x)  is  the  mean  flow  component,  while  the  fluctuating  part  is  decomposed  into  a 
resolvable  scale  part  (i.e  :  turbulent  component  of  scale  larger  than  the  mesh 
resolution)  and  svbgrid  scale  (SGS)  part  v*. 

It  is  assumed  that  the  subgrid  scale  contribution  co  the  Reynolds  stresses,  v'v1,  can  be 
more  easily  modeled  by  a  mixing  length  model  (Smagorinsky)  since  small  scale  turbulence  is 
expected  to  be  more  isotropic  and  geometry  independant  than  the  total  Reynolds  stresses. 


However,  in  contrast  to  the  previous  closures  ther®  is  no  spectral  gap  between  computed 
aid  code lied  components.  So  the  strong  coupling  might  not  reduce  to  a  simple  one-way  energy 
transfer  (dissipation  of  resolvable  scale  energy).  Furthermore,  the  cross  term  v  v*  +  v*  v" 
docs  not  cancel  if  the  filter  7  is  rot  a  sharp  cut-off  filter  in  Fourier  space.  It  was 
found  that  adding  the  "scale  similarity  model"  of  Bardina,  Ferziger,  Reynolds  1 lo) (B.F.R.), 
which  models  the  scales  just  below  cut-off  using  those  just  above  (uC  •  u  -  tx) , 
significantly  'aproves  the  predictions  ;  especially  the  shapes  .f  the  energy  spectra  near 
cut-off  wave  number. 

Fv.  homogeneous  flows  the  mean  component  is  often  not  included  in  the  computed  variables 
and  is  accounted  for  by  a  source  term  ir  the  v"  equation.  But  this  can  not  hold  for  more 
complex  flows  wher^  V  is  also  an  unknown.  It  hab  been  noticed  by  several  authors 
(Friedricn,  Schumann , Laurence  [ll])  that  the  schemes  themselves  are  not  Galilean  invariant. 
Bcrter  results  are  obtained  1 y  using  translational  computational  frames  where  the  modulus 
of  V  is  made  as  small  as  possible.  The  problem  adressed  here  is  that  of  accurate  numerical 
representation  of  small  scale  fluctuations  undergoing  simple  transport  by  the  mean  flow 
(without  non-linear  interaction,  and  thus  theoretically  not  inducing  a  CFL  condition).  This 
problem  will  be  enhanced  as  the  number  of  nodes  is  increased  (ie  ratio  of  larger  to  smaller 
resolved  scales). 

Speaking  after  Dr  Reynold* -  J_cture  I  can  assume  this  brief  introduction  will  suffice. 
The  previous  remarks  and  numerical  cote  ore  detailed  in  appendix  u.  Results  are  presented 
hereafter.  The  recent  computations  are  from  H.  FHOUDLI  who  is  prepariuj  his  thesis  at  LhH 
on  LES  applied  to  1  point  closures  ;  t.iis  work  will  finish  by  the  end  of  1988. 

11. 2  tVld  Turbulence 

The  grid  turbulence  decay  experiment  of  COMTE-BELLOT  and  CORRSIN  112)  has  been  used  as 
benchmark  for  the  development  of  our  LES  code.  The  constants  of  the  subgrid  scale  models 
where  litfed  to  match  experimental  results  at  the  second  station.  The  energy  spectra  at  the 
3rd  station  is  still  very  well  reproduced.  We  use  the  Implicit  filtering ‘of  the  numerical 
scheme  instead  of  a  Gaussian  filter  to  retain  as  much  information  as  possible.  The  high 
accuracy  of  the  weak  formulation  (in  the  sens  of  the  Finite  Element  approach)  for  advection 
enables  conservation  of  energy  right  up  to  the  maximum  resolvable  scale,  lhe  implicit 
filtering  is  thus  very  sharp.  Results  (fig  II. 2.1)  are  quite  satisfactory  since  the 
disc  etisation  is  performed  solely  in  physical  space  (the  long  term  goal  beint>  LES  of 
highjy  inhomogeneous  flows).  When  possible,  pseudospectral  elvers  ore  used  to  restive  the 
numerical  set  of  discreet  equ'*lons,  which  is  done  very  rapidly  using  the  "T-  't  ‘?oison 
solver"  library  of  Schumann  et  A3  1 13)  ,  extended  to  our  27  point  d'seretisation  of 
Laplaciar.s  and  mass  matrix. 

Since  the  spectra  are  correct,  the  decrearc  of  turbulence  intensity  is  also  well  compared 
to  experiment  on  fig  11,2.2,  where  the  filtered  (computed)  value  is  completed  by  an 
evaluation  of  the  subgrid  sea  :  intensity  usin^,  the  defiltering  procedure  proposed  by  BFR 

lio]  . 

11. 3  Homogeneous  shear 

Tte  experiment  of  Champagne,  Harris,  Corrsin  (u)  has  been  simulated,  in  which  the  mean 
flow  induces  to  a  constant  shear  :  dVl/dx^  *  S,  ”  -  C  -  0,  where  S  *  12.9  s 

The  turoulence  intensity  shown  on  fig  II. 3. J  is  well  predicted  especially  when  the  BFR 
def titering  procedure  is  wsed.  Note  that  both  resolvable  and  SGS  energies  tend  to  be 
constant  at  the  end  of  tne  computation,  and  so  does  -he  eddy  viscosity, 
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Since  V  .j,  is  constant  with  respect  to  time  and  it  Jy  also  observed  that  statistics  do  not 
change  if  is  constant  in  space,  one  could  ask  what  difference  there  is  with  a  direct 
simulation  (D.S.)  vhete  v  *  In  the  LES  the  high  wave  number  end  of  the  energy  spectrum 
is  expected  to  behave  as  k  ^  ,  which  is  very  different  from  the  behaviour  of  the  spectra 
in  the  Kolmogorov  range.  A  direct  simulation  with  v  *  would  vequire  a  much  finer 

resolution,  that  is,  much  more  computational  power,  even  for  a  very  moderate  Reynolds 
number.  Also,  another  difference  lies  in  the  use  of  the  scale  similarity  model  which  cannot 
be  expressed  in  terms  of  a  viscosity.  It  actually  enhances  transfer  of  energy  between 
computed  scales  with  a  zero  net  drain. 

The  evolutions  of  the  Reynolds  stresses  obey  the  following  equations  : 

D  ul2/Dt  -  2?  +  0  11  -  e  11 

b  u22/Dt  -  0  22  -  e  22 

D  u3s/Dt  -  0  33  -  e  33 

D  ulu3/Dt  -  -  u32  S  +  0  13  -  z  13 

D  k/Dt  -  P  -e 

With  the  notations  of  par.,  12,  and  P  »  -  1/2  ulu3.S.  Also,  isotropy  of  the  dissipation  is 
commonly  assumed  t  e  ij  •  2/3  2<5ij. 

This  experiment  is  often  refered  to  as  "low  shear"  since  S  is  small  and  the  production 
time  scale  1/S  is  large  before  the  turbulence  time  scale  k/  z  .  This  means  that  the 
equilibrium  state  is  not  reached.  Indeed  in  further  experiments  (Graham,  Harris,  Corrsin 
(l5]  )  a  higher  shear,  S  ■  44.5,  enables  to  reach  higher  values  of  S.t  where  it  is  observed 
that  k  grows  linearly  and  the  anisotropy  becomes  constant. 

Fiou  the  previous  equations  we  can  expect  that  most  of  the  anisotropy  will  be  found  in 
ul2  and  ulu3  which  are  directly  influenced  by  the  mean  flow. 

The  Reynolds  stress  anisotropy,  bij ,  is  coupared  on  Fig  II. 3. 2  : 

bij  -  (iTjUjj  -  2/3  k  6  ij)  /2k.  k  -  uJof 

2 

Tne  crude  LES  value  <bij>  slightly  overpredicts  the  anisotropy.  Very  similar  results  were 
obtained  previousxy  by  B.F.R.  fioj  This  is  not  surprising  since  it  lacks  the  contribution 
of  the  SGS  which  arc  moio  isotropic.;  Assuming  that  they  are  totally  isotropic 
(uiuj «•  2/3  kgGS  $ij)  we  can  write  :  bij  ■  <bij>.r,  where  r  *  kL^*V  +  ^ 

t  .1/1.5. 

This  would  reduce  too  much  the  anisotropy,  which  means  that  the  SGS  stresses  still 
contain  some  anisotropy.  Note  that  in  the  experiment,  the  initial  turbulence  seems  to  be 
quite  anisotropic,  hence  the  intersection  of  b2a  and  b5S. 

If  the  anisotropy  i^  to  reach  a  steady  state,  the  pressure  strain  correlations,  0  11  and 
0  13  must  be  opposed  to  the  production,  while  0  22  and  0  33  should  redistribute  the  energy 
(i.e.,  be  positive)  in  order  to  sustain  u22  and  ui2  despite  dissipation.  LES  prediction  for 
0ij  confirms  this  fact  on  fig  11.3,3. 

The  L.R.R.  model 

The  difference  between  u22  and  •’3 2  can  only  be  imposed  by  the  pressure-strains  (if 
the  dissipation  is  isotropic).  The  version  of  the  Launder,  Reece,  Rodi  ( 16 )  model 
presented  in  1.2.  is  a  simplified  one  since  0  ij,l  -  -  .  £  .2.bij  can  only  reduce  the 

anisotropy  and  0ij,2  are  equal  for  the  (22)  and  (33)  components.  Thus  this  version  makes  no 
distinction  between  u22  and  u32. 
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Tne  initial  model  presented  by  L.R.R.  [lb]  was  : 

0ij2  -  -  a.fpjl  -2/3  V61J^  -  b.k.^“i  +  2S1  j  -  c.|d1J  -  2/3  P{i.<j 

Where  P  -  -  |U^  +  wA  ,  D  -  -  (u^  3Uk  +  ~y  jUk 

>■  3*J  J  3xk  1  J  (  3xj  *'  gXj 

and  :  a  -  (C,  +  8) /II  ,  b  -  <30Ca  -  2)/55  ,  c  -  (8C2  -  2)/l! 


) 


The  only  constant  C 2  enters  by  a  rather  complex  manner  because  the  previous  equation  has 
been  derived  from  tensorial  properties.  For  this  same  reason  we  will  not  change  the 
expression  but  only  try  to  fit  the  constant  Cj.  The  presence  of  term  Dij  Wi.ll  now 
distinguish  u2^  and  u2^. 

Considering  the  present  shear  flow  and  assuming  steady  state  for  anisotropy* 

D  bij/Dt  ■  0  yields  : 
bll  -  (  4/3  P  +  0  11)  /  (P  -e) 

b22  »  (-2/3  P  +  0  22)  /  (P  -  - ) 

b33  »  (-2/3  P  +  0  33)  /  (P  *  e ) 


Now  replacing  0  ii  by  the  complete  LRR  codel,  we  get  : 

bll  -  (8  +  12  C2)/3:  .P+  .  P'a  P/(P-  e+Cj  t  ) 
b22  -  (18  C2  -  10)  /*i3.P** 
b33  «■  (2  -  30  C2)/33  .  P+ 


In  L.R.R.  { 16  ]  .  the  CHC  experiment  Is  used  to  fit  C,  »  0.4  after  choosing  Cj  »  1.5,  but 
we  can  fix  C 2  independently  of  Cj  b;  considering  the  ratio  bii/ojj  (this  alco  enables  to 
use  LES  predictions  directly  since  the  previous  defiltering  factor  <■  vanishes). 

Figure  11.3.4.  sh>ws  bii/bjj  as  functions  of  c2«  Since  vc  expect  b33  <  b22,  and  bll  to  be 
iwrt  anisotropic,  the  possible  range  for  is  0.25  <  C2  <  0.55. 

Thus  defining  C2  independantly  from  Cj,  the  CHC  low  shear  experiment  with  b22/bil  *  -0,4 
and  b33/bll  -  -0.6,  at  St  ■  3.5  would  yield  C7  -  0.3*  (and  consequently  Cj  ■  1.18),  whereas 
the  LES  with  b22/bU  -  -0.C  and  b33/bll  -  -0.2,  for  St  -  5,  gives  C2  -  0.411  (and  * 
1 .306) , 

If  we  use  the  high  shear  experiment  of  GHC  C 15 1  at  St  *  11  (published  after  the  THR 
paper)  we  reach  very  nearly  the  same  conclusions  as  fcom  the  LES.  Again  we  presume  that  the 
LES  reaches  the  asymptotic  rtate  for  b22  and  b33  faster  than  the  experiment  exhibiting  a 
crossing  of  b22  and  b33  due  to  anisotropic  initial  conditions. 

Fortunately  LRR  did  not  use  this  procedure  with  the  ChC  experiment  and  the  proposed 
values  Cj  «  1.5  and  C2  -  0.4  are  close  to  the  present  c  nclusions.  Now,  if  we  inject  the 
LES  Reynolds  stresses  into  the  LRR  model  for  0ij  we  get  the  results  shown  on  Fig  II. 3. 5 
where  0  22  and  0  33  tend  to  reduce  the  difference  between  b22  and  b33. 
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To  achieve  reconciliation,  we  must  abandon  the  hypothesis  of  Isotropic  dissipation. 
Indeed,  the  dissipation  exhibited  by  the  LES  (to  be  precise  :  the  production  term  of  th<* 
SGS  Reynolds  stresses)  is  by  far  not  isotropic.  The  deviator  of  dj  is  shown  on  fig  II. 3. 5. 
The  similarity  with  bij  Is  striking  and  means  that  0ij  reduces  anisotropy  (more  energy  is 
drained  from  the  stronger  exponents  of  uiuj).  Since  c33  <  e22»  the  difference  between 
0  33  and  0  22  must  be  large  to  create  the  anisotropy,  and  to  sustain  it,  must  not  vanish  in 
the  steady  state. 

These  observations  on  €  22,  e  33,  0  22,  0  33  are  in  accordance  with  the  BFR  (iOj 
simulation  (PP  132  -  133»  and  noticing  that  the  2  and  3  subscribts  must  be  swaped  since 
S  *  dUj/dx^).  They  furthermore  propose  improvements  of  classical  models,  in  particular  to 
account  for  rotation  effects.  Of  course  the  LES  must  overpredict  the  anisotropy  of  the 
dissipation,  but  direct  simulations  also  show  strong  influence  of  dissipation  anisotropy, 
(Moon  Joo  Lee  and  Reynolds  L 17 )  ,  PP  125  -  126). 

To  sum-up,  since  the  LRR  model  performs  quite  satisfactorily  for  a  variety  of  test  cases, 
only  slight  charges  should  be  carefully  introduced.  But  we  may  consider  that  the  01j  term 
of  the  model  represents  not  only  the  pressure  strain  term  but  also  dissipation  anisotropy, 
ie  : 


0ij  model  -  P  (  9^/  9x^  +  3u^/  gx^  -  <  e^j  -  2/3e6  ^ ) 

as  more  LES  or  I)S  data  is  made  available  for  a  much  larger  rumber  of  nodes  in  order  to 
simulate  very  large  band  width  of  the  spectra,  we  may  expect  to  model  the  terms  seperatly 

II. 4  Temperature  fluctuations 

As  illustrated  in  part  I,  EDF  is  concerned  by  temperature  fluctuations  in  fluid  flows. 
This,  in  relation  with  heat  discharges,  heat  transfers  or  thermal  stresses  in  pipes  and 
vessels  induced  by  stratified  flows.  LES  can  help  to  model  these  flows  since  data  on 
temperature  fluctuations  and  their  correlation  with  velocity  or  pressure  is  scare. 

Passive  scalar  in  grid  turbulence 

The  experiment  of  Siriwat  and  Warhaft  E 18)  is  simulated  to  test  the  thermal  version  of 
the  code.  It  consists  of  a  decaying  grid  turbulence  on  which  a  constant  average  temperature 
gradient  is  superimposed  :  dT/dx3  "  S,j.  ■  3.68  *C/m.  This  low  value  enables  to  neglect 
buoyancy  effects. 

The  velocity  variances  shown  on  fig  II. 4.1  thus  behave  as  in  par  II. 2.  In  the  experiment, 
various  setups  3re  used  to  impose  S.J.,  none  of  which  generate  zero  initial  temperature 
variances  (as  done  in  the  LES),  therefore  only  the  final  stages  can  be  compared  herafter. 

The  thermal  fluxes  are  shown  on  fig  II. 4. 2  uT  and  vT* should  be  zero,  but  X/M  ■  200  is  a 
long  way  downstream  of  the  grid  (M  grid  cell  size),  meaning  that  only  very  large  structures 
are  left  in  turbulent  field,  thus  the  sample  on  which  statistics  are  computed  is  too  small, 
i.e.  the  number  of  nodes  should  be  increased. 

The  previous  variables  are  ncxnalised  to  give  the  correlations  on  fig  71.4.3.  Initially  wT 
is  equal  to  -1  since  the  temperature  fluctuations  are  solely  produced  by  the  w 
fluctuations. 

wT  tends  to  -  .75  while  the  experiment  exhibits  a  slightly  lower  value.  On  fig  II. 4. 4. 
the  velocity-temperature  time-scale  ratio  is  satisfactorily  compared  as  well  as  the  T2 
dissipation  (fig  II. 4. 5).  Fig  II. 4. 6  shows  that  an  asymtotic  state  is  reached  for  the 
Production-dissipation  ratio  of  T2,  meaning  it  grows  linearly  (as  k  in  the  homogeneous 
shear  case). 
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Stable  -  unstable  stratification 


Now  the  same  computation  is  re-run  considering  buoyaucy  effects  in  both  the  stable  and 
unstable  case,  ‘ir.e  velocity  variances  are  shown  on  fig  II. A. 7  :  in  the  stable  case  w2 
decreases  faster  than  in  the  previous  computation  as  well  as  the  other  two  diagonal 
components  (via  pressure-strain)  but  the  anisot\opy  seems  to  level  at  a  moderate  vaJ  <e, 
whereas  in  the  unstable  case,  v2"  becomes  10  times  larger  than  u2  an  v2.  The  thermal  flux  wT 
associated  with  production,  after  reading  a  maximum  goes  back  to  zero  in  the  stable  case, 
while  it  seems  to  be  unlimited  in  the  unstable  case. 

In  the  standard  k-  t  model,  the  buoyancy  production  term  G  “  -  1/2  wT  S^.  is  directly 
entered  in  the  k  equation  while  it  is  multiplied  by  ^.{ t/k ).( 1  -  in  the  e  equation 
(Viollet [l9)).Cj  -  0  in  the  unstable  case,  ^  »  1  in  the  stable  case,  (see  p.5). 

Indeed,  on  fig  II. 4. 8,  it  is  seen  that  the  C  ,  with  1  -  *  1  balances  the  other  terms 
in  the  equation  for  the  unstable  case  except  in  the  initial  state,  while  in  the  stable  case 
all  the  terms  seem  to  go  to  zero  so  the  ratio  is  very  scattered.  In  the  unstable  case,  the 
buoyancy  production  term  in  the  e  equation  should  have  the  same  weight  as  in  the  k 
equation. 

’’Vertical  stratification" 


In  industrial  problems,  we  often  have  to  deal  with  cases  wheic  the  temperature  gradient 
is  perpendicular  (horizontal)  to  the  gravity.  This  appears  in  vertical  buoyant  jets  or 
vertical  heated  (or  cooled)  walls  (see  par.  1.5). 

In  this  case,  buoyancy  production  is  not  usually  accounted  for  in  the  standard  k-  c  model 
whereas  the  equations  show  indirect  production. 

Of  course,  this  effect  cannot  be  separated  from  shear  in  experiments  because  as  soon  as  a 
horizontal  temperature  gradient  and  buoyaucy  are  considered,  natural  convection  and  shear 
in  the  mean  flow  appear. 

In  the  LES,  however,  we  can  "switch  off"  gravity  in  the  mean  flow  while  keeping  it  in  the 
fluctuation.  The  mean  velocity  then  stays  zero  while  the  fluctuations  obey  the  following 
equations. 

d  xTJVdt  «  0  H  -  ell 

d  u^/dt  ■  2  B  u^T  g  +  0  33  -  c  33^  (B  :  thermal  expansion  parameter) 

d  u^f/dt  -  -  iy*  ST  +  9  IT  -  elT,  (ST  -  dT/dxl) 

d  u^T/dt  -  -  ulu3  St  +  B  T*  g  +  9  3T  -  e3T 

d  ulu3/dt  -  B  UjT  g  +  9  13  -  c 13 

Starting  from  an  isotropic  state,  we  will  find,  with  S^.  >  0  : 

UjT  <  0  ■*>  UjU^  <  0  ■■>  upT >  0  "*■>  u^*  increases. 


This  qualitative  evolution  is  well  reproduced  by  the  LES  results  ehown  on  fig  II. 3. 6. 
Note  that  u^T  responds  imoediatly  due  to  the  production  u^2  S^.  u^T  and  u^2  respond  more 
slowly  since  ulu3  T2  and  u^T  are  initially  zero.  At  a  later  stage  u22  and  u^2  follow  u^2 
meaning  that  0  22  and  0  33  have  again  strong  effects. 

Pressure-strain  and  pressure-temperature  correlations  will  be  analysed  and  compared  to 
models  as  the  case  is  rerun  with  a  finer  resolution. 
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These  are  only  preliminary  results  and  the  runs  were  performed  as  feasabllity  studies 
since,  as  mentioned,  it  is  felt  that  325  point  computations  provide  a  too  small  sample 
especially  for  long  runs  during  which  the  turbulence  scales  undergo  large  changes.  Also, 
boundary  conditions  must  be  carefully  reconsidered  since  the  problem  is  not  exactly 
homogeneous. 

Now  being  satisfied  with  the  SGS  model  and  numerical  scheme,  we  have  just  ended  speeding 
up  the  code  and  are  starting  649  computations,  from  which  more  thorough  analysis  will  be 
conducted.  Note  that  changing  from  32s  to  649  means  8  times  more  nodes,  and  if  the  mesh 
step  is  divided  by  2,  so  should  be  the  time  step,  meaning  the  overall  computational  work  is 
multiplied  by  16  ! 

CONCLUSION 


Computer  power  and  numerical  schemes  are  rapidly  improving,  allowing  the  use  of  more 
elaborate  turbulence  models  and  simulations.  As  full  3D  flows  are  considered,  DSH  or  ASM 
will  have  to  replace  the  EVM  since  it  is  often  the  Reynolds  stresses  that  dr  ve  the 
secondary  motions  (which  in  turn  modify  the  principal  motion).  Near  wall  low  Re  modelling 
will  be  very  usefull  for  aerodynamics  and  heat  transfer  computations,  and  merge  the 
elliptic  and  boundary  la  yer  approaches.  We  can  conjecture  that  within  a  few  years  a 
consensus  will  be  reached  concerning  numerical  problems  and  that  efforts  in  fluid  mechanics 
will  be  devoted  to  the  eternal  problem  of  turbulence  modelling.  This  tendancy  is 
illustrated  by  recent  conferences  in  which  authors  now  say  little  about  numerics  and  go 
directly  to  the  physical  analysis  of  their  results. 

There  seems  to  have  been  a  gap  between  LES  or  DS  coroputors,  which  have  been  more 
interested  in  the  physics  and  analysis  of  turbulence  in  terms  of  structures,  and  the  more 
engineering  area  where  people  have  been  hoping  for  enligh tenement  from  LES  and  DS  for  one 
point  closure  models  (as  pointed  out  by  Rodi  jll)  ). 

It  must  be  remarked  that  this  gap  is  being  bridged  but  will  require  time  since  it  means  a 
lot  of  work  for  the  small  teams  (solitons  ?)  performing  LES  or  DS.  Inaeed  it  requires  : 

-  elaborate  numerics  (accuracy  and  speed) 

-  processing  of  huge  amounts  of  data 

-  analysis  of  experimental  data  (+  guessing  the  uncertain  "initial  conditions") 

-  analysis  and  use  of  proposed  models 

-  comparison  of  numerical  data,  experience  and  models 

This  last  item  requires  more  wrk  to  defilter  the  LES  results  (and  improve  the  SGS 
model).  This  might  be  solved  by  completing  the  spectra  below  cut  off  wave  number  as 
proposed  by  Aupoix  ( 20 )  or  Bertoglio  [27]  ,  or  using  a  1  eq  model  in  conjunction  with 
algebraic  stress  modelling. 

"Numerical  data"  could  be  used  more  rapidly  if  more  credit  could  be  given  to  it  from 
other  people  than  the  computor  himself,  and  if  it  could  be  widely  used  in  conjunction  with 
experiment  by  all  turbulence  modelers.  For  this,  publicat  ms  are  not  sufficient  and  it 
might  be  time  for  LES  computors  to  open  "binary  data  banks'*’. 

Finally,  we  hope  that  larger  computations  will  tell  whether  anisotropy  of  dissipation  is 
due  to  coo  low  resolution  or  if  it  is  part  of  the  turbulence  characteristics,  even  at  high 
Re  nua6er 8. 
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UtluflK 

Ce  papier  preseme  une  revue  des  modeles  de  turbulence 
applicable  aux  ecoulements  stratifies,  et  montre  comment  ces 
modeles  reagissent  vis-a-vis  d'une  situation  de  stratification 
stable  ou  instable.  Le  cas  test  d’un  ecoulement  bicouche  cst 
preseme  en  details. 

Abstract  : 


The  paper  presents  a  review  of  turbulence  models  for  stratified 
flows  and  shows  how  these  models  react  to  stable  or  unstable 
stratification  phenomena.  The  test-case  of  a  two-layers  flow 
is  described  in  details. 


MOTS-CI.ES  : 

Mecanique  des  fluides  /  Transferl  de  chaleur  /  Ecoulement  turbulent  / 
Ecoulement  stralifie  /  Mesure  /  Resolution  numerique  I  Modele  de 
turbulence  !  Modele  k  .  epsilon. 
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«&m«  u  fig.  !,♦  spectral  defiltering  at  each  time  at«p. 
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HOMOGENEOUS  TURBULENCE 

TWO-POINT  CLOSURES  AND  APPLICATIONS  TO  ONE-POINT  CLOSURES 

B.  AUPOIX 
ON ERA/ CERT 

Department  of  Afjrothermodynaml.es 
2  avenue  E.  3elin  -  31055  TOULOUSE  Cedex  (FRANCE) 


SUMMARY 


This  paper  deals  with  homogeneous,  i.e.  translation  invariant,  turbulence.  Homogeneous  turbulence 
is  an  ideal  situation  in  which  the  mean  field  is  unaffected  by  the  turbulent  motion,  so  that  the  turbulent 
motion  can  be  studied  solely  with  a  prescribed  mean  field.  Such  a  flow  can  nearly  be  achieved  in  very  sim¬ 
ple  experimental  set-ups. 

FOURIER  transforms  are  convenient  to  study  the  turbulent  motion.  The  momentum  equation  shows  that 
the  evolution  of  the  turbulent  motion  is  due,  on  the  one  hand,  to  the  action  of  turbulence  upon  itself 
(non  linear  effects)  and,  on  the  other  hand,  to  the  action  of  the  mean  field  upon  turbulence  (linear  effects)* 
The  linear  problem  can  be  solved  with  the  help  of  a  GREEN  function.  Some  important  solutions  are  then  stu¬ 
died.  The  non  linear  problem  is  open  and  requires  modelling.  Various  approaches  are  described,  in  the  sim¬ 
ple  case  of  homogeneous  isotropic  turbulence. 

The  resolution  of  the  transport  equation  for  the  REYNOLDS  stresses  requires  the  closure  of  the 
pressure  strain  terms  and  of  the  dissipation  equation.  Application  of  two-point  closures  to  tne  modelling 
of  these  terms  is  studied  in  the  last  part. 

Part  1  -  HOMOGENEOUS  TURBULENCE  -  INTRODUCTION  TO  TWO-POINT  CLOSURES 


1  -  HOMOGENEOUS  TURBULENCE 
1.1.  Introduction 


We  shall  restrict  our  study  to  incompressible  flows,  without  buoyancy 
The  flow  is  then  governed  by  the  continuity  and  momentum  equations  which  read, 
frame  i  jg 

a^-° 


effects,  passive  scalar  ... 
in  a  cartesian  reference 


The  instantaneous  velocity  field  U  can  be  decomposed  in  various  ways  to  study  the  turbulent  motion. 
The  standard  decomposition  proposed  by  REYNOLDS  is  very  suitable  for  engineering  purpose.  The  flow  varia¬ 
bles  (velocity,  pressure)  are  split  into  a  mean  part  defined  as  an  ensemble  average  and  a  fluctuation  as  : 

U  -  U  +  u*  U  -  <u> 

P  -  P  +  p’  P  -  <?> 


Equations  for  the  mean  and  the  fluctuating  motions  can  be  derived  from  the  above  continuity  and 
momentum  equations.  They  read  :  ^ 
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The  non  linear  advection  term  couples  the  evolutions  of  the  mean  and  fluctuating  motions.  In  the 
mean  field  momentum  equation,  the  turbulent  motion  appears  through  the  REYNOLDS  stress  <u^uj>  while  the 

mean  field  appears  in  the  fluctuating  fie- 1  momentum  equation.  The  two  fields  are  Interconnected  and  must 
be  studied  together. 


The  mean  field  equations  can  be  unaffected  by  the  turbulent  motion  if  the  REYNOLDS  stresses  and, 
more  generally,  all  the  statistical  variables,  are  independent  of  the  point,  i.e.  if  the  flow  is  trans¬ 
lation  Invariant. 
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The  interesting  feature  of  homogeneous  turbulence  Is  that  the  mean  field  Is  decoupled  from  the 
turbulent  motion.  The  mean  field  can  then  be  prescribed  to  study  solely  the  evolution  of  the  turbulent 
motion. 

1.2.  Constraints  on  the  mean  field 

A  translation  invariant  turbulent  field  can  only  be  obtained  with  special  mean  fields.  The  cons¬ 
traints  on  the  mean  field  have  been  pointed  out  by  CRAYA  /I /. 

3ui 

The  first  constraint  is  that  the  mean  flow  must  satisfy  the  continuity  equation  :  *  0. 

9xi 

The  second  constraint  can  be  derived  by  writing  that  any  correlation  is  translation  invariant. 

Fcr  the  sake  of  clarity,  we  Just  impose  to  the  REYNOLDS  stress  to  be  translation  Invariant.  The  demonstra¬ 
tion  for  a  higher  level,  multi-point  correlation,  will  be  analogous. 

The  transport  equation  for  the  REYNOLDS  stress  <ujuj>  is  constructed  by  multiplying  the  momentum 
equation  for  u!  by  u!,  the  momentum  equation  for  u!  by  u!,  adding  and  averting.  After  some  algebra,  it 
reads  :  3  3 
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where  6^  is  the  KRONECKER  tensor. 

The  REYNOLDS  stress  must  be  translation  invariant,  i.e.  -r-—  <u!u!>  *  0.  By  taking  the  derivative 

m  1  3 

of  the  above  transport  equation  and  using  the  translation  invariance  of  all  correlations,  the  above  equa¬ 
tion  reduces  to  : 

3*  u  a'u 

0  ■  -  <UX>  v  i.  i- 

Homogeneous  turbulence  can  exist  only  when  che  mean  field  has  constant  velocity  gradients. 

The  third  constraint  can  be  derived  from  the  HELMHOLTZ  equation.  As  the  mean  flow  is  unaffected 
by  the  turbulent  motion,  the  momentum  equation  for  the  mean  flow  reads  : 


3U 

T^  +  U.VU  -  -  ~  Vp  +v  V2U 
3t  —  —  P  “ 


Sc,  taking  the  curl  of  the  momentum  equation  and  taking  into  account  the  fact  that  the  velocity 
gradient  is  constant  over  space  lead  to  the  equation  : 

^  curl  U  +  cun  0 .  Vb  -  0 

For  steady  mean  flows,  to  which  we  shall  restrict  our  study,  this  relation  imposes  to  the  mean 
field  to  be  either  a  pure  strain  (curl  U  -  0)  : 


ft 
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od 
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0  0  -(arfl)d 

or  a  plane  strain  plus  a  rotation,  the  rotation  axis  being  normal  to  the  plane  of  the  strain,  i.e. 


d  strain 
u  rotation 


An  important  case  corresponds  to  the  equality  of  the  strain  and  rotation  rates.  In  a  reference 
frame  rotated  by  45  degrees,  the  velocity  gradient  reduces  to  : 
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CO 
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-CO 

-d 

0  -(<Hto)  0 

i.e.  a  plane  shear  flow.  The  study  of  sheared  flow  is  Important  as  shear  appears  in  a  lot  of  inhomogeneous 
situations  of  practical  Interest  such  as  boundary  layers,  wakes  ... 
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1.3.  Nearly  homogeneous  turbulence 

Homogeneous  turbulence,  as  described  above,  does  not  exist.  The  flow  is  always  bounded*  so  there 
is  only  a  restricted  domain  upon  which  the  turbulent  flow  is  translation  invariant.  The  turbulent  motion 
is  thus  homoppneous  only  for  a  restricted  range  of  length  scales.  However,  if  the  v*„«ain  is  large  enough, 
compared  with  the  turbulence  length  scales,  it  exists  a  core  where  the  turbulent  motion  is  hardly  affected 
by  the  boundaries  and  in  which  the  flow  can  be  assumed  to  be  homogeneous. 

In  most  experiments,  turbulence  is  generated  by  a  grid  in  a  wind  tunnel.  As  the  flow  moves  down¬ 
stream,  the  turbulent  field  evolves  continuously.  Turbulence  statistics  are  not  translation  invariant. 
However,  if  the  evolution  length  scale  of  the  turbulence  statistics  is  large  when  compared  with  the  turbu¬ 
lence  length  scales,  the  turbulent  flow  can  be  assumed  to  be  locally  translation  invariant.  So  nearly  ho¬ 
mogeneous  turbulence  can  be  obtained  experimentally. 


1.4.  Some  nearly  homogeneous  flow  experiments 

Tbe  various  turbulent  flow  fields  can  be  classified  by  looking  at  the  REYNOLDS  stress  transport 
equation,  which  reads,  for  homogeneous  flows  : 

a  a  3U, 

n  <uiu?  +  U£3~IT  <U1UP  “  ‘  <UiUk>  3^  '  ^ 


,  f3u!  3u!  \  3u!  3u! 
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p  [3x.  dx±  J  o  dx£ 


1.4.1.  f lows_w±chout_cean_veXocit^_gr2diencs 

The  simplest  cases  correspond  to  the  absence  of  mean  velocity  gradient.  The  turbulent  field  then 
decays  and  turbulence  is  converted  into  heat  by  the  viscous  effects. 


The  first  case  is  the  decay  of  isotropic  turbulence.  Turbulence  is  isotropic  when  all  the  turbu¬ 
lence  statistics  are  independent  of  the  direction,  i.e.  rotation  invariant.  Therefore,  <u|uj>  "  (6^/3)  q2 
where  q2  *  <u!u!>  is  twice  the  turbulent  kinetic  energy.  The  REYNOLDS  stress  equation  then  reduces  to  a 


transport  equation  for  the  turbulent  kinetic  energy 


J_  1 

3t  2 


.  1  2 
31  *> 


3u!  3u! 

v  ^r> 


3x. 


V 


Isotropic  turbulence  is  difficult  to  obtain  experimentally.  A  mean  flow  without  any  velocity  gra¬ 
dient  can  be  obtained  in  a  constant  area  duct  (or,  more  precisely,  slightly  diverging  to  account  for  wall 
boundary  layer  displacement  effect).  The  standard  experimental  set-up  used  by  most  experimentalists  con¬ 
sists  in  a  turbulence  producing  grid  placed  ahead  of  the  test  section.  However  grids  produce  anisotropic 
turbulence. 


COMTE-BELLOT  and  C0RRS1N  /2,  3/  proposed  to  improve  the  isotropy  of  grid-generated  turbulence  with 
the  help  of  a  small  contraction  downstream  of  the  grid  and  before  the  test  section  (figure  1).  Besides  the 
extensive  study  of  COMTE-BELLOT  and  CORRSIN,  we  can  mention  the  works  of  STEWART  and  TOWNSEND  /4/,  VAN  ATTA 
et  al  /5,  6,  7,  8/  who  studied  energy  transfer  and  multi-point  time  correlations.  GAD-EL-HAK  and  CORRSIN 
/ 9/  used  a  jet  grid  to  improve  the  flow  homogeneity.  At  last,  we  must  mention  the  works  by  TSUJI  /10,  11/ 
and  KELLOG  and  CORRSIN  /12/  who  used  rwo  successive  grids  to  produce  turbulence  with  perturbed  energy 
spectra. 


The  second  case  of  homogeneous  flow  without  mean  velocity  gradient  is  the  return  to  isotropy  of 
anisotropic  turbulence.  The  turbulence  anisotropy  can  be  due  to  the  grid  but  is  often  enlarged  through  a 
distorting  duct.  At  the  end  of  the  distorting  duct,  a  constant  area  duct  in  which  there  is  no  mean  relocir; 
gradient  is  placed  (figure  2).  Experiments  show  that  the  turbulence  decays  in  absence  of  mean  velocity* 
gradient.  The  REYNOLDS  stresses  are  then  governed  by  the  equation  : 
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and  the  role  of  both  the  viscous  term  and  the  pressure-strain  correlations  is  to  decrease  the  flow  aniso¬ 
tropy  during  decay.  Such  experiments  have  been  conducted  by  UBEROI  /!3/,  TUCKER  and  REYNOLDS  /14/ ,  GENCE 
and  KATHIEU  /IS/,  CHOI  /16/  or  LE  PENVEN  et  al  ,17/. 


1.4.2.  Solid_body_rotation 


In  the  presence  of  mean  velocity  gradients,  the  transport  equation  for  the  turbulent  kinetic 
energy  reads  :  . 
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The  first  term  of  the  RHS  represents  the  production  of  turbulent  kinetic  energy  by  action  of  the 
mean  velocity  gradient  on  the  REYNOLDS  stresses.  As  the  REYNOLDS  stress  tensor  is  symmetric,  only  the  sym¬ 
metric  part  of  the  mean  velocity  gradient  acts  to  produce  turbulent  kinetic  energy,  i.e.  strain  produces 
turbulent  kinetic  energy  while  rotation  does  not.  So  turbulence  submitted  to  solid  body  rotation  can  only 
decay.  Turbulence  submitted  to  solid  body  rotation  is  an  interesting  flow  for  two  reasons  :  on  the  one  hand, 
rotation  exists  in  a  large  variety  of  flows  such  as  geophysical  flows  or  turbomachinery  and,  on  the  second 
hand,  it  is  a  very  simple  homogeneous  flow  with  mean  velocity  gradient. 


3-4 


Experiments  were  first  conducted  by  TRAUGOTT  /18 /  in  the  flow  between  two  concentric  cylin¬ 
ders.  Flow  is  set  into  rotation  by  an  impeller  at  the  entrance  of  the  rotating  annulus  test  section. 

IBBETSON  and  TRITTON  / 19/  moved  two  perforated  plates  into  a  rotating  water  tank  to  generate  the  tur¬ 
bulent  motion  and  then  studied  the  time  decay  of  the  turbulence.  Unfortunate ly,  homogeneity  conditions 
do  not  seem  to  be  fulfilled  in  their  experiment.  HOPFINGER  et  al  /20,  21/  have  done  an  extensive  study 
in  a  rotating  water  tank.  Turbulence  is  produced  by  a  vibrating  grid  at  *  «e  bottom  of  the  tank  and  dis¬ 
tance  from  the  grid  is  identified  with  time  of  evolution  of  the  turbulence.  The  most  extensive  experi¬ 
ments  have  been  conducted  by  HIGHLAND  and  NAGIB.  The  air  flow  is  set  into  rotation  by  passing  through 
a  rotating  honeycomb  and,  downstream  in  the  rotating  test  section,  turbulence  is  generated  by  a  grid 
(figure  3).  Despite  important  boundary  layers,  there  remains  a  central  core  in  which  homogeneity  is 
satisfied  in  all  the  test  section.  Tests  have  been  cone  for  various  grids,  streamwlse  velocity  and 
rotation  rates.  A  similar  experiment,  with  a  larger  and  longer  test  section,  has  been  performed  at  ONERA 
by  L.  JACQUIN  /112/. 

1.4.3.  Plane  strain 

The  next  class  of  homogeneous  flows  is  strained  flows.  Such  a  flow  is  energy  producing,  so  that 
no  term  can  now  be  suppressed  in  the  transport  equations  for  the  turbulent  REYNOLDS  stresses  and  the  tur¬ 
bulent  kinetic  energy.  Energy  can  be  decaying  or  Increasing  according  to  the  balance  between  production 
due  to  the  mean  strain  and  dissipation  by  viscous  effects,  i.e.  grossly  to  the  ratio  between  the  strain  and 
turbulence  time  scales. 

The  simplest  strained  flow  is  the  plane  strain  in  which  turbulence  is  compressed  in  one  direc¬ 
tion  while  expanded  in  the  other.  Plane  strain  can  be  obtained  with  constant  area  duct  of  evolving  plan 
form  (figure  2).  The  form  of  the  duct  to  produce  a  constant  strain  was  studied  by  TOWNSEND  /23 /  who  per¬ 
formed  one  of  the  first  experiments.  Further  experiments  have  been  performed  by  TUCKER  and  REYNOLDS  /14, 

24/,  MARECHAL  /2b/  and  GENCE  and  MATHIEU  /26/.  An  interesting  feature  of  this  last  experiment  is  to  im¬ 
pose  successively  two  plane  strains  of  different  principal  axis  (figure  4). 

1.4.4.  Three-dimensional  strain 

Plane  strain  is  just  a  peculiar  case.  More  generally,  strained  flows  can  be  expanding  in  one 
(resp.  two)  direction(s)  while  compressing  in  the  other  two  (resp.  one)  directions.  The  form  of  duct  which 
produces  such  mean  velocity  gradients  has  been  studied  by  REYNOLDS  and  TUCKER  /24/  who  performed  several 
three-dimensional  strain  experiments.  Ocher  experiments,  for  axisymmetric  strain,  i.e.  having  two  equal 
compressions,  have  been  performed  by  UBfcROI  et  al  /13,  27/,  RANJEE  et  al  /28,  29/  or  TAN  ATICHAT  /30/. 

1.4.5.  Shear 

As  shown  previously,  homogeneous  flow  can  be  obtained  for  any  combination  of  a  plane  strain  and 
a  rotation,  the  axis  of  which  is  normal  to  the  plane  of  strain.  A  peculiar  case  occurs  when  the  strain  and 
the  rotation  are  equal,  purely  sheared  flow  is  then  obtained.  Shear  plays  an  Important  role  as  it  occurs  in 
a  lot  of  practical,  inhomogeneous  flows  such  as  boundary  layers,  wakes  ...,  so  it  has  been  widely  studied. 
Various  devices  have  been  used  to  generate  a  sheared  flow.  ROSE  /31/  first  used  a  grid  of  varying  solidity 
to  produce  such  a  flow.  Later,  he  used  a  honeycomb  with  cell  axes  parallel  to  the  flow  direction  and  va¬ 
riablecell  length  as  a  shear  generator  (figure  5)  /32/.  CHAMPAGNE  et  al  /33/  used  an  *ray  of  parallel, 
equal  width  channels  with  adjustable  Internal  resistances  made  of  screens  (figure  6).  This  apparatus  was 
later  used  by  HARRIS  et  al  /34/,  7AV0ULARIS  et  al  /35,  36/  while  MULHEARN  and  LUSTON  /37/  used  a  varying 
solidity  grid. 

In  the  first  experiments  of  ROSE,  MULHEARN  or  CHAMPAGNE,  the  shear  was  weak,  the  energy  produc¬ 
tion  did  not  balance  the  viscous  dissipation  and  the  turbulence  decayed.  In  the  experiments  of  HARRIS  or 
TAVOULARTS,  strong  shear  is  obtained  and  the  turbulent  kinetic  energy  increases. 

1.4.6.  Strain  +  rotation 

Shear  is  Just  a  peculiar  case  of  the  combination  of  a  plane  strain  d  a  rotation.  However,  the 
combination  of  a  plane  strain  and  a  rotation  of  different  strenghts  has  been  i^rdly  studied.  SREENIVASAN 
/38/  added  a  distorting  duct  to  a  sheared  flow  experiment  to  study  the  Influence  of  extra  rate  of  strain 
on  sheared  turbulence.  Another  experiment  with  various  straln/rotatlon  ratios  is  under  development  at  ONERA. 

Readers  interested  in  homogeneous  turbulence  experiments  may  also  look  at  the  review  papers  by 
FER2IGER  /39/  and  GENCE  /40/. 

1.5.  Reduction  to  a  time  problem 

The  continuity  and  momentum  equations  in  a  moving  reference  frame  read  : 


u,  ~  wu,  ..  .  Z  2 
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where  are  the  components  of  the  rotation  of  the  moving  reference  frame  ;  w ,  its  modulus  ;  r,  the 
distance  between  the  considered  point  and  the  rotation  axis  ;  Gj,.  ,  the  alternating  RICCI  tensor  and  T  , 
the  entrainment  acceleration  term  due  to  the  translation  of  the  reference  frame  along  the  Xj  axis.  ei 


If  the  REYNOLDS  decomposition  is  applied  in  this  moving  reference  frame,  the  equations  for  the 
fluctuation  read  : 
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The  equations  for  the  fluctuation  are  thus  the  sane  in  a  fixed  reference  frame  and  in  a  moving 
reference  frame  if  the  rotation  of  the  reference  frame  is  added  to  the  mean  velocity  gradient,  in  order  to 
recover  the  mean  velocity  gradient  which  exists  in  the  fixed  reference  frame. 

Therefore,  the  evolution  of  homogeneous  turbulence  can  be  studied  as  well  in  a  fixed  reference 
frame  as  in  a  moving  reference  frame. 

For  a  mean  flow  without  velocity  gradient,  a  reference  frame  moving  with  the  flo*  as  suggested 
by  G.l.  TAYLOR,  is  a  convenient  reference  frame  to  study  the  evolution  of  the  turbulent  motion.  The  space 
evolution  problem  is  then  reduced  to  a  time  evolution  problem. 

When  there  exist  velocity  gradients,  a  reference  frame  moving  with  the  mean  flow  along  a  selected 
streamline  is  still  a  good  candidate.  The  mean  velocity  field  can  be  written  as  : 

vrul+iT\ 
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where  U°  is  the  velocity  of  the  origin  which  is  assumed  to  be  conveyed  by  the  mean  flow  along  a  stream¬ 
line.  Foi  the  sake  of  simplicity,  the  reference  frame  is  translated  and  not  rotated.  The  momentum  equation 
then  becomes,  for  homogeneous  turbulence  : 
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where  the  LHS  is  the  time  derivative  in  the  moving  reference  frame,  i.e.  : 

dt  p  3x^  v  3^  ”  Xm  Sx^  3x^ 

The  problem  is  so  reduced  to  a  time  evolution  problem  in  a  reference  frame  linked  to  the  flow. 

2  -  SPECTRAL  APPROACH  OF  TURBULENCE 

2.1.  Introduction 

Standard  models  of  turbulence  only  deal  with  one-point  statistics  such  as  the  REYSOLDS  stresses 
or  the  turbulent  kinetic  energy.  One-point  statistics  cannot  give  direct  information  about  the  characteris¬ 
tic  turbulent  length  scales.  To  get  Information  about  these  length  scales  and  to  know  how  eddies  of  dif¬ 
ferent  sizes  contribute  to  the  turbulent  motion,  one  has  to  look  at  multi-point  statistics.  Dealing  with 
high  order,  multi-point  correlations  rapidly  become  cumbersome  and  even  inextricable.  Two-point  correla¬ 
tions  are  sufficient  to  get  information. 

As  pointed  out  by  BATCHELOR  /4i/,  FOURIER  analysis  is  a  suitable  tool  to  bring  into  evidence  the 
role  of  the  different  length  scales  in  a  turbulent  motion.  CRAYA  /!/  derived  the  equation  for  two-point 
correlations  and  then  transformed  it  in  FOURIER  space.  We  shall  prefer  to  imoed lately  FOURIER  transform  the 
NAVIER  equations  to  derive  more  easily  the  governing  equation  for  any  statistics  in  FOURIER  s^ace. 

2.2.  FOURIER  transform 

The  FOURIER  transform  of  a  function  f(x)  is  defined  as  : 

£(k)  -  j~,  jf(x>  c”1--  d5x 

where  x  is  the  position  vector  in  physical  space  and  k  the  wave  vector.  Reciprocally,  the  function  f(x)  can 
be  obtained  from  its  FOURIER  transform  as  : 

f(x)  -  f  £(k)  e1--  d’k 


From  the  definition  of  FOURIER  transform,  it  is  obvious  that,  if  a  is  a  constant  : 


o  f(x)  -  o  f(k) 


Moreover,  if  f  is  real  : 


f<-  k)  -  f*(k) 

where  the  asterisk  denotes  the  complex  conjugate. 


Two  other  important  properties  ol  FOURIER  transform  can  be  found  by  looking  at  derivatives.  From 
the  definition  of  derivatives,  it  can  be  easily  demonstrated  that  : 
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At  last,  the  FOURIER  transformation  changes  product  in  one  space  into  convolution  in  the  other 
space.  The  FOURIER  transform  of  a  product  then  reads  : 

f  g(k)  -  f  g  -  j|  f(£)  g(£)  6  (k  -  £  -  3)  ds£d5^ 

where  6  is  the  DIRAC  distribution  6  (k)  *  ^,^3  j  e”*— —  d3x  which  is  zero  when  its  argument  is  non  zero 
and  infinite  when  its  argument  is  zero  in  such  a  way  as  to  make  : 

|4(lc>  d3k  -  1 

Ve  shall  use  the  incorrect,  compacted  rotation  : 

f  80s)  *  j  f(j>)  g(k  -  £>  d®£ 

For  the  sake  of  simplicity,  we  shall  now  omit  to  Indicate  FOURIER  transform.  The  presence  of 
space  coordinates  x  or  of  wave  vectors  k  is  assumed  to  be  enough  to  know  whether  the  equation  is  written 
in  physical  or  FOURIER  space. 

2.3.  FOURIER  transform  of  the  equations  for  tha  turbulent  motion 

The  turbulent  motion  is  ruled  by  the  continuity  and  momentum  equations.  The  continuity  equation  : 


is  easily  FOURIER  transformed  as  : 


i  ki  ui  *  0  or  k^  u| 


This  means  that,  in  FOURIER  space,  the  continuity  equation  Imposes  to  the  velocity  fitld  u(k)  to  be 
in  a  plane  normal  to  the  wave  vector  k.  This  property  is  often  used  to  simplify  calculations. 

We  have  expressed  the  momentum  equation  for  the  turbulent  motion  as  : 
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With  the  above  mentioned  properties  of  the  FOURIER  transformation,  this  equation  can  be  written 
in  FOURIER  space  as  : 
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:erm  of  the  RHS  can  be  developed  as  : 
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as  the  mean  velocity  gradient  satisfies  the  continuity  equation. 

A  POISSON  equation  for  the  pressure  can  be  obtained  by  taking  the  divergence  of  the  momentum 
equation  (i.e.  multiplying  by  ik^).  With  the  help  of  the  continuity  equation,  the  POISSON  equation  reads  ; 


,  au.  ( 

0  -  ks  -  21  k£  ^  ui  +  k^j  u*(k  -  £)  UjJ(£)  d»£ 

In  physical  space,  the  pressure  at  a  given  point  x  can  be  obtained,  with  the  help  of  the  POISSON 
equation,  as  an  Integral  of  the  velocity  field  over  the  whole  space.  In  FOURIER  space,  on  the  other  hand, 
the  pressure  at  wave  vector  k  can  be  expressed  in  terms  of  the  velocity  xlelds  u  and  u  i  u  at  wave  vector  k. 
The  pressure  can  therefore  be  said  local  in  FOURIER  space. 

The  role  of  the  pressure  term  can  be  enlightened  by  looking  at  the  momentum  equation  written  in 
compact  form  : 

A.  +  1  k,  -  0 
i  1  p 

where  A^  stands  for  all  the  other  terms.  The  POISSON  equation  now  reads  : 

k.  *,  +  i  l*  ^  •  0 
11  V 

If  the  pressure  is  eliminated,  the  momentum  equation  can  be  rewritten  as  : 

Ai  ■  f  k.iAj  ■  (su "  “f1]  s  -iij<y  ■ 0 

The  tensor  A^Oc)  corresponds  to  the  projection  on  the  plane  normal  to  the  wave  vector  k  as 
^(k)  k^  •  A^fk)  “  0*  continuity  equation  imposes  to  the  velocity  vector  u(k)  to  be  normal  to 
the  wave  vector  k.  The  terms  -g—  and  vk2uj  satisfy  the  continuity  constraint  while  the  other  terms  -5^  u*. 


ill  and  u  §  u  do  not. 
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The  pressure  term  projects  all  these  terms  on  the  plane 
normal  to  the  wave  vector  k  ;  the  role  of  the  pressure 
is  to  ensure  continuity. 


k 


The  momentum  equation  can  be  rewritten  by  eliminating  tbe  pressure  term.  This  can  be  done  either 
by  taking  th-  pressure  term  from  the  POISSON  equation  and  replacing  it  in  the  momentum  equation  or  directly 
by  multiplying  the  momentum  equation  by  A(k).  The  final  form  of  the  momentum  equation  reads  : 


The  advantage  of  this  form  for  the  momentum  equation,  with  pressure  term  removed,  is  that  the 
velocity  field  is  now  the  only  unknown.  The  pressure  field,  if  needed,  can  be  derived  from  the  velocity 
field  with  the  help  of  the  POISSON  equation. 


The  momentum  equation  can  be  written,  in  symbolic  form,  as  : 
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By  taking  the  divergence  and  using  the  relation  k^A^  ■  0,  we  obtain  : 


+  vk2)  kiui  ‘  0 

If  the  flow  field  initially  satisfies  the  continuity  constraint,  the  solution  of  the  momentum 
equation  with  pressure  term  removed  will  satisfy  the  continuity  constraint  at  all  times.  The  above  form  of 
the  momentum  equation  is  thus  the  only  equation  to  consider  as  it  includes  the  continuity  condition. 


2.4.  Linear  and  non  linear  effects 


The  terms  involved  in  the  momentum  equation  can  be  separated  into  two  distinct  classes.  If  the 
last  term  is  removed,  the  truncated  momentum  equation  reads  : 
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In  this  truncated  equation,  only  the  velocity  field  at  wave  vector  k  appears  and  all  operators 
are  linear  operators.  The  influence  of  the  viscosity  and  of  the  mean  velocity  gradient  can  therefore  be 
called  linear  effects.  These  effects  only  involve  the  velocity  field  at  the  given  wave  vector. 

The  convolution  term  -  i  k^  A^j(k' )  j  uj(k  -  £)  u£(£)  d3£  represents  the  action  of  the  turbulent 
motion  upon  itself.  According  to  the  product  under  the  integral,  it  will  be  called  non  linear  effect.  An 
important  property  of  this  convolution  integral  is  that  it  links  the  evolution  of  various  modes.  The  flow 
field  at  wave  vector  k  interacts  with  all  wave  vectors  £  and  3  such  as  k  -  £  +  3.  These  interactions  are 
called  triadic  interactions.  The  set  of  wave  vectors  £  and  3  which  can  form  a 
triangle  with  wave  vector  k  is  a  restricted  set.  According  to  triangle  relations, 
their  modulus,  i.e.  the  wave  numbers,  must  satisfy  the  Inequalities  : 

p  +  qik  i  Ip  -  q  I 

where  the  equalities  are  satisfied  when  the  triangle  degenerates  into 
a  line  segment.  The  wave  vectors  which  can  contribute  to  triadic 
interactions  with  a  given  wave  vector  must  therefore  lie  into  a  semi- 
infinite  rectangle  limited  by  the  lines  k-p  +  q,  k  •  p  -  q,  k  ■  q  -  p. 


It  must  be  noticed  that,  according  to  the  POISSON  equation,  the  pressure  term  Involves  linear 
and  non  linear  effects. 

The  momentum  equation  has  been  split  into  three  terms,  the  viscous  and  mean  velocity  gradient 
terms  which  correspond  to  linear  effects  and  the  non  linear  turbulence-turbulence  interaction.  The  charac¬ 
teristic  time  scales  are  (\>k2)”*  for  the  viscous  effect  and  |  j  *  for  the  mean  velocity  gradient  action. 

As  concerns  the  turbulence/turbulence  interaction,  a  characteristic  time  scale  can  be  formed  with  the 
energy  spectrum  E(k)  we  shall  define  later  and  the  wave  number  which  are  the  basic  parameters.  Dimensional 

—1  /  2 

analysis  gives  a  time  scale  of  the  form  (k3E(k))  .  With  these  time  scales,  the  respective  role  of  the 

three  effects  can  be  compared. 
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In  the  absence  of  aean  velocity  gradient,  only  the  viscous  and  non  linear  effects  are  to  be  con- 
pared.  The  tine  scale  ratio  reads  V  The  viscous  effect  is  the  leading  effect,  when  i/~  is  snail  compared 

to  the  fluid  viscosity,  i.e.  when  the  turbulent  REYNOLDS  number  is  small.  This  can  occur  at  the  end  of  the 
decay  process  when  the  turbulent  kinetic  energy  is  decreasing  towards  zero.  As  the  turbulence  level  is  low, 

E  is  small  and  the  non  linear  effect  is  negligible  when  compared  with  the  viscous  effect.  Another  possibi¬ 
lity  in  to  look  at  very  large  wave  numbers.  As  the  wave  number  k  increases,  the  ratio  E/k  decreases,  other¬ 
wise  the  turbulent  kinetic  energy  will  be  infinite.  Therefore,  at  a  given  wavenumber,  viscous  effects  and 
non  linear  effects  balance.  Above  this  wave  number,  the  flow  is  governed  by  viscous  effects.  Besides  these 
two  cases,  i.e.  low  energy  or  high  wave  numbers,  the  non  linear  turbulence/turbulence  interaction  is  the  lea¬ 
ding  term. 

In  presence  of  mean  velocity  gradient,  we  will  only  compare  the  mean  velocity  gradient  time  scale 
and  the  non  linear  time  sc~le  (k3E(k))-1  .  For  a  given  turbulent  field,  i.e.  for  a  given  energy  spec¬ 

trum,  the  balance  will  depend  upon  the  strength  of  the  aean  velocity  gradient. If  the  velocity  gradient  is 
weak,  the  linear  effect  only  dominates  for  small  wave  numbers  while,  if  the  velocity  gradient  is  strong, 
the  linear  effect  has  a  leading  role  over  a  broad  part  of  the  turbulent  scales.  The  second  case  is  known 
as  rapid  distortion  ;  the  mean  velocity  gradient  time  scale  is  smaller  than  the  turbulence  time  scale  and 
the  turbulent  motion  evolves  only  under  the  influence  of  the  mean  velocity  gradient  This  kind  of  behaviour 
is  however  restricted  to  a  short  time  period  as  the  turbulence  tends  to  adjust  its  time  scale  to  the  oean 
velocity  gradient  time  scales  so  that,  in  fine,  linear  and  non  linear  effects  will  balance.  However,  the 
study  of  the  rapid  distortion  plays  an  important  role  in  turbulence  theories. 


2.3.  Moments 


We  shall  now  turn  our  attenticn  to  statistical  properties  of  turbulence.  From  the  REYNOLDS  decom¬ 
position  of  the  flow  into  an  average  value  and  a  fluctuation,  it  is  obvious  that  <u^(k)>  «  0. 

The  first  Interesting  statistical  variable  is  the  second  order  moment  <uj(k)  u'(£)>-  According  to 
the  FoURIER  transform  definition,  it  can  be  expressed  as  :  J 

<u[(k)  uj(£)>  -  <  ju’(x)  |  u^(2)  ri£*  d3jr> 

where  x  and  ^  are  independent  variables,  so  : 

<uj(k)  uj<£)>-  ||  <u|(x)  Uj<z»  r1(^5  +  £  2)  d>x  d’i 

The  two  variables  x  and  %  can  be  replaced  by  x  and  x  +  r.  As  the  flow  is  homogeneous,  the  two 
point  correlation  under  the  integral  only  depends  upon  the  separation  vector  r,  so  : 

<u*<k)  uj<£)>  -  jj—  |  <u|uj(r)>  «~i£-  d’r  |  d’x  -  6  (k  +  E)  J~  f  <ujuj(r)>  e'l££  d’r 


The  homogeneity  condition  thus  allows  only  a  restricted  set  of  non  zero  second  order  moments. 

For  the  sake  of  simplicity,  we  shall  note  then  : 

♦u®  *  <ui<2>  «<*  +  £> 

The  tensor  $..(k)  can  be  interpreted  as  the  FOURIER  transform  of  the  two-point  correlation 
<u»(x)  uj(x  +  r)>.  13 

The  continuity  equation  imposes  :  k^  ^ j  00  •  kj  ♦^(k)  ■  0 

The  two-point  correlation  only  depends  upon  the  separation  vector.  Moreover,  <u*(x)  u!(x  +  r P  ** 
<uj(x)  u|(x  -  r)>  and  consequently  :  J 

❖Xj(k)  -  k) 

At  last,  the  velocity  field  or  the  two-point  correlation  are  real  function,  so  : 

OijC-iS)-  $^*00 


These  properties  can  be  used  to  construct  a  simpler  description  of  the  second  order  moment  tensor. 
Following  CRAYA's  ideas  /l/,  we  introduce  a  reference  frame  linked  to  the  wave  vector  k  to  take  advantage  of 
the  continuity  equation.  Ve  shall  use  a  tri-orthogonal  reference  frame  with  basis  vectors  a,  _8  and  jr;  a  is 
parallel  to  the  wave  vector  k.  The  two-point  correlation  can  be  expressed  in  this  reference*- frame  as  : 


hi  -  Vi  +  qj  6i  +  rj 

The  continuity  constraint  imposes  Pj  -  0.  OjQj  "ajRj  “  O 


Yt 

so  that  Qj  and  Rj  can  be  expressed  as  : 


«j  -  Ni  S|  +  s  * 

RJ  -  S'  8j  +  N,  YJ 


I 
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The  symmetry  and  reality  constraints  impose  : 

Nj(-  k)  -  Nj (k)  >  N,*(k) 

H2(-  k)  -  N2(k)  -  N2*(k) 

S(-  k)  -  -  S'(k)  -  -  S*(k) 

S'(-  k)  -  -  S(k)  -  -  S'*(k) 
expressed  as  : 

+  S  %  Yj  +  S*  Yj  Bj  +  H2YlYj 

where  N^  and  N-  are  real  and  even  with  respect  to  k  while  S(-  k)  ■  -  S*(k).  S  can  be  real  and,  therefore, 

$  can  be  real  only  if  <u^uj(r)>  *  <ujuj(-  r)>.  This  condition  is  fairly  satisfied  by  grid  turbulence.  Thus, 

❖  j j (k)  k)  -  ^j^(k)  so^Oc)  is  real  and  symmetric. 

The  second  order  moment,  which  has  a  priori  nine  different  components,  has  been  reduced  to  three 
independent  variables  with  the  use  of  a  suitably  chosen  reference  frame.  CRAYA  11/  has  proposed  the  use  of 
a  reference  frame  linked  to  the  wave  vector  and  has  derived  all  the  algebra  needed  to  easily  use  this  refe¬ 
rence  frame.  This  reference  frame  is  given  in  Appendix  A. 

The  interpretation  of  second  order  moment  as  the  FOURIER  transform  of  two-point  correlations  en¬ 
lightens  the  physical  meaning  of  the  wave  vector.  In  homogeneous  turbulence,  statistics  depend  only  upon  the 
separation  vectors  and  not  upon  the  location.  Wave  vectors  are  the  reciprocal  of  separation  vectors,  i.e. 
they  are  related  to  the  size  and  the  direction  of  the  turbulent  structure  which  contribute  to  the  turbulent 
motion.  The  study  in  FOURIER  space  is  thus  an  analysis  of  the  contribution  of  turbulent  structures  according 
to  their  sizes  and  orientations. 

A  similar  analysis  can  be  conducted  for  the  third  order  moment  <u^(k)  u*£)  uj(^)>  /l/.  Fere  again 
the  homogeneity  imposes  k  +  £  +  3  “  0  and  this  moment  *  in  be  interpreted  as^'the  ^FOURIER  transform  of  three- 
point  correlation  with  respect  to  two  separation  vector  Similarly,  the  third  order  tensor  can  be  reduced  to 
a  restricted  set  of  constants.  We  shall  use  the  notatici  : 

i  <uj(k)  uj(£)  u'£(<i)>  -  £<£,£)  5  Qt  +  Z  +  3) 


so  that  the  second  order  moment  can  be 


*  Ni  si8j 


The  continuity  equation  thus  imposes  : 

(pl  +  <!>♦«*<*  3)  *  PJ  W£,3) 


a) 


0 


2.6.  Evolution  equation  for  the  second  order  moment 


BURGERS  and  HITCHER  / 42 /  and  CRAYA  /!/  have  derive!  transport  equations  for  the  second  and  third 
order  moments.  They  first  obtained  equations  for  the  two-  ar*.  three-print  correlations  and  then  FOURIER 
transformed  these  equations.  A  more  convenient  way,  as  proposed  by  CAHBON  et  al  /43/,  Is  to  derive  these 
equations  from  the  FOURIER  transformed  momentum  equation.  The  transport  equation  for  the  second  order  moment 
is  obtained  by  multiplying  the  momentum  equation  for  uJOO  by  u^(-  k)»  multiplying  the  momentum  equation  for 
u*(-  K)  by  uj(k),  adding  and  taking  averages.  It  reads*': 


-  9 1 j ( k)  +  2vk2  ^(k)  -  -  ♦u  <k)  (k)  ^7  +  2  3^  J?  (kt  +  k,  $u<k» 

+  3^  £-  <*=  V*»  +  A2i<y  *=  jW*  d’£ 

+  Vy  k=|  »  d’£ 


The  transport  equation  for  the  third  order  moment  can  be  obtained  similarly.  As  we  shall  not  use 
it  in  the  general  case,  vc  refer  the  reader  to  reference  / 1  / . 


2.7.  Connections  with  one-point  closures 

The  use  of  FOURIER  space  enables  us  to  get  information  on  the  contributions  of  eddies  of  different 
scales  to  the  turbulent  motion.  On  the  other  hand,  it  leads  to  an  increasing  number  of  unknowns  so  that  it 
would  require  enormous  computational  time  in  complex  flows. 

One-point  closures,  dealing  only  with  one-point  statistics  .  physical  space,  are  more  suitable 
to  study  complex  flows.  It  is  Important  to  know  what  moment  to  study  in  FOURIER  space  to  obtain  Information 
on  the  unknowns  in  one-point  closures. 

One-point  closures  are  aimed  at  computing  the  REYNOLDS  stress  <u|u'>.  From  the  reciprocal  FOURIER 
transform,  two-point  correlations  are  obtained  as  :  J 

<ujuj(r)>  -  |  ^<k)  e"1^  d’k 


I 

i 
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and  so  the  REYNOLDS  stresses  can  be  derived*  for  zero  separation*  as  : 


<u^uj>  -  j$1;|<k)  d’k 


The  second  order  moment  contains  the  information  about  the  contribution  of  each  wave  vector  to  the 
REYNOLDS  stresses.  The  second  order  moments  can  be  interpreted  as  the  "spectrum"  of  the  REYNOLDS  stresses. 
Their  knowledge  is  a  priori  sufficient  to  derive  useful  Information  for  one-point  closures. 

A  variable  used  in  most  one-point  closure  model  is  the  turbulent  kinetic  energy  4  q2  ■  4  <u!u!>. 

Ill  Z  L  1  1 

„  - ...  -2  ,j  i  ^(k)  d*k.  -  ^  - - -  - - ** - -  L 


Xt  is  obvious  that 


However*  it  is  customary  not  to  look  at  the  contribution  of  each 


wave  vector  to  the  kinetic  energy  but  to  consider  the  contribution  of  each  wave  number.  The  energy  spectrum 
is  then  defined  as  an  integral  over  the  sphere  of  radius  k  : 

E(k)  -  |  1  *u  dA(k) 

llkll’k 

and  the  turbulent  kinetic  energy  is  thus  obtained  as  : 

|  <t*  -  J  E(k)  dk 

As  the  second  order  moments  can  be  Interpreted  as  the  spectrum  of  the  REYNOLDS  stresses*  it  is 
interesting  to  compare  the  transport  equation  for  both  quantities.  With  the  homogeneity  assumption,  the 
transport  equation  for  the  REYNOLDS  stresses  reads  : 

.  3U.  3U.  ,  r  3u!  3uJ  \  3u!  3u! 

y-  <u!u!>  -  -  <ujui>  -sr  '  <»X>  —  +  <£-  I  5-=  +  5— ■  >  -  2v  -r-l> 
dt  1  J  i“k  3xk  Jk  iij  p  l  3xj  3x1J  Sx^  Sx£ 

From  the  relation  between  the  REYNOLDS  stresses  and  the  second  order  moments,  the  time  derivative 
teems  can  be  connected  as  : 


Tt  <uiu?  ’  I  Tt  d>* 

3U.  30.  ti  3U  3Un 

“  1 1  ’  *tk®  “  ♦kj®  J 


which  represents  the  production  of  turbulence  by  action  of  the  velocity  gradient  upon  the  REYNOLDS  stresses, 
i.t.  a  kinetic  energy  exchange  between  the  mean  flow  and  the  turbulent  motion. 

The  connection  between  the  viscous  terms  is  obvious  as  : 

3u!  3u!  r 


du  du,  r 

j2'*1 


The  contribution  to  the  pressure  strain  correlation  at  wave  number  k  can  be  obtained  by  deriving 
the  pressure  from  the  POISSON  equation  as  : 

...  ^  V*  I..,,, 


|C.  dU  K.Kp  r 

-  21  k*  3T  ul  +  'vT  j  UI<*  -  fi>  ut® 


The  pressure  strain  correlation  can  thus  be  obtained  as  : 


,  3u!  3U,  f  k  k,  ffkikt.k„ 

<§-  aT>  -  2  aT  I  4^  ***  -  j]  -4»-  W*  *>  d’*  d’i 


Each  term  in  the  above  equation  is  trace-free  ;  they  redistribute  the  energy  among  the  components 
of  the  turbulent  kinetic  enersv.  As  the  role  of  the  pressure  is  to  ensure  the  continuity  constraint  at  the 
wave  vector  level  or,  in  other  words*  as  the  pressure  is  local  in  FOURIER  space*  the  pressure  strain  terms 
redistribute  energy  at  the  wave  vector  level*  At  last,  it  must  be  noticed  that  the  contribution  of  the 
pressure  is  twofold  ;  the  first  term  is  a  linear  term  due  to  the  action  of  the  mean  velocity  gradient  while 
the  second  term  is  a  non  linear  term  due  to  turbulence/turbulence  triadic  interactions. 

2.8.  Trans r era 

The  connection  between  the  second  order  moment  equation  and  the  REYNOLDS  stress  transport  equation 

has  brought  into  evidence  the  role  of  various  terms  in  the  moment  equation.  However,  the  terms 

3Um  3  f  f 

<kn  and  km  £>  dS£  +  \  J  *£„!<£»  £>  d’£  have  not  baan  concerned.  As  the 

REYNOLDS  stress  transport  equation  can  be  derived  from  the  second  order  moment  equation  by  integration  over 
the  FOURIER  space,  the  integrals  of  these  terms  are  zero.  It  is  easily  verified  that  : 


|  4  (k»  V*))d,*-° 


as  k  tends  towards  zero  when  k  becomes  infinite*  otherwise  correlation  of  high  order  derivatives 

should  be  Infinite  in  physical  space.  The  physical  meaning  of  this  term  will  be  detailed  in  the  next  chapter. 


The  study  of  the  other  Integral  is  more  cumbersome  and  Instructive.  Let  us  start  with  the  basic 
term,  i.e.  : 

4U  km  ui<3)  um(E)  “j'-y  +  £  +  a) 

In  this  term,  the  wave  vectors  £  and  £  play  the  same  role,  so  this  term  can  be  written  in  a 
symmetric  form  as  : 

}  6<k  +  £  +  3)  <ko  u’(a)  u;(£)  uj(y  +  kn  u'(E)  u;(3)  uj <k)> 

If  we  now  sum  the  three  terms  obtained  by  circular  permutation  of  the  three  wave  vectors,  we  get  : 

kn  «i<a>  u;(£)  Uj(kj  +  kB  uj(£>  u;<3)  uj<k> 

pn  «i©  »;(a)  +  pB  ui<3)  -;<y  «j<£) 

%  “i(£)  »;<y  «j(a)  +  %  ui<y  »;<£>  «j<a) 

The  terms  are  now  grouped  according  to  the  u*  term  ;  one  of  the  three  groups  reads  : 


<*n  "[(a)  \  uj(£>> 


and  a  symmetric  group  can  be  formed  by  permuting  the  indices  i  and  j.  Thus,  from  the  continuity  equation, 
the  sum  : 


ui<£>  <kn  ui<a>  «j<y  +  ui<a)  »|<i)) 


is  null  as  k  +  2  +  3  •  0.  Consequently,  if  we  note  : 

Tij(y  £•  y  *  «i4  kB  y  d’£ +  v  y  d3£ 

and  TtJ(k,  £,  3)  -  T^Ck,  £,  3)  +  T^Ck,  £,  3) 

we  have  i  Tj.(k,  £•  &  +  Tt  j  <£»  3*  ^  +  Tjj<3»  “  °* 

Thus,J  [  £»  3)  6(k  +  £  +  ^)  d3£  d3k  -  0,  as  supposed  previously. 

This  part  of  the  triadic  interaction  does  not  delete  or  create  REYNOLDS  stresses  ;  it  is  just  an 
exchange  of  contribution  to  the  REYNOLDS  stresses  between  wave  vectors  which  fora  a  triangle.  We  shall  use 
the  term  of  detailed  conservation  to  emphasize  the  fact  that  the  conservation  holds  for  any  arbitrary  triad 
of  wave  vectors. 

The  two  terms  we  have  first  studied  have  zero  Integrals  over  the  FOURIER  space  and  do  not  directly 
contribute  to  the  REYNOLDS  stress  budget.  These  terms  correspond  to  transfer  of  the  REYNOLDS  stress  spectrum 
between  wave  vectors,  without  creation  or  destruction  of  the  REYNOLDS  stress.  They  are  called  transfer  terms. 
The  first  term  is  due  to  the  action  of  the  mean  velocity  gradient  and  is  a  linear  effect.  As  will  be  shown 
below, this  term  represents  the  drift  of  eddier  in  the  FOURIER  space  as  they  are  distorted  by  the  mean  velocity 
gradient.  The  transfer  due  to  linear  effects  ceals  with  neighbouring  wave  vectors.  By  contrast,  the  non 
linear  transfer  concerns  all  wave  vectors  which  can  form  a  triad,  i.e.  as  shown  previously,  a  band  in  FOURIER 
space. 

2.9.  Conclusion 

The  study  of  the  momentum  equation  has  led  us  to  Introduce  the  notions  of  linear  and  non  linear 
effects  to  characterize  the  action  of  the  mean  velocity  gradient  upon  turbulence  and  the  triadic  interactions 
between  turbulent  modes. 

The  analysis  of  the  transport  equation  for  the  second  order  moment  has  brought  into  evidence  the 
different  ways  this  moment  is  altered.  Production  terms  due  to  the  mean  velocity  gradient  create  second  order 
moments.  Pressure  terms  redistribute  them  among  the  components  of  the  energy  spectrum  at  a  given  wave  vector 
while  transfer  terms  cause  exchanges  between  wave  vectors.  Both  pressure  and  transfer  terms  have  linear  and 
non  linear  parts.  At  last,  viscosity  destroys  the  second  order  moments  and  converts  the  turbulent  motion  into 
heat. 

The  most  striking  difference  lies  between  linear  and  non  linear  terms.  Linear  terms  only  involve 
second  order  moments  at  a  given  wave  vector.  Non  linear  terms,  due  to  the  triadic  interaction,  introduce  the 
third  order  moment  in  the  second  order  moment  equation.  An  equation  can  be  derived  for  the  third  order  moment, 
but  the  non  linear  term  will  now  Introduce  fourth  order  moments  and  so  on,  ad  Infinitum.  An  infinite  hierarchy 
of  equations  can  be  constructed  without  closing  the  problem.  Linear  terms  lead  to  a  closed  problem,  the 
solution  of  which  can  be  obtained  analytically  while  non  linear  terms  require  modelling.  Therefore,  we  shall 
study  these  two  problems  separately. 


-- 
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3  -  THE  LINER  PROBLEM 


3.1.  Introduction 


We  have  already  seen 
are  negligible  with  respect  to 
be  reduced  to  : 


d_ 

dt 


'ij 


+  2  vk2$, 


1J 


that,  if 
the  mean 

'  *12  3x£ 


the  mean  velocity  gradient  is 
velocity  gradient  effect.  The 


strong  enough,  the  non  linear  effects 
second  order  momenr  equation  can  then 


3U.  3U  k 

3^  +  2  ^  F  (ki  **j  +  kj 


3U  ~ 

^li  +  3^  1k^  (km  <J’lj) 


This  simplified  equation  is  known  as  rapid  distortion  model.  It  must  be  kept  in  mind  that  it  is 
valid  over  all  the  wave  number  range  for  only  a  short  period  of  time  as  the  turbulen:  field  will  respond  in 
such  a  way  that  the  turbulence  time  scale  will  become  of  the  same  order  of  magnitude  a6  the  mean  velocity 
gradient  time  scale  and  non  linear  effects  will  no  longer  be  negligible. 


Rapid  distortion  has  already  been  studied  by  various  groups.  TOWNSEND  /44/  and  CAMBON  /45/  pro¬ 
posed  to  study  the  effect  of  the  mean  velocity  gradient  directly  on  the  fluctuating  motion.  BATCHELOR  /46/ 
gave  the  solution  of  the  second  order  moment  equation  with  viscosity  term  neglected  for  strained  turbulence. 
DEISSLER  /47/  conducted  numerical  studies  of  sheared  turbulence.  COURSEAU  and  LOISEAU  /48/  gave  analytical 
solution  for  turbulence  submitted  to  plane  shear  or  strain  and  tried  to  extend  the  method  for  third  order 
moments.  LEE  ft  al  /49/  gave  an  original  solution  for  arbitrary  strain.  A  recent  review  on  rapid  distortion 
theory  for  inhomogeneous  flows  has  been  given  by  SAVILL  /111/. 


3.2.  Solution  of  the'  linear  problem 


For  specified  initial  data,  the  above  linear  equation  can  be  integrated  by  numerical  means.  Ana¬ 
lytical  solutions  are  however  much  more  convenient  for  further  theoretical  studies. 

We  shall  adopt  the  methodology  proposed  by  CAMBON  et  al  /45/  as  it  is  more  powerful.  We  shall  just 
bring  into  evidence  the  key  ideas  of  this  method.  The  reader  is  referred  to  the  original  papers  /45,  SC,  SI/ 
for  further  details  on  the  calculations. 


The  first  point  is  to  solve  the  linear  problem  not  for  a  moment  equation  but  directly  for  the 
fluctuation  equation.  The  fluctuating  field  at  a  given  time  is  expressed  as  a  function  of  the  fluctuating 
field  at  the  initial  time.  All  moments  can  thus  be  constructed  and  developed  in  terms  of  moments  at  the 
initial  time.  This  method  is  more  powerful  than  the  classical  method  which  solves  the  linear  problem 
only  for  a  given  moment  equation.  The  equation  to  be  solved  is  the  momentum  equation  for  the  fluctuating 
motion  with  non  linear  terms  discarded,  i.e.  : 
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The  second  point  is  the  analysis  of  the  terra*-  -r—  -  -r —  -rr- •  (k0u').  They  are  the  FOURIER  transform 
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of  the  advection  term 


at 


m  3x  3x. 


in  physical  space.  In  physical  space,  these  terms  represent  the  time 


derivative  in  a  lagrangian  reference  plane,  i.e.  following  a  mean  flow  streamline.  Similarly,  in  FOURIER  space, 
this  term  corresponds  to  a  time  derivative  following  trajectories  in  FOURIER  space  as  eddies  are  stretched 
and  rotated  by  the  mean  velocity  gradient.  The  adveefion  process  can  be  described  by  the  deformation  matrix 
which  links  the  coordinates  of  a  particule  at  time  t  to  their  values  at  the  time  origlne  : 


xi<t)  -  F^Ct)  (t  -  0) 

or,  reciprocally,  from  the  FOURIER  transform  definition  : 

ki(t)  "  kj  (t  "  0) 

The  deformation  matrix  is  easily  obtained  as  : 


V*  ■  °> 

"u  »1 


“Ij 


dt 


F*.(t> 

This  deformation  matrix  is  often  used  in  direct  simulations  of  turbulence  to  transform  the  eulerlan 
reference  frame  into  a  lagrangian  reference  frame  (see  e.g.  ref.  / 49/  and  / 52/ )  In  the  lagrangian  reference 
frame,  the  momentum  equation  reduces  to  : 


with 


du! 

+  v  k2u! 

dt  i  v  "■  “2  “*2  ■ 
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The  resolution  of  the  above  equation  proceeds  in  two  steps.  The  first  step  is  the  removal  cf  the 
viscosity  term.  In  the  simple  case  without  velocity  gradient,  the  wave  vector  does  not  depend  upon  time  and 
the  LHS  can  be  rewritten  as  : 

+  v  kV  -  e'VkJt  —  (e^u’) 
dt  v  *  U1  e  dt  V 
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In  the  general  case,  the  Lime  dependence  of  the  wave  vector  k  leads  to  a  more  complicated  form.  The  second 
step  is  the  use  of  a  GREEN's  function  to  solve  the  equation.  The  final  solution  reads  : 


u^k,  t)  -  exp  (-v  V^(t)  l^kn)  Gjj(k,  t)  Uj(k  (t  -  0),  0) 


where  V.  is  defined  as  a 
Jin 

G  is  the  solution  of  : 


time  integral  of  a  function  of  the  deformarion  motion  F  while  the  GREEN's  function 


~"F~  3x* 


G 


with  the  initial  condition  C^j(t  *  0)  •  to  satisfy  the  continuity  equation.  The  use  of  the  CRAYA's 
reference  frame  simplifies  the  computation  of  the  GREEN's  function. 


As  the  linear  problem  is  solved  for  the  fluctuating  motion,  all  moments  can  be  constructed.  For 
example,  the  second  order  moment  reads  : 


♦«<*>  -  “«•  <-  2u  v*„  W  Gip(-  £)  cjq<i.  *pq<i 

The  solution  algorithm  developed  by  CAMBON  is  very  powerful  as  it  can  treat  any  mean  velocity  gra¬ 
dient,  any  initial  condition,  and  give  Information  about  any  moment.  Of  course,  solutions  previously  found 
in  simple  cases  are  verified  by  this  method. 

Let  us  finally  mention  some  published  solutions  which  can  be  directly  used  to  test  closures. 
COURSEAU  and  LOISEAU  / 48/  gave  the  evolution  of  second  order  moments  for  an  Initially  isotropic  turbulence 
submitted  to  strain  or  shear.  Recently,  LEE  et  al  /49/  gave  the  evolution  of  the  REYNOLDS  stresses  and  vor- 
ticity  correlations  for  Isotropic  turbulence  submitted  to  strain  in  terms  of  time  series. 


3.3.  Examples  of  applications 


Rapid  distortion  theory  has  been  used  by  B0SCHIER0  et  al  /53/  to  study  the  effects  of  two  succes¬ 
sive  plane  strains  on  turbulence  in  order  to  design  the  experiments  conducted  by  GEKCE  and  MATHIEU  /26/. 

They  focused  their  attention  on  quantities  which  can  easily  be  measured  in  an  experiment,  mainly  the  REYNOLDS 
stresses  <u|uj>.  The  REYNOLDS  stresses  can  be  represented  by  forming  invariants,  i.e.  reference  frame  inde¬ 
pendent  scalars.  The  first  invariant  is  the  turbulent  kinetic  energy  which  is  half  the  trace  : 

“  q2  -  -  «u’2>  +  <v'2>  +  <w,2>) 

The  departure  from  isotropy  of  the  REYNOLDS  stresses  can  be  characterized  by  the  anisotropy  tensor 
defined  as  : 


which  is  a  symmetric,  second  order,  tracelesstensor.  Due  to  the  CAYLEY-HAMILTON  theorem,  only  two  invariants 
can  be  formed  with  such  a  tensor,  i.e.  : 


II  -  tr  b2  III  -  tr  b3 

where  tr  indicates  the  trace. 

Rapid  distortion  theory  does  not  account  for  non  linear  effects,  so  energy  transfer  and  dissipation 
are  not  included  in  the  model.  When  viscous  terms  are  omitted,  energy  is  conserved  ;  when  viscous  terms  are 
Included,  the  energy  decay  is  poorly  predicted  at  high  REYNOLDS  numbers  as  energy  transfers  are  not  accounted 
for.  Consequently,  the  evolution  of  the  turbulent  kinetic  energy  is  badly  predicted  by  the  rapid  distortion 
theory,  as  shown  on  figure  7.  However,  the  Influence  of  the  relative  angle  between  two  successive  plane  strains 
is  brought  into  evidence  by  the  calculation.  Moreover,  the  evolution  of  the  anisotropy,  which  is  less  affec¬ 
ted  by  the  transfer,  is  qualitatively  well  reproduced  by  the  rapid  distortion  theory.  It  must  be  kept  in  mind 
that,  in  this  experiment,  the  strain  and  turbulence  time  scales  are  of  the  same  order  of  magnitude  so  that 
rapid  distortion  hypothesis  is  not  valid. 

Another  example  deals  with  the  study  of  turbulence  submitted  to  a  plane  shear.  In  such  a  flow, 
we  are  mainly  Interested  in  the  non  diagonal  REYNOLDS  stress  <u'v'>  due  to  the  shear  9U/3y.  Here  again,  the 
rapid  distortion  theory  »nab!e  tc*  predict  the  REYNOLDS  sti et»a  level  but  gives  a  good  estimate  of  the 
time  evolution  of  the  anisotropy,  when  compared  with  experiment,  as  shown  on  figure  9. 

4  -  THE  NON  LINEAR  PROBLEM 
4.1.  Introduction 

As  already  mentioned,  the  equation  for  the  nC^  order  moment  exhibits  the  (n  +  1)C^  order  moment 
because  of  the  non  linear  terms.  An  infinite  set  of  equations  can  so  be  derived  but  the  problem  cannot  be 
solved  by  analytical  means  ;  modelling  is  required. 

For  the  sake  of  simplicity,  we  shall  restrict  our  presentation  to  isotropic  turbulence  without 
mean  velocity  gradients.  The  influence  of  mean  velocity  gradients  on  non  linear  terms  has  been  recently 
studied  by  CAMBON  /45/,  /SO/  and  BERT0GLI0  /55/. 

In  this  chapter,  we  shall  just  try  to  bring  into  evidence  the  various  ideas  used  to  tackle  the  pro¬ 
blem.  Readers  Interested  in  the  closure  of  the  non  linear  problem  may  refer  to  the  books  of  LESLIE  /56/  and 
LESIEUR  / 108/ »  the  lectures  of  ORSZAG  /57/  and  the  papers  of  KRAICHNAN  and  ORSZAG. 
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4.2.  Isotropic  turbulence  spectrum 

Isotropic  turbulence  is  rotation-invariant  turbulence.  All  statistical  properties  depend  only  upon 
the  modulus  of  the  separation  vector*  not  upon  its  direction.  As  concerns  the  REYNOLDS  stresses*  the  iso¬ 
tropy  hypothesis  leads  to  s  6  q2 

<uluj>  *  _ 3 

As  concerns  the  second  order  moment,  the  isotropy  hypothesis  and  the  continuity  constraint  give  : 

* iAu(y  "(II ill) 

where  U(||  k  ||)  Is  the  energy  density  on  the  sphere  of  radius  k.  The  factor  ^  is  used  to  have  : 

*u(k>  -  0(||  k  ||) 


and  consequently  : 


E(k)  -  2  7Tk2  U(k) 


The  isotropy  hypothesis  highly  simplifies  the  problem  as  the  knowledge  of  second  order  moments 
is  reduced  to  the  knowledge  of  energy  spectrum  which  depends  only  upon  the  wave  number. 

Isotropic  turbulence  can  exist  only  in  the  absence  of  mean  velocity  gradients.  Strain  elongates 
eddies  in  one  direction,  compresses  them  in  another  so  that  the  isotropy  hypothesis  is  no  longer  valid.  Simi¬ 
larly,  rotation  introduces  a  preferred  direction,  the  rotation  axis  and  isotropy  is  broken. 

Momentum  equation,  without  mean  velocity  gradient,  reduces  to  : 

8u!  / 


ou.  / 

-jj-  +  vk-'uj  -  -  ikjd  tJ(k)  j  uj(k  -  £)  u’^  (£)  d3£ 


It  is  customary,  and  convenient  too,  to  symmetrize  the  RHS  ;  the  momentum  equation  can  then  be 
written  as  : 

3ui  <  f 

—  +  v  k2“i  ‘  '  f  j  uj(-  "  £>  “*(£)  d’£ 

with 

v(y  •  *t  +  kj  Ai£(y 

This  symmetrized  form  has  already  been  used  to  study  the  detailed  conservation  property  of  the 
non  linear  transfer  term. 


The  energy  spectrum  can  be  interpreted  as  the  integral,  over  spheres  of  constant  wave  number,  of 
half  the  trace  of  the  second  order  moment.  The  evolution  equation  for  the  energy  spectrum  can  be  directly 
derived  from  the  second  order  moment  equation.  With  the  above  symmetrized  momentum  equation,  this  equation 
reads  : 


~  E(k)  +  2  vk2  E(k)  -  T(k) 


T(k,  £,  a)  d3£  dA(k) 


k  -  £  +  a 


where  T(k)  is  the  transfer  at  wave  number  k  due  to  the  Interactions  with  all  wave  vectors  which  form  a  tri¬ 
angle.  It  must  be  roticed  that  the  isotropy  assumption  implies  that  the  detailed  transfer  T(k,  j>,  5)  de¬ 
pends  only  upon  the  magnitude  of  the  three  wave  vectors  k,  £  and  £,  not  uDon  their  direction.  The  integral 
extends  upon  all  wave  vectors  £  and  2  and  over  the  sphere  of  radius  k,  i.e.  over  all  possible  directions 
for  the  wave  vector  k.  At  last,  the  detailed  transfer  can  be  expressed  as  : 

T(k,  £,  3)  -  5  £>>  (uith  k  "  £  +  3) 

where  I  stands  for  Imaginary  part  of  the  complex  variable.  It  must  be  kept  in  mind  that  this  detailed 
m 

transfer  conserves  energy,  viz  : 


£»  £)  +  ?(£.  £>  +  T(£,  £,  k)  -  0 

If  viscosity  is  turned  off,  the  energy  spectrum  evolves  only  under  the  Influence  of  he  transfer 
term.  The  transfer  term  does  not  create  or  delete  energy  so  that  the  kinetic  energy  is  conserved.  If  the 
energy  is  initially  concentrated  in  a  narrow  band,  triadic  interactions  will  immediately  redistribute  this 
energy  to  all  wave  vectors  which  can  make  triadic  interactions  with  an  energy  containing  mode,  i.e.  triadic 
interactions  will  redistribute  this  energy  over  all  the  space  of  wave  vectors. 

We  shall  now  Imagine  that  there  exists  a  maximum  value  for  the  wave  number,  i.e.  a  minimum  value 
for  the  size  of  the  turbulent  motion.  This  kind  of  situation  seems  to  be  difficult  to  realize  experimentally 
but  is  easily  treated  by  numerical  or  analytical  means.  The  role  of  the  transfer  is  then  to  share  energy 
ameng  all  possible  modes.  After  a  sufficient  time,  a  steady  stare  is  reached  in  which  energy  is  uniformly 
distributed  over  all  modes.  The  energy  density  U(k)  is  then  constant  and  the  energy  spectrum  E(k)  -  2nk2U(k) 
behaves  as  k2.  The  density  can  be  found  from  the  knowledge  of  the  kinetic  energy  : 

s<*-Lk"“  E<k>  dk  -  T  kL* u 


a.3  ••• 


When  the  fluid  is  viscous,  which  is  the  real  case,  the  evolution  of  the  energy  spectrum  results 
from  the  balance  between  transfer  and  viscous  effects.  The  role  of  viscosity  is  to  dissip?*-e  turbulent  ki¬ 
netic  energy  into  heat  while  the  role  of  the  transfer  term  is  to  redistribute  energy  among  all  the  modes. 

The  analysis  of  the  orders  of  magnitude  of  loth  terms  has  shown  that,  tor  large  enough  wave  numbers,  visco¬ 
sity  plays  the  dominant  role.  The  order  of  magnitude  of  the  wave  number  where  viscous  effects  are  important, 
can  be  obtained  from  the  dissipation  rate  e  and  the  viscosity  v.  Dimensional  analysis  shows  that  this  wave 

number,  known  as  the  KOLMOGOROV  wave  number,  must  be  ~  • 


Let  us  now  suppose  that  ener$  ;  is  injected,  at  a  constant  rate  e,  in  an  hypothetic  Isotropic  manner, 
at  a  wave  number  small  compared  to  the  .COLMOGOROV  wave  number.  Energy  is  distributed  among  the  wave  numbers 
by  the  non  linear  transfer  and  dissipated  by  viscosity,  mainly  at  higher  wave  numbers.  After  some  times,  an 
equilibrium  energy  spectrum  is  f  >und  ;  energy  injected  at  low  wave  number  is  dissipated  into  heat  at  high 
wave  numbers.  Between  the  wave  numbers  where  energy  is  injected  and  the  range  of  wave  numbers  where  it  is 
dissipated,  there  may  exist  a  range  of  wave  numbers  where  viscosity  plays  lictle  role  and  where  the  role  of 
the  transfer  is  to  "convey"  the  energy  from  lower  to  higher  wave  numbers.  The  spectrum  in  this  region  depends 
upon  the  wave  number  and  the  energy  injection  rate.  Dimensional  analysis  shows  that  the  energy  spectrum  reads  : 

E(k)  -  Ko  c2'3  k'5/3 

This  spectrum  law  is  known  as  KOLMOGOROV  spectrum  or  Inertial  range  spectrum.  This  law  has  been 
derived  for  a  stationary  solution,  in  a  region  where  viscous  effects  are  negligible.  The  equation  for  the 
energy  spectrum  then  reduces  to  T(k)  ■  0,  i.e.  in  this  wave  number  range,  the  non  linear  energy  transfer 
does  not  input  or  output  energy  ;  the  energy  injected  at  a  given  wive  number  by  some  triadic  interactions 
is  extracted  by  others.  As  energy  transfers  are  mainly  efficient  between  structures  of  similar  sizes,  i.e. 
close  wave  numbers,  energy  cascades  down  the  inertial  range  from  the  low  wave  number  range  in  which  it  is 
injected  to  the  range  where  it  is  dissipated  by  viscous  effects.  The  existence  of  a  k”5/3  inertial  range  is 
difficult  to  bring  into  evidence  in  usual  homogeneous  turbulence  experiments  because  the  turbulent  REYNOLDS 
number  is  low  and  this  range,  when  it  exists,  is  small.  However,  in  geophysical  turbulent  flows  where  REYNOLDS 
numbers  are  very  large,  the  inertial  range  can  extend  over  decades  of  wave  numbers.  Experiments  performed  by 
GRANT  et  al  / S8/  in  a  tidal  channel  have  brought  clear  evidence  of  the  existence  of  such  spectrum.  Such 
experiments  can  be  used  to  evaluate  the  constant  Kq  ~  1.4. 

The  KOLMOGOROV  law  cannot  be  valid  over  all  the  wave  number  range,  otherwise  the  integrals  : 


c  -  2v  k2E(k)  dk 
'o 

which  give  the  turbulent  kinetic  energy  and  its  dissipation  range  both  diverge.  Viscous  effects  dissipate 
energy  and  damp  the  energy  spectrum  at  high  wave  numbers.  It  can  be  noticed  that,  as  fluctuation  derivatives 
correlation  read  : 


£>-f 


k2«  E(k)  dk 


the  energy  spectrum  must  be  steeper  than  any  k”m  as  k  tends  towards  infinity,  so  that  these  correlations 
should  be  finite.  The  divergence  of  the  energy  integral  is  due  to  the  behaviour  of  KOLMOGOROV  law  when  the 
wave  rumber  tends  cowards  zero.  In  the  vicinity  of  zero,  the  energy  spectrum  can  be  expressed  in  TAYLOR 
series  as  E(k)  *  Aks  +  0(ks  *).  The  convergence  of  the  energy  integral  imposes  8  >  -  1.  The  study  of  turbu¬ 
lence  decay  imposes  1  £  s  £  4  /59/. 

The  complete  figure  of  the  energy  spectrum  now  emerges,  with  a  growing  ks  spectrum,  at  low  wave 
number,  a  maximum  corresponding  to  energy-containing  eddies,  an  inertial  range  along  which  energy  cascades 
to  be  dissipated  in  a  viscous  range  where  the  spectrum  falls  rapidly.  Experimental  measurements,  such  as 
the  ones  performed  by  COMTE-BELLOT  and  CORRSIN  /3»  4/  or  VAN  ATTA  and  YEH  /7,  8/  confirm  the  image  (figure  11). 
The  energy  transfer  can  also  be  measured.  The  figure  12  shows  the  role  of  the  energy  transfer  which  removes 
energy  from  the  energy-containing  range  to  the  dissipative  range.  It  must  be  noticed  that,  in  this  experiment, 
the  REYNOLDS  number  <s  too  low,  no  inertial  range  exists  and  the  energy  transfer  is  null  only  for  one  wave 
number. 


The  existence  of  an  inertial  range  only  at  sufficiently  high  REYNOLDS  number  can  be  easily  ex¬ 
plained  by  considering  a  simplified  energy  spectrum  made  with  two  power  laws  :  LogE 

k  <  kB  E(k)  -  a’  ,  A  vV 

k  >  k  E(k)  -  K  e2/3  k_5/3  /  ■ 

mom  /  i  \ 

which  mimics  real  energy  spectra.  The  turbulent  kinetic  energy  reads  :  - * - - 


i-’-r 

'n 


dk  -  i  “  Aks  +  f  K  2,3  k"5/3  -  — -r  A  ks+1  +  |  K  e2/3  k'2/3 
4  Ik  0  B  s  +  ln2o  m 

-f-fr  +  flx  c2/3k-2/3 
(s  +  1  2  J  o  m 

v  [33+5  )3/2  c 

a  [2(s  +  1)  oj  ,1  a. 3/2 
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On  the  other  hand,  the  KOLMOGOROV  wave  number,  which  is  characteristic  of  the  dissipation  range 

reads  :  k~  *  f— so  that  the  ratio  : 

1  J  k  ,  (I  .2,3/2 

_D  f  3s  l  5  K  I  -3/2  ^2  q  }  3/4 

kn  [2(s  +  1)  o  J  (ev)3/4  '  e 

where  is  the  turbulent  REYNOLDS  number.  For  low  Reynolds  numbers,  the  energy-containing  range 

and  the  dissipation  range  overlap  and,  as  the  REYNOLDS  number  Increases,  these  two  ranges  separate  and 
leave  room  for  an  inertial  range  in  between. 


4.4.  Simple  non  linear  models 


The  first  models  proposed  to  estimate  the  non  linear  effects  tried  to  model  directly  the  energy 
transfer  T(k).  KOVASZNAY  / 60/  proposed  to  express  the  energy  transfer  at  wave  number  k  directly  An  terms 
of  the  energy  spectrum  at  wave  number  k.  He  considered  the  cuergy  flux  at  wave  number  k,  i.e.  : 


-  T(k)  dk 


and  expressed  it  as  : 


W  - 


CK  k5/2  e3/2 


-3/2 

which  is  such  that  the  energy  flux  is  constant  and  equal  to  e  in  an  inertial  range  provided  that  CK  "  K0 
KOVASZNAY  mentioned  that  this  coefficient  C„  could  be  REYNOLDS  number  dependent.  Such  a  model  is  clearly 
too  simple  to  account  for  the  dynamics  of  triadic  Interactions.  For  example,  the  influence  of  a  local  dis¬ 
turbance  in  the  energy  spectrum  / 10,  11,  12/  cannot  be  accounted  for. 


Let  us  now  consider  the  case  of  a  spectrum  with  a  scale  separation  such  as  the  one  depicted  on 
figure  13.  The  small  eddies  have  little  energy  and  small  scales  when  compared  with  the  large  eddies.  They 
can  be  viewed  as  a  Brownian  motion  superimposed  on  the  large  eddies.  Su'h  a  Brownian  motion  extracts  energy 
from  the  large  scales  through  an  effective  viscosity.  By  analogy  with  the  viscous  effects,  this  energy  ex¬ 
change  reads  : 

2v  k2  E(k)  dk 
e 


r*i  /k  1 

L  -  l(k)  dk  ■  L 


HEISENBERG  /61/  proposed  to  extend  this  formula  to  continuous  energy  spectra.  He  assumed  the  ef¬ 
fective  viscosity  to  be  wave  number  independent  and  expressed  it  ir  terms  of  the  energy  spectrum  of  the  sma,.l 
scales.  The  final  model,  dictated  by  dimensional  analysis,  reads  : 

W(k)  -  |  -  T(k)  dk  -  Ch  J  2k2£(k)  dk  dk 


with 


1  .-3/2 

2  o 


Such  a  model  links  the  energy  transfer  at  a  given  wa'»c  number  to  the  energy  spectrum  over  all  the 
wave  number  range.  The  HEISENBERG  model  can  give  fairly  good  predictions  of  isotropic  decaying  turbulence. 
However,  it  is  unable  to  give  information  about  the  detailed  energy  transfer  T(k,  p,  q)  and  it  is  difficult 
to  extend  to  anisotropic  flows. 


Some  other  simple  models  have  been  proposed  using  similar  approaches.  Recently,  CROCCO  /62 /  re¬ 
visited  KOVASZNAY  and  HEISENBERG  models  to  improve  them  by  comparison  with  experimental  data. 


4.5.  The  direct  interaction  approximation 

The  best  way  to  introduce  the  DIA  may  be  to  cite  ORSZAG  /57/  :  "The  direct  interaction  approxi¬ 
mation,  developed  by  KFAICHNAN,  is  the  only  fully  self  consistent  analytical  turbulence  theory  yet  disco¬ 
vered.  While  its  predictions  do  not  accord  with  experiment  at  very  high  REYNOLDS  numbers,  the  insights  that 
it  has  given  into  the  nature  of  turbulence  are  many  and  important.  It  1$  the  only  theory  to  account  for  non 
linear  scrambling  and  stochastic  relaxation  in  a  fundamental  way." 

The  DiA  was  proposed  by  KRAICHLAN  / 63,  64/.  However,  we  shall  adopt  here  the  presentation  proposed 
hy  LESLIE  / 56/  and  extended  by  MATHIEU  and  JEANDEL  /65 /.  Let  us  consider  Isotropic  turbulence  submitted  to  a 
stirring  force  f.  The  momentum  equation  reads  : 

du! (k)  .  r 

— —  +  v  k2uj(k)  *  -  f  J  ujfe  “  2)  ujJ<£)  d3E  +  c> 

The  first  idea  is  to  Introduce  '.he  infinitesimal  unit  response  teusor  G  which  links  the  variations 
of  the  velocity  field  to  variations  of  the  driving  force  : 

6uJ(k,  t)  -  j  Gln(k,  t,  t*)  6fn(k,  t')  dt’ 
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The  equation  for  this  tensor  can  easily  be  derived  from  the  HAVIER  equation  as  : 

37  Cin^— ’  C’  '*>  +Vki  Gin(^  C>  C')  ’  ‘  1  |  uj(*  -  £>  G£„(E>  +  {in  i(t  ‘  c’> 

The  problem  is  now  to  solve  both  momentum  and  response  tensor  equations.  For  this,  the  velocity 
field  and  the  response  tensor  are  developed  as  TAYLOR  series  : 

u*u°+  A  u*  +  ... 

G  -  G°  +  X  C1  +  ... 

where  A  is  a  small  parameter  associated  to  non  linear  effects.  The  momentum  and  response  tensor  are  thus 
similarly  modified  as  : 

(-J7  +  a)  u  -  Auu  +  f 
at 

<57  +  °>  G  “  XG'  ♦«<*-*•) 

where  symbolic  notation  is  used  now  for  the  sake  of  simplicity.  The  equations  for  the  first  two  orders  read  : 

,  d  ,  ^  x  o  ro 

+  “>  G°  *  5(t  -  c’> 

<57  +a>  ^  '  2  uV 
<37  +  a)  c1  -  GV 

The  first  equation  gives  the  velocity  field  u°  only  due  to  the  driving  force  and  the  viscosity. 

The  second  equation  gives  the  response  tensor  G°  which  does  not  depend  upon  the  flow  field  realization  and 
is  statistically  sharp.  This  response  tensor  G°  can  be  used  to  solve  the  two  following  equations  : 

u*  ■  2  G°u°u0 

c1  -  G°G°u° 

so  that  the  first  two  orders  are  completely  determined. 

Statistical  variables  can  a..-^  be  obtained  for  the  first  two  orders  expansion.  For  that,  the  ve¬ 
locity  field  u°  is  assured  to  have  a  Gaussian  distribution.  The  third  order  moment  read*  : 

<uuu>  «  <u°u°u°>  +  A  £  <u*u°u°>  ■  2  A£  G°  <u°u°>  <u°u°> 

as,  for  a  Gaussian  distribution,  third  order  moments  are  zero  and  fourth  order  moments  decompose  as  pro¬ 
ducts  of  second  order  moments.  Moreover,  as  G°  is  statistically  sharp  : 

<Gu>  -  <G°u°>  +  X  <c'u°>  +  X  <G°ul>  •  X  G°G°  <u°u°> 

The  final  step  is  to  restrict  the  TAYLOR  development  to  order  one,  to  put  A  equal  to  one  and  to 

identify  the  zeroth  order  terms  u°  and  G°  with  the  velocity  field  and  the  response  tensor.  The  D1A  equations 

are  so  obtained  ;  they  read  : 

(■7”  +  a)  <uu>  “EG  <uu>  <uu> 
at 

(-T-  +  a)  <G>  «  <C>  <G>  <uu>  +  5 
at 

or,  in  a  more  complete  form  : 

(—  +  k2)  U(k,  t  -  t')  -  2n j|  kpq  b(k.p,q)  dpdq  |j  G(k,  t'  -  t”)  U(p,  t  -  t")  U(q,  t  -  t")  dt" 

-  fc  G(p,  t  -  C")  U(q»  t  -  t")  U(k,  t'  -  t">  dt"j 


(“  +  Vk2)  G(k,  t  -  t1)"-  2rr|  kpqb(k,p,q)  dpdq  j  G(p,  t  -  t")  U(q 


,  t  -  t")  G(k,  t"  -  t')dtM 
+  6  (t  -  t') 


where  b(k,  p,  q)  is  a  coefficient  which  depends  upon  the  geometry  of  the  triad. 

The  last  statements  in  the  derivation  of  the  D1A,  while  standard  in  theoretical  physics,  may 
seem  quite  crude.  We  shall  try  to  justify  them  later. 

The  fit important  information  given  by  this  model  is  that  the  third  order  moment  can  be  ex¬ 
pressed  as  : 

<uuu>  "  2  I  G<uu>  <uu> 

i.e.  third  order  moments  can  be  expressed  in  terms  of  second  order  moments  and  of  a  response  censor  G 
which  measures  the  time  coherence  of  the  turbulent  field.  This  property  will  be  used  later. 


I 


3-18 


With  the  above  expression  for  the  third  order  moments,  the  contribution  of  each  triad  to  the 
energy  transfer  can  be  analyzed.  If  the  geometrical  coefficient  b  is  assumed  positive,  which  is  true  for 
the  major  parts  of  the  triads  (ORSZAG  / 57/),  the  above  energy  equation  shows  that  the  action  of  wave  numbers 
p  and  q  is  to  Inject  energy  at  wave  number  k  while  the  action  of  wave  numbers  k  and  q  is  to  extract  energy 
at  wave  number  k.  The  final  picture  of  triadic  interaction  is  the*  two  wave  vectors  give  energy  to  the  third 
one  in  such  a  way  that  the  detailed  energy  conservation  is  satisfied. 

It  must  be  stressed  that  the  DIA  equations  are  not  only  dealing  with  the  energy  density  U(k,  t) 
at  a  given  time  but  with  the  two-time  energy  density  U(k,  t  -  t')  obtained  from  second  order  moments  at  two 
different  times.  Therefore  they  are  quite  heavy  to  use  as  they  lead  to  a  large  amount  of  variables. 

At  last,  one  of  the  most  interesting  features  of  the  DIA  equations  is  that  they  Include  no  adjus* 
table  coefficient. 

The  DIA  equations  can  be  Justified  by  considering  dynamical  systems.  NAVIER  equations  can  be  ap¬ 
proximated  by  the  following  system  : 


*1  +  Vl  -  £  A1Jk  yk 


where  the  A^^  oust  satisfy  the  constraint  : 


continuity 


Aijj  -  0 

Aijk  "  AikJ 


detailed  energy  conservation  Aijk  +  Ajki  +  ^ij 


KRAICHNAN  (1966)  introduces  the  Random  Coupling  Model  in  which  the  sign  of  A^^  is  taken  randomly 
from  triads  to  triads  while  satisfying  the  above  constraints.  He  showed  that  the  DIA  equations  are  exact 
solutions  of  the  Random  Coupling  Model  as  concerns  the  correlations  <YY>.  The  justification  of  DIA  equa¬ 
tions  is  discussed  at  length  by  LESLIE  /56/. 

The  above  presentation  has  made  the  name  Direct  Interaction  Approximation  a  little  strange.  It 
must  be  kept  in  mind  that  the  model  is  obtained  from  a  small  parameter  expression  of  the  non  linear  term. 

A  given  wave  vector  k  interacts  with  wave  vectors  £  and  £  such  k  ■  £  +  £.  These  wave  vectors  £  and  £ 
interact  with  other  wave  vectors  which  form  a  triangle,  these  wave”vectors  Interact  ...  and  so  on  ad  infi¬ 
nitum.  The  truncation  of  the  non  linear  term  expression  only  accounts  for  "direct"  interactions  and  neglect 
"indirect"  Influence  via  multiple  triadic  interactions. 

The  main  consequence  of  this  direct  interaction  approximation  is  that  the  role  of  the  larger  ed¬ 
dies  is  badly  represented.  The  role  of  larger  eddies  is  twofold  :  on  the  one  hand,  they  exchange  energy  via 
triadic  interactions  while,  on  the  other  hand,  they  advect  smaller  eddies.  As  this  advectlon  role  is  not 
well  captured  by  the  DIA,  the  DIA  equations  are  not  Galilean  invariant.  One  of  the  most  striking  consequen¬ 
ces  of  this  failure  Is  chat  the  DIA  equations  lead  to  a  k“3^2  inertial  range.  KRAICHNAN  /67/  proposed  to  cure 
this  defect  by  using  a  Lagrangian  reference  frame  to  automatically  account  for  advectlon  effects.  The  for¬ 
malism  becomes  heavier,  but  the  model  is  able  to  predict  k“5'3  inertial  range  and  to  give  a  value  of  the 
KOLMOGOROV  constant  of  1.43  very  close  to  rhe  experimental  value  1.40  measured  by  GRANT  et  al  /58/. 

4.6.  The  Test-field  Model 

To  keep  the  advantage  of  the  Eulerian  reference  frame,  KRAICHNAN  proposes  to  analyze  the  evolution 
of  a  fluid  blob  in  an  Eulerian  reference  frame.  A  fluid  blob  is  distorted  by  advectlon  effects  but  this  is 
a  "false"  distortion  as  it  makes  no  sense  in  a  Lagrangian  reference  frame.  On  the  contrary,  KRAICHNAN  con¬ 
siders  that  pressure  effects  cause  a  "real"  distortion  of  fluid  blobs. 

To  restore  the  Galilean  invariance  in  an  Eulerian  framework,  one  has  to  account  for  the  pressure 
effects  only  and  to  eliminate  the  effect  of  advectlon.  We  have  previously  seen  that  the  role  of  the  pressure 
is  to  Improve  the  continuity  constraint  by  suppressing  the  compressible  part  of  the  velocity  field,  i.e.  to 
impose  to  the  velocity  field  to  be  in  the  plane  normal  to  the  wave  vector.  The  idea  is  then  to  use  an  hypo¬ 
thetic  field  with  a  compressible  part,  i.e.  a  component  parallel  to  the  wave  vector,  to  measure  the  role  of 
the  pressure.  This  test  field  is  advected  by  the  incompressible  field  and  pressure  terms  are  discarded  in 
the  test  field  transport  equations  to  obtain  a  compressible  velocity  field.  This  test  field  is  used  to  ob¬ 
tain  the  response  tensor  G.  The  test  field  model  is  simplified  by  getting  rid  of  all  time  memory  effects  by 
a  Markovianlsatlon.  This  procedure  highly  simplifies  the  model  but  Introduces  a  model  constant  to  adjust  to 
partly  restore  the  turbulence  memory. 

The  test  field  model  was  first  developed  by  KRAICHNAN  / 68/  with  the  help  of  a  dynamical  sysrem 
and  extended  to  anisotropic  turbulence  /69/.  Connection  with  other  closures  is  studied  in  /70/.  Validation 
of  the  test  field  model  by  comparison  with  direct  resolution  of  the  NAVIER  equations  at  low  REYNOLDS  numbers 
is  shown  in  / 57 /  and  /77 /. 

4.7.  Gaussian  approximations 

The  fact  that  velocity  fluctuations  aro  close  to  a  Gaussian  distribution  and  the  peculiar  proper¬ 
ties  of  moments  of  Gaussian  variables  have  already  been  used  in  the  formulation  of  the  DIA.  Here  we  shall 
adopt  a  somewhat  heuristic  approach  to  derive  a  closure. 
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The  NAVIER  equation  can  be  written,  In  aynbollc  form,  as  : 

I7  +  vk2u  -  uu 

0  C 

So  that,  due  to  the  non  linear  terra,  an  infinite  hierarchy  of  moment  equations  can  be  obtained  : 

<uu>  +  2vk2  <uu>  •  <uuu> 

<uuu>  +  v(k2  +  p2  +  q2)  <uuu>  -  <uuuu> 


If  the  velocity  fluctuations  were  exactly  Gaussian  (or  normal),  the  third  order  moments  should 
be  zero  and  the  fourth  order  moment  should  decompose  as  products  of  second  order  moments.  As  third  order 
moments  are  responsible  for  the  non  linear  energy  transfer,  the  energy  spectrum  would  then  decrease  only 
under  the  influence  of  viscosity. 

MILLIONSHTCHIKOV  /83/  and  PROUDMAN  and  REID  /71 /  proposed  the  quasi  normal  hypothesis  in  which 
fourth  order  moments  are  still  assumed  to  decompose  as  product  of  second  order  moments  but  third  order  mo* 
ments  are  no  longer  null  to  allow  energy  transfer.  The  equations  now  become  : 

<uu>  +  2vk2<uu>  -  <uuu> 


3c 


<uuu>  +v  (k2  +  p2  q2)  <uuu>  ■  <uu>  <uu> 


OGURA  /72/  performed  numerical  integration  of  the  above  equations  and  showed  that  they  rapidly 
lead  to  negative  values  in  the  energy  spectrum,  which  is  unphysical.  The  reason,  as  pointed  out  by  ORSZAG 
/73/»  is  that  there  is  no  damping  in  the*  third  order  moment  equation,  so  that  the  third  order  moment  can 
increase  indefinitely  without  reaching  an  equilibrium  state.  ORSZAG  proposed  to  add  a  damping  term  in  the 
third  order  moment  equation  : 

~  <uuu>  +  v(k2  +  p2  +  q2)  <uuu>  ■  <uu>  <uu>  -  (nk  +  n^  +  nq)  <uuu> 

in  order  to  limit  the  third  order  moment  and  hence  the  energy  transfer  and  to  avoid  negative  regions  in  the 
energy  spectrum.  The  solution  of  the  above  equation  reads  : 


<uuu> 


<uu>  <uu>  e 


(,,k +  "p +  V" 


dt 


with  -  nK  +  Vk2 

where  time  0  corresponds  to  an  initial  state  when  the  turbulence  is  assumed  to  be  Gaussian.  To  get  rid  of 
the  time  integral,  a  Markovianisation  process  is  proposed  in  which  the  damping  exponential  function  is 
supposed  to  vary  much  more  rapidly  with  time  than  the  second  order  moments  so  that  : 


<uuu>  *  <uu><uu> 


ft  -(p.  +  Pn  +  Pn)t 

e  k  p  q 


dt 


1 


-o-k +  »p  +  V‘ 


\  +  Mp  +  "q 


<uu><uu> 


Mk  +  "p  +  Hq 


<uuXuu>  for  large  t 


Another  interest  of  this  Markovianisation  is  that  it  ensures  realisability,  i.e.  negative  energy 
spectra  can  no  longer  be  obtained.  After  some  algebra,  the  equation  for  the  energy  transfer  can  be  obtained 


£  E(k)  +  ?vk2E(k) 


6 


kpq 


xy  +  zJ 


(k2E(p)E(q)  -  p2E(k)E(q))  dp 


0 


where  the  integral  holds  over  all  triangle  Interactions  k  ■  t  +  3.  The  geometrical  coefficient,  while  expres¬ 
sed  in  a  different  way,  is  of  course  the  same  as  in  the  DIA  equations,  x,  y  and  z^are  the  cosines  of  the  angles 
respectively  opposite  to  the  wave  vectors  k,  £  and  3.  The  damping 
coefficient  0^pq  is  one  we  ^ave  already  obtained,  i.e. 

- -  for  large  t.  ORSZAG  /57/  first  proposed 


kpq 


Uk  +  “p  +  Wq 


an  expression  for  the  damping  coefficient  based  upon  local  properties  of  the  energy  spectrum,  i.e. 
H  -  k"*'2  E1  2.  The  final  form  for  the  damping  term  proposed  by  ANDRE  and  LESIEUR  /70,  74/  is  : 


n  (k)  -  p2E(p)dpj1/2 


where  X  is  a  constant  connected  to  the  KOLMOGOROV  constant. 


This  r(<>del,  based  on  a  quasi  normal  approximation  with  an  additional  eddy  damping  and  finally  a 
Markovianisation,  is  called  Eddy  Damped  Quasi  Normal  Markovian  or  EDQNM  closure. 

The  above  presentation  of  the  EDQNM  model  leads  to  a  phenomenological  model  obtained  as  an  improve¬ 
ment  of  the  quasi  normal  approach  based  on  physical  ground.  This  EDQNM  model  can  also  be  derived  from  a  dyna¬ 
mical  system  as  proposed  by  LEITH  /76/.  A  third  way  to  analyse  the  EDQNM  Model  is  to  Interpret  it  as  a  Markovian 
version  of  the  DIA  in  which  the  damping  of  the  third  order  moments  is  no  longer  computed  as  in  the  DIA  or  the 
TFM  but  simply  prescribed.  Connections  between  the  EDQNM  model  and  the  DIA  or  the  TFM  have  been  analysed  by 
ORSZAG  773/ ,  SULEM  et  al  /70/  or  HERRING et  al  /I09/. 
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The  EDQNM  model  Is  simpler  to  use  than  the  DIA  or  TEM  model  and  gives  good  predictions  of  the 
turbulence  decay  as  shown  on  figure  14  and  in  reference  /75/. 

Finally  it  must  be  mentioned  that  numerical  methods  to  solve  these  equations  have  been  proposed 
by  LEITH  /76/  and  improved  by  LES1EUR  and  SCHERTZER  /59/  and  later  CROCCO  and  ORLANDI  /78/. 

5  -  CONCLUSION 


The  homogeneous  turbulence  assumption  provides  a  framework  in  which  the  turbulence  field  can  be 
studied  solely  in  presence  of  constant  mean  velocity  gradients. 

The  study  of  the  NAVIER  equation  in  FOURIER  space  has  brought  into  evidence  the  distinction  bet¬ 
ween  the  linear  action  of  viscosity  and  of  the  mean  velocity  gradients  ot.  the  turbulent  motion  and  the  non 
linear  action  of  turbulence  upon  itself. 

The  linear  problem  only  involves  contribution  at  a  given  wave  /actor  and  can  he  solved  by  analy¬ 
tical  means. 

On  the  contrary,  the  non  linear  problem  is  open  and  modelling  is  required.  Although  some  simple 
models  can  give  good  approximations  for  the  energy  transfer,  analytical  theories  are  needed  to  construct 
models  for  the  detailed  energy  transfer.  The  DIA  was  first  proposed  but  this  model  needs  a  Lagrangian  treat¬ 
ment  to  be  Galilean  invariant.  However,  it  is  the  only  model  to  give  information  on  time  correlations.  TFM 
and  EDQNM  are  Markovian  models  which  only  give  information  about  one-time  moments  ;  they  are  therefore  easier 
to  use.  The  response  function  is  computed  in  the  TFM  with  the  help  of  the  compressible  test  field  and  pres¬ 
cribed  in  the  EDQNM  ;  the  EDQNM  closure  is  thus  simpler.  All  these  models  can  be  derived  from  dynamical  sys¬ 
tem  and  are  interrelated  ;  so  no  empirical  constant  has  to  be  Introduced  in  the  models. 

As  the  linear  problem  is  analytical  while  the  non  linear  problem  needs  no  constant  tuning  t  the 
second  order  moment  equations  in  FOURIER  space  can  be  solved  without  tuning  any  constant  with  respect  to 
experiment. 


Part  2  -  APPLICATIONS  OF  TVO-POINT  CLOSURES  TO  THE  DEVELOPMENT  OF  ONE-POINT  CLOSURES 


1  -  INTRODUCTION 


In  quite  all  engineering  problems,  one-point  closures  are  used  to  reduce  the  amount  of  turbulent 
unknowns  to  an  acceptable  level.  The  problem  is  then  to  evaluate  the  REYNOLDS  stresses.  The  transport  equa¬ 
tion  for  the  REYNOLDS  stresses  can  be  derived  from  the  NAVIER  equation  as  : 


3  .  W,  3U,  Still  3u! 

3?  Suj>  +  3^  V?  ’  -  <"i“k>  -sj  -  <"'&>  3^  +  +  3^j>  -  2v  <*£ 


ai! 


( <uiupp  ' v  ir  <uiu? +  K 


6jk  +  ujsik)> 


where  the  LHS  represents  the  total  derivative  of  the  REYNOLDS  Stress  and  the  RHS  the  production  by  action 
of  the  mean  velocity  gradient,  the  redistribution  by  pressure  effect,  the  destruction  by  viscosity  and  the 
diffusion.  Often,  only  the  transport  equation  for  the  kinetic  energy  is  retained.  This  equation  is  deduced 
from  the  REYNOLDS  stress  transport  equation  as  : 
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where  P«  -  <u'u!>  -r —  is  the  turbulent  kinetic  energy  production  and  e  -  V  <; — r — >  its  dissipation  rate 
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by  viscous  effects.  Ib  solve  the  kinetic  energy  transport  equation,  the  dissipation  rate  has  to  be  evaluated. 
A  transport  equation  for  the  dissipation  rate  can  be  deduced  from  the  NAVIER  equation.  It  reads  : 
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The  REYNOLDS  stress,  kinetic  energy  and  dissipation  rate  transport  equations  are  the  transport 
equations  commonly  used  in  one-point  closure  models.  All  these  transport  equations  are  open  and  terms  which 
Include  new  variables  require  modelling.  In  the  REYNOLDS  stress  transport  aquation,  only  the  production  term 
does  not  Introduce  new  variables,  the  pressure  strain  term,  the  viscous  dissipation  term  and  the  diffusion 
term  require  modelling.  In  the  kinetic  energy  transport  equation,  only  the  diffusion  term  requires  modelling 
while  in  the  dissipation  rate  transport  equation,  all  terms  are  unknown. 

In  the  framework  of  homogeneous  turbulence,  the  diffusion  terms  disappear  due  to  the  translation 
invariance  of  the  turbulent  flow.  The  use  of  two-point  closures  for  homogeneous  turbulence  can  only  provide 
information  about  the  pressure  strain  correlation  and  the  dissipation  term  in  the  REYNOLDS  stress  transport 
equation  and  the  first  three  terms  of  the  RHS  of  the  dissipation  equation.  Two-point  closures  require  no 
turning  of  empirical  constant  and  can  be  viewed  as  "exact”  solutions.  Of  course,  as  modelling  is  needed  for 
the  non  linear  terms,  they  are  not  as  exact  as  numerical  simulations  of  the  NAVIER  equations.  However,  they 
directly  give  information  about  statistical  averages  and  can  be  used  at  any  REYNOLDS  number. 


APPLICATION  OF  TWO-POINT  CLOSURES  TO  THE  MODELLING  OF  THE  REYNOLDS  STRESS  TRANSPORT  EQUATION 


2.1.  Introduction 

The  two  unknown  terms  in  the  REYNOLDS  stress  transport  equation  are  the  pressure-strain  term  and 
the  dissipation  term. 

Following  CHOU's  idea  /79/,  the  pressure  can  also,  in  physical  space,  be  decomposed  to  bring  into 
evidence  linear  and  non  linear  effects.  The  POISSON  equation  is  obtained  by  taking  the  divergence  of  the 
momentum  equation  as  :  .  „  ^ 

.  a  &  .  h 

”  P  ”  3 x£  3x£ 

and,  with  the  help  of  the  REYNOLDS  decomposition,  the  pressure  fluctuation  is  given  by  : 
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The  pressure  fluctuation  is  then  deduced  from  the  GREEN  formula,  which  reads,  far  from  boundaries 
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Finally,  the  pressure  strain  term  can  be  decomposed  as  : 
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is  the  contribution  of  the  non  linear  effects  while 


.  ._L*i  f<(  K)  f  *1]  .  J,g' 

"xj *2  2n  3xre  j  [  jx'  [  3x  jx  ||  x  -  x'|j 


is  the  linear  part  where  the  mean  velocity  gradient  has  been  extracted  from  the  Integral  under  the  assumption 
of  homogeneous  flow.  As  these  two  terms  correspond  to  different  phenomena,  they  are  usually  modelled  separately 

2.2.  Return  to  isotropy 

The  study  of  the  decay  of  anisotropic  turbulence  in  the  absence  of  mean  velocity  gradient  provides 
a  good  test  case  to  study  the  non  linear  effects.  Experiments  have  shown  that  the  role  of  the  non  linear 
pressure-strain  term  and  of  the  viscous  dissipation  ir  to  reduce  the  turbulence  anisotropy  as  the  turbulence 
decays.  The  REYNOLDS  stress  transport  equation  then  reduces  to,  in  a  reference  frame  conveyed  by  the  mean 
flow  : 
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As  the  viscous  dissipation  is  mainly  due  to  the  smaller  eddies  which  are  supposed  to  be  nearly 
isotropic,  it  is  customary  to  assume  ■  2/3  5^  £.  LUMLEY  and  NEWMAN  have  proposed  to  model  together  the 
non  linear  pressure-strain  term  and  the  anisotropic  contribution  of  the  dissipation  as  : 
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They  have  shown  that  the  function  ^  can  be  reduced  to  : 
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where  b^  ■  — jpr - 2  c^e  anisotropy  Censor  and  R^  ■  turbulent  REYNOLDS  number. 

The  problem  is  to  determine  the  functions  8  and  y .  The  most  popular  model  is  due  to  ROTTA  /81/  who 
assumed  a  linear  return  to  isotropy  (8  -  1,  y  “  0) .  Recently,  CHOI  /16/  performed  a  large  investigation  to 
"measure"  the  8  and  y  functions  over  a  wide  range  of  anisotropy  and  REYNOLDS  numbers. 
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Direct  numerical  simulations  of  turbulence  can  be  u  id  to  easily  study  different  values  of  the 
anisotropy  invariants  II  and  III  but  they  are  restricted  to  low  REYNOLDS  numbers  (e.g.  /52/f  /82/). 

Figure  15  shows  the  prediction  of  two  simple  EDQNM  closures  developed  by  BERTOGLIO  /84/  and  CAMBON  /43/ 
which  both  compare  favourably  with  experiments. 

Two-point  closures  could  be  an  interesting  complement  to  direct  simulations  and  experiments*  in 
order  to  stuay  the  return  to  isotropy  process  in  situation  that  cannot  be  easily  achieved  by  these  two  me¬ 
thods  as  e.g.  large  REYNOLDS  number  or  to  study*  at  low  cost*  the  Influence  of  one  parameter  (REYNOLDS  number* 

total  strain  imposed  before  the  return  to  isotropy  phase*  strain/turbulence  time  scale  ratio,  ...).  Such  a 
study  could  easily  confirm  or  infirm  the  LUMLEY  and  NEWMAN  approach  over  a  wide  range  of  situations. 

2.3.  Linear  part  of  the  pressure-strain  correlation 

Rapid  distortion  theory  holds  when  the  turbulence  is  submitted  to  a  strong  velocity  gradient* 
when  compared  with  the  turbulence  time  scale.  The  non  linear  effects  are  then  negligible  and  the  REYNOLDS 
stress  evolution  is  governed  by  the  production  term  and  the  linear  part  or  the  pressure-strain  correlation. 

LE  PENVEN  and  GENCE  / 85/  used  rapid  distortion  theory  to  model  the  pressure-strain  correlation. 

They  considered  initially  isotropic,  strained  flow.  Using  the  approach  of  the  linear  proolem  developed  by 
CAMBON  /43/,  they  showed  that  the  anisotropy  tensor  can  be  expanded  in  time  series  as  : 
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where  D^  is  the  deformation  tensor  —  j  and  that  the  pressure-strain  correlation  can  also  be 

expanded  as  :  ml 
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The  time  can  then  be  eliminated  between  the  two  expressions  to  obtain  the  proposed  expression 
for  the  pressure-strain  correlation  : 
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All  coefficients  in  the  model  are  constants  as  the  time  series  have  been  truncated  to  second  order. 
If  the  time  series  vere  truncated  to  higher  orders,  these  coefficients  will  be  functions  of  the  anisotropy 
invariants  II  and  III  (GENCE*  private  communication). 

REYNOLDS  / 1 10/  also  used  rapid  distortion  solutions  for  initially  isotropic  turbulence  submitted 
to  strain  to  improve  the  pressure-strain  term  model.  Instead  of  looking  directly  at  the  pressure-strain  term, 
he  studied  the  fourth  order  tensor  a?*  which  appears  naturally  as  : 
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and  can  easily  be  expressed  in  terms  of  second  order  moments.  Properties  of  this  tensor  and  reallsabillty 
constraints  are  advocated  to  reduce  the  number  of  Independent  coefficients.  He  first  studied  the  standard 
model  (REYNOLDS  /87/,  LAUNDER  et  al  /107/)  in  which  this  fourth  order  tensor  is  expressed  as  a  linear  func¬ 
tion  of  the  anisotropy  tensor  b  and  computed  the  only  adjustable  constant  to  be  consistent  with  rapid  dis¬ 
tortion  theory.  As  the  so  obtained  model  violates  reallsabillty  constraints  for  two-dimensional  turbulence, 
he  extended  the  model  for  the  fourth  order  tensor  to  include  quadratic  terms  and  obtained  the  same  model  as 
LE  PENVEN  and  GENCE. 
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LECOINTE  et  al  /86 /  used  CAMBON's  analytical  solutions  to  extend  the  above  procedure  to  tempera¬ 
ture  variance  and  also  sheared  flows. 

At  last,  LEE  et  al  /49/  solved  the  linear  problem  for  Initially  isotropic  strained  flow  in  an 
original  way  and  deduced  time  series  which  can  be  used  to  calibrate  pressure-strain  correlation  models. 

It  oust  be  kept  in  mind  that  rapid  distortion  is  valid  only  for  large  strains  but  for  very  short 
times  compared  to  turbulence  time  scales.  As  time  increases,  non  linear  effects  become  important  and  the 
expressions  for  both  the  anisotropy  tensor  and  the  pressure-strain  correlation  diverge  from  the  **~pid  dis¬ 
tortion  solution.  However  rapid  distortion  theory  can  provide  analytical  solutions  which  must  be  satisfied 
by  the  pressure-strain  correlation  model  for  short  time.  This  approach,  restricted  for  now  to  isotropic 
turbulence,  could  be  extended  to  any  initial  condition. 


3  -  DISSIPATION  EQUATION  :  PURE  DECAY 

The  role  of  the  various  terms  on  the  RHS  of  the  dissipation  equation  is  difficult  to  analyse. 

We  will  prefer  to  try  to  model  them  together  in  various  situations.  The  first  U6e  of  spectral  space  to  model 
the  dissipation  equation  is  due  to  COMTE-BELLOT  and  CORRSIN  12/ ,  in  the  case  of  purely  decaying  turbulence. 
The  argument  has  been  extended  later  by  REYNOLDS  / 87/. 


The  basic  idea  is  to  use  a  simple  shape  to  mimic  the  real  shape  of  the  energy  spectrum, 
energy  spectrum  is  defined  by  two  simple  power  laws  : 


The 


k  <  k  E(k)  -  Aks 

m 

k  S  k  E(k)  -  K  e2/3  k‘5/3 

Q  O 


k„  loj  k 

This  simple  law  of  course  does  not  account  for  the  exact  form  of  the  energy  spectrum  in  the  ener¬ 
gy  containing  range  and  in  the  dissipation  range.  The  turbulent  kinetic  energy  can  be  evaluated  as  : 
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During  the  decay,  experiments  have  shown  that  the  energy  spectrum  evolves  in  a  self  similar  way 
(e.g.  cf  /88/,  vol.  II,  p.  204),  i.e.  the  energy  spectrum  decays  with  a  given  shape  E(k.L)  in  the  large 
scales,  L  being  a  characteristic  length  scale  of  the  large  eddies  and  a  shape  Efk/kjj)  in  the  small  scales, 
both  laws  overlapping  over  the  inertial  range.  The  coefficients  A  and  s  are  therefore  time  independent. 

Moreover,  the  turbulent  kinetic  energy  reduces  to  : 
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Assuming  that  the  flux  e  cascading  along  the  inertial  range  and  the  dissipation  rate  e  are  equal, 
which  is  a  standard  one-scale  assumption,  the  two  above  equations  can  be  combined  to  obtain  the  dissipation 
transport  equation  : 
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The  above  equation  has  already  been  proposed  on  dimensional  analysis  grounds  and  the  coefficient 
C  calibrated  by  reference  to  experiment.  The  main  interest  of  the  above  argument  is  to  validate  simply 
this  form  at  high  REYNOLDS  number  and  to  show  that  there  is  no  universal  value  for  the  coefficient  as 
the  exponent  s  lies  between  1  and  4.  LESIEUR  and  SCHERT2ER  /59/  have  shown  however  that  tricky  non  linear 
effects  Invalidate  the  argument  when  s  is  equal  to  4. 


4  -  DISSIPATION  EQUATION  :  SOLID  BODY  ROTATION 
4.1.  Introduction 


Experiments  (/ 18/,  / 22/)  or  numerical  simulations  (/ 89/,  / 90/ )  have  shown  that  the  role  of  rota¬ 
tion  is  to  reduce  energy  transfer  and  hence  the  decay  rate  of  turbulent  and  to  lead  to  axisymmetric  turbu¬ 
lence,  the  departure  from  isotropy  being  small  in  all  experiments. 

This  double  role  of  rotation  can  be  simply  explained  by  looking  at  the  momentum  equation  in 
FOURIER  space.  It  reads,  in  symbolic  form  : 

~  u  +  vk2u  *  uu  +  co  /n  u 


It  must  be  kept  in  mind  that  the  role  of  the  pressure  term  is  to  satisfy  continuity  i.e.  to  project  the 
velocity  field  on  the  plane  normal  to  the  wave  vector.  The  rotation  action  is  thus  partially  inhibited  by 
the  pressure;  for  wave  vectors  parallel  to  the  rotation  axis,  there  are  no  pressure  effects  while  for  wave 
vectors  normal  to  the  rotation  axis,  the  CORIOLIS  term  is  completely  compensated  by  the  pressure  action. 

All  wave  vectors  do  not  rotate  at  the  same  rate  and  thus,  the  energy  exchange  between  wave  vectors  which 
form  a  triad  is  decreased  as  the  coherence  between  these  modes  is  damaged.  The  energy  transfer  is  then 
reduced.  Moreover,  the  pressure  effects  Introduce  a  preferred  direction  ;  the  rotation  axis  and  the  turbu¬ 
lence  tends  to  evolve  towards  an  axisymmetric  state,  the  symmetry  axis  of  which  is  the  rotation  axis. 

4.2.  CAMBONts  EDQKM  models 

CAMBON  (/45/,  /91/,  / 92/)  has  developed  a  complete  model,  in  the  framework  of  the  EDQKM  closures, 
which  accounts  for  the  role  of  rotation  on  third  order  moments  and  is  able  to  predict  the  selected  reduction 
of  energy  transfer  and  anisotropisation  of  the  turbulent  structures  according  to  the  relative  angle  between 
the  wave  vector  and  the  rotation  axis.  This  model  is  however  intricate  and  time  consuming. 

A  simpler  model  has  been  proposed  by  CAMBON  /93/  on  more  heuristic  grounds.  The  idea  is  that  the 
damping  time  in  the  EDQKM  model  ; 

n(k)  -  ||  p2E(p)dp|1^2 


as  proposed  by  ANDRE  and  LES1EUR  can  be  Interpreted  as  twice  the  square  of  the  rotation  Imposed  at  wave 
number  k  by  all  the  larger  eddies.  CAMBON* s  idea  is  to  add  the  contribution  of  wave  number  zero,  i.e.  the 
solid  body  rotation  as  : 

n(k)  -  ||  p2E(p)dp  +  2  w2j  l^2 

This  modification  Increases  the  damping  of  the  third  order  moments  and,  as  third  order  moments 
are  responsible  for  energy  transfer,  reduces  the  energy  transfer  and  then  the  rate  of  decay  of  turbulence. 
However  such  a  model  is  isotropic  and  does  not  account  for  the  anisotropisation  of  turbulence  submitted  to 
solid  body  rotation.  This  model  is  thus  only  valid  to  compute  energy  spectra  of  fairly  Isotropic  turbulence. 
This  limitation  is  not  drastic  as  experiments  and  numerical  simulations  have  shown  that  anisotropy  develops 
very  slowly. 

4.3.  Validation  of  the  EDQNM  model 

The  simplified  EDQNM  model  has  been  validated  by  comparison  with  results  of  the  complete  EDQNM 
model  (CAMBON,  private  communication),  by  comparison  with  the  experiments  of  WIGELAND  and  NAGIB  /93/  ind 
by  comparisons  with  numerical  simulations  /90/. 


Direct  simulations,  i.e.  resolutions  of  the  NAVIER  equations,  were  first  performed  at  very  low 
REYNOLDS  number  (R^  -  35  ;  Rfi  80)  with  an  initial  spectrum  similar  to  the  one  used  by  ORSZAG  and  PATTERSON 
/77/f  i.e.  of  the  form  k4  exp(-  k2).  Energy  spectra  after  seven  eddy  turnover  times  obtained  with  the  direct 
simulation  and  the  EDQNM  closures  compared  favourably  whatever  ths  rotation  rates  (figure  16a). 


Direct  simulations  could  net  be  performed  at  higher  REYNOLDS  numbers,  so  large  eddy  simulations, 
in  which  only  the  largest  eddies  are  computed  while  the  smaller  eddies  are  modelled,  were  used.  Two  subgrid 
scale  models  were  used  to  represent  the  effect  of  the  smaller  eddies,  both  models  being  derived  from  the 
modified  EDQNM  model.  The  first  model,  labelled  SGS  1,  represents  the  smaller  eddies  with  the  help  of  a 
wave  number  independent  eddy  viscosity  which  depends  upon  the  small  scales  turbulent  kinetic  energy,  the 
rotation  rate,  the  REYNOLDS  number  and  an  assumed  shape  for  the  energy  spectrum  of  the  small  scales  / 94/ , 
/95/,  / 96 /.  The  second  model,  labelled  SGS  2,  is  more  elaborate  and  couples  the  evolution  of  the  large  scales 
with  an  EDQNM  computation  of  the  energy  spectrum  of  the  small  scales  /96/.  Both  models  were  used  to  simulate 
a  fictitious  ex,  *.riment  where  the  initial  energy  spectrum  of  the  COMTE-BELLOT  and  C0RRSIN*s  experiment 
(P.^  -  75  ;  Re  -  «'5)  is  submitted  to  solid  body  rotation  over  the  experimental  time,  i.e.  thirteen  eddy 

turnover  time.  Lt»fc<;e  eddy  simulations  with  both  subgrid  scale  models  compare  favourably  with  EDQNM  compu¬ 
tation  at  all  rotation  rates  (figure  16b, /96/). 

4.4.  Exploitation  of  the  EDQNM  model 


Direct  and  large  eddy  simulations  have  been  very  useful  to  validate  the  modified  EDQNM  model. 
However  these  methods  are  restricted  to  low  REYNOLDS  number  and  are  much  more  expensive  to  use  than  an 
Isotropic  EDQNM  model.  The  idea  is  then  to  use  the  EDQNM  model  to  study  the  effect  of  rotationupon  turbulence 
over  a  wide  range  of  REYNOLDS  numbers,  rotation  rates,  energy  spectrum  shapes  (mainly  the  s  exponent  of 
the  large  eddies).  EDQNM  computations  give  the  time  evolution  of  the  turbulent  kinetic  energy  and  of  the 
dissipation  rate  which  are  the  variables  used  in  one-point  closures. 

The  problem  is  to  reduce  the  data  obtained  from  EDQNM  simulations  to  extract  a  new  decay  law  for 
the  dissipation  rate  as  the  turbulent  kinetic  energy  is  the  same  for  nure  decay  and  for  solid  body  rota¬ 
tion,  i.e.  : 
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The  dissipation  rate  decay  can  be  reduced  to  a  dimensionless  form  as  —  -7*  ~r~  which  is  constant 

C  at 

(C^)  in  the  pure  decay  case.  The  evolution  of  this  quantity  has  shown  to  vary  during  decay  in  presence  of 
solid  body  rotation  ;  the  rotation  rate  is  thus  not  a  good  parameter.  A  plausible  parameter  is  the  ratio  of 
the  rotation  time  scale  and  the  turbulence  time  scale  «*  ■  ^ —  which  is  the  Inverse  of  a  ROSSBY  number. 


■  which  is  the  Inverse  of  a  ROSSBY  number. 
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2  *1  <J  £ 

The  evolution  of  the  decay  constant  ^  *s  function  of  this  parameter  w*  is  tne  same,  for  a  given 

large  eddies  exponent  s,  for  various  REYNOLDS  numbers  and  rotation  rates.  At  last*  the  results  obtained 
for  various  large  eddies  exponent  s  can  be  reduced  to  a  single  lav  as  : 


C(a)  +  C*(w*) 
€  2  € 


The  function  C*  is  plotted  on  figure  17.  The  points  Indicate  the  extreme  values  obtained  in  the 
EDQNM  simulations  when  the  equilibrium  regime  has  been  reached.  Two  curves*  labelled  B  and  HL,  indicate 
previous  models  respectively  proposed  by  BARDINA  et  al  /89/  from  large  eddy  simulations  and  WIGELAND  and 
NAGIB  experiments  and  HANJALIC  and  LAUNDER  /97/  to  improve  jer  flows  predictions.  These  models  can  be 
expressed  as  : 


BARDINA  et  al  C*  -  0.15  0* 

e 

HANJALIC  and  LAUNDER  C*  -  0.27  w*2 

e 


4.5.  Realisabillty  constraints 


Before  proposing  a  new  law  to  represent  the  data  obtained  from  EDQNM  simulations*  let  us  examine 
the  realisabillty  constraints  this  model  must  satisfy.  Both  turbulent  kinetic  energy  and  dissipation  rate 
are  positive  variables  and  must  not  become  negative.  Without  rotation,  the  equations  : 


_d_  1 
dt  2 


e 


A 

dt 


c 


prevent  both  the  turbulent  kinetic  energy  and  the  dissipation  rate  to  become  negative  if  they 
zero. 


tend  towards 


In  the  presence  of  rotation*  when  the  turbulent  kinetic  energy  tends  towards  zero*  the  inverse 
BOSSBY  number co*  tends  towards  zero  so  that  rotation  effects  are  negligible.  As  it  seems  natural  that  C*(0)“  0, 
the  problem  is  then  the  same  as  In  the  no  rotation  case  and  realisabillty  is  ensured. 


When  the  dissipation  rate  tends  towards  zero*  the  inverse  ROSSBY  number  tends  towards  infinity. 
The  function  C*  can  then  be  reduced  to  its  higher  order,  i.e.  C*  -  aw  *n  so  that  the  dissipation  equation 

5 - e 


which  tends  towards  zero  when  n  <  2.  This  constraint  is  not  satisfied  by  the  HANJALIC  and  LAUN^ER's  model. 


We  have  already  supposed  C*(0)  -  0  as  it  is  natural.  This  relation  can  of  course  be  easily  deduced 
from  the  EDQNM  model.  Moreover,  it  can  be  shown,  with  the  EDQNM  model  that  : 

3C* 

_!  (u*  -  0)  -  0 


The  EDQNM  simulation  results  on  figure  17  have  been  approximated  by  the  following  law  : 


r*  0-2236  u*2  +  0.0303  to* 
e  “  0.2540  u*'i  +  0.1567  w*  +  1 


3C* 

This  law  satisfies  the  realisabillty  constraint  but  not  the  property  r— r  (w*  -  0)  -  0.  However, 

0 10" 

when  the  inverse  ROSSBY  number  co*  is  small,  the  decay  is  ruled  by  the  C  coefficient  so  that  it  is  insensitive 

e2 

to  the  exact  fora  of  the  C*  law  In  the  vicinity  of  aero. 


4,5.  Application  to  solid  body  rotation  experiments 


The  experiments  of  WIGELAND  and  NAGIB  722/  have  been  used  to  compare  the  various  models  as  they 
are  the  most  documented  and  fulfil  the  homogeneity  conditions.  Computations  have  been  performed  for  various 
grids,  upstream  velocities  and  rotation  rates  /90/.  Figures  18  and  19  give  examples  for  the  lowest  upstream 
velocity  and  the  highest  rotation  rates*  i.e.  when  the  flow  field  undergoes  the  maximum  rotation  in  the  test 
section.  For  each  grid  and  each  velocity,  the  C£^ coefficient  has  been  tuned  for  the  no  rotation  case  and, 
as  all  homogeneous  flow  computation  is  an  initial  value  problem*  special  care  was  taken  in  the  determination 
of  the  initial  dissipation  rates.  The  curve  labelled  0  corresponds  to  the  case  without  rotation,  the  curves 
A,  B  and  HL  to  ours,  BARDINA  et  al  and  HANJALIC  and  LAUNDER  models.  These  figures  bring  into  evidence  the 
reduction  of  the  dissipation  rate  due  to  the  blockage  of  the  energy  cascade  by  the  rotation.  As  the  inverse 
ROSSBY  number  a*  remains  moderate  <  7),  both  BARDINA  et  al  and  our  model  give  good  predictions  in  every 
case.  HANJALIC  and  LAUNDER  model  leads  to  negative  dissipation  rates  and  Increasing  turbulent  kinetic  energy* 
which  is  unphyslcal  and  is  due  to  the  violation  of  the  realisabillty  constraint. 


4.6.  Extension  to  flows  with  energy  production 

Homogeneous  turbulence  is  restricted  to  a  certain  class  of  mean  velocity  gradients.  Rotation  can 
only  be  combined  with  a  plane  strain,  the  axis  of  rotation  being  normal  to  the  plane  of  the  strain.  When  ro¬ 
tation  and  strain  rates  are  equal,  shear  is  obtained.  Shear  is  an  important  case  as  it  occurs  in  most  of 
practical  flows  such  as  boundary  layers,  wakes,  ... 

For  flows  with  energy  production,  the  dissipation  rate  transport  equation  is  usually  modelled 


i£+  u  IS. 

3c  +  ut  3^ 


+  diffusion  terms 


3Ui 

where  P  -  -  <u!u'>  r —  in  the  turbulent  kinetic  energy  production.  The  coefficient  C  has  been  previously 

i  j  dXj  C 2 

modified  to  account  for  rotation  effects.  Is  it  necessary  to  modify  also  the  coefficient  ? 

A  comparison  of  the  different  possible  solutions  showed  that  the  solution  was  to  add  the  same 
C*  term  to  both  C£  and  (AUPOIX,  Ph.  D.  dissertation).  A  first  argument  was  proposed  by  AUPOIX  et  al 

/90/,  but  the  best  argument  to  add  to  both  coefficients  will  be  given  later  with  the  MIS  approach. 

Shear  flow  experiments  have  been  computed  by  solving  the  REYNOLDS  stress  transport  equations  with 
the  LRR  model  / 107/  with  different  dissipation  equations  (figures  20  to  22).  The  curve  labelled  0  Is  obtained 
with  the  standard  equation  while  the  curves  labelled  A  and  B  correspond  to  the  addition  to  both  and 

of  the  C*  functions  respectively  proposed  by  AUPOIX  et  al  and  BARDINA  et  al.  The  use  of  this  modification 
improves  the  prediction  of  both  weakly  and  strongly  sheared  turbulence.  With  respect  to  the  standard  model, 
the  turbulent  kinetic  energy  is  increased  for  weakly  sheared  flows  and  decreased  for  strongly  sheared  flows. 
The  differences  between  AUPOIX  and  BARDINA  models  can  only  be  observed  for  strongly  sheared  flows  where 
relatively  large  Inverse  ROSSBY  numbers  w*  are  encountered.  Our  model  seems  to  give  better  predictions  but 
the  difference  remains  small. 

4.7.  Conclusion 

This  study  of  rotation  effects  shows  how  two-point  closures  can  be  used  to  Improve  the  dissipation 
equation.  A  complete  EDQNM  model  could  be  used  but  it  was  too  time-consuming  (and  still  in  development  at 
that  time).  A  simpler  EDQNM  closure  has  been  preferred.  Direct  simulations  of  turbulence  were  first  used  to 
validate  the  EDQNM  model  at  low  REYNOLDS  numbers.  Subgrid  scale  models  were  then  derived  from  the  EDQNM  mo¬ 
del  and  large  eddy  simulations  were  used  to  validate  the  EDQNM  model  at  higher  REYNOLDS  numbers.  The  EDQNM 
model  was  then  used  to  perform,  at  low  cost,  a  large  amount  of  simulations  and  derive  the  new  dissipation 
rate  equation,  the  form  of  which  cannot  be  obtained  by  simple  a  priori  modelling. 

It  must  be  emphasized  that  no  empirical  tuning  of  coefficient  with  respect  to  experiments  has 
been  done  in  this  study.  The  C*(«*  )  was  directly  obtained  and  afterwards  checked  in  computations  of  rota¬ 
ting  and  sheared  turbulence.  z 

5  -  THE  MIS  APPROACH 

5.1.  The  spectrum  shape  family 


MIS  are  the  initials,  in  French,  for  Integral  Spectral  Method.  It  is  an  Integral  method  similar 
to  the  familiar  boundary  layer  integral  methods  where  a  shape  family  is  assumed,  not  for  the  velocity  profile 
here  but  for  the  energy  spectrum. 

The  basic  idea  is  to  try  to  generalize  the  argument  introduced  by  COHTE-BELLOT  and  C0RRS1N  12 / 
and  REYNOLDS  / 87/  for  self  similar  decay  of  isotropic  turbulence.  They  mimicked  the  energy  spectrum  shape 
by  two  simple  power  laws  :  t©c  E  * 
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and  the  turbulent  kinetic  energy  then  reads  : 
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This  family  of  spectrum  shape  is  too  rough  and  does  not  describe  finely  the  spectrum  shape  In  the 
energy  containing  range.  More  elaborate  transitions  between  the  two  power  laws  could  be  used  but,  as  far 
as  the  spectrum  shape  in  the  energy  contelning  range  is  just  a  fixed  for  it  will  only  change  the  factor 

3(8  +  1) 

3a  +  5  ,,38  +  5....  ......  ,  , 


2(8  +  1)  o 


to  another  constant.  Our  proposal  is  to  introduce  an  unknown  but  variable  spectrum 


shape  in  the  energy  containing  range  and  to  express  the  turbulent  kinetic  energy  as  : 

2  2(s  +  1) 

i  qa  -  F  A35  +  5  e  38  +  5 

where  P  is  unknown,  time-dependent  and  reflects  the  shape  of  the  energy  spectrum  in  the  energy  containing  range. 
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5.2.  Basic  assumptions 


to  de 


As  in  the  COMTE-BELLOT  and  CORRSIN  /2 /  or  REYNOLDS  / 87/  argument, 
‘lbp  the  spectrum  shape  evolution. 


extra  hypotheses  are  needed 


The  one-scale  hypothesis  still  holds.  The  energy  flux  c  which  cascades  down  the  Inertial  range 
is  supposed  to  be  equal  to  the  turbulent  kinetic  energy  dissipation  rate. 

The  second  assumption  concerns  the  evolution  of  the  large  scales.  The  non  linear  time  scale 
(k3E(k))“l/2  ancj  viscous  time  scale  (vk2)“*  are  very  la>*ge  for  small  wave  numbers.  Thus  non  linear  and 
viscous  effects  are  negligible  and  the  evolution  of  the  large  eddies  is  ruled  only  by  an  inviscid  rapid 
distortion  theory. 

It  must  be  noticed  that  this  argument  is  strictly  valid  only  for  wave  numbers  close  to  zero. 

The  existence  of  a  power  law  E  -  Aks  at  higher  wave  numbers  must  be  due  to  both  linear  and  non  linear 
effects.  As  the  spectrum  shape  E  »  Aks  has  been  prescribed  over  the  large  eddies,  it  is  easier  to  study 
its  evolution  for  very  small  wave  numbers  where  only  linear  terms  are  Important  than  at  higher  wave  numbers* 

The  first  consequence  of  the  use  of  rapid  distortion  theory  to  study  the  evolution  of  the  large 
eddies  is  that  the  exponent  s  remains  constant. 

5.3.  Dissipation  rate  transport  equation 

The  transport  equation  for  the  turbulence  kinetic  energy  reads,  for  homogeneous  turbulence  : 


3U. 


A  i  .  p  .  c 

dt  2  q  r  E 


where  P  -  -  <u*u!>  -r —  is  the  turbulent  kinetic  energy  production.  This  equation  is  ex."»ct  and  no  modelling 

1  J  JXj 

is  required,  provided  that  the  REYNOLDS  stresses  and  the  dissipation  rate  be  known. 

On  the  other  hand,  the  turbulent  kinetic  energy  reads,  with  the  above  hypothesis  : 

2  2(s  +  1) 
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The  dissipation  equation  can  then  be  derived  from  these  tvo  equations  as  : 


1  de 
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This  form  brings  into  evidence  new  time  scales.  While  the  standard  equation  introduces 


and 


which  can  only  be  interpreted  respectively  as  the  mean  straiu  and  the  turbulence  time  scale, 

this  model  directly  connects  the  dissipation  rate  evolution  time  scale  to  the  evolution  time  scales  of  the 
large  eddies,  of  the  energy  containing  range  shape  and  oi  the  turbulent  kinetic  energy.  The  degrees  of  free¬ 
dom  initially  introduced  in  the  definition  of  the  spectrum  shape  family  reappear  ;  modelling  is  required  to 
determine  these  new  time  scales.  Comparison  with  simple  flows  will  be  used  lor  that. 

5.4.  Pure  decay 

This  first  simple  flow  was  the  only  case  considered  originally  by  COMTE-BELLOT  and  CORRSIN  /2/ 
and  REYNOLDS  /87/.  Ihe  rapid  distortion  theory  shows  that,  in  the  absence  of  mean  velocity  gradient,  the 
large  eddies  energy  spectrum  remains  invariant,  i.e.  dA/dt  ■  0.  Moreover,  the  hypothesis  of  self  similar 
decay  previously  advocated  means  that  the  shape  of  the  energy  spectrum  in  the  energy  containing  range  re¬ 
mains  constant,  i.e.  dF/dt  -  0.  The  dissipation  rate  equation  then  reduces  to  the  classic  form  : 


i  *£ 

e  dt 


cc2r 


as  there  is  no  energy  production. 

5.5.  Solid  body  rotation 

In  the  case  of  turbulence  submitted  to  a  solid  body  rotation,  the  rapid  distortion  theory  still 
shows  that  the  energy  spectrum  of  the  large  eddies  remains  constant,  i.e.  dA/dt  -  0.  The  dissipation  rate 
equation  then  reduces  to  : 

1  &  •  _  C  f  -S-  +  14E  I 

G  dt  G2  {  I  2  F  dt  J 
2  * 

as  the  energy  production  is  still  null. 
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On  the  other  hand,  we  have  already  modelled  the  dissipation  equation  as  : 


iff"-  <ce2  +  CS<“*»  r4 

2  q 


to* 


so  that  the  two  formulae  can  be  identified  to  prescribe  the  evolution  law  for  the  energy  containing  range 
spectrum  shape  factor  F  as  : 

ce2  f  5t  “  T~7 

2  q 

This  relation  is  valid  only  in  the  case  of  solid  body  rotation,  i.e.  without  energy  production. 
In  the  presence  of  production,  two  different  time  scales  need  to  be  considered  : 

±  — g —  is  the  characteristic  time  scale  of  the  turbulent  flow  ;  it  can  be  interpreted  as  a 
time  scale  of  non  linear  effects  in  the  energy  containing  range.  As  the  action  of  rotation  is  to  reduce 
energy  transfer,  it  seems  natural  to  keep  this  time  scale  in  the  definition  of  the  Inverse  ROSSBY  number 
q2 

w*  -  — - -  . 

e  i 

£ q2 

*  p~~  *8  evolution  time  scale  of  the  turbulent  kinetic  energy.  As  the  evolution  of  the 

spectrum  shape  in  the  energy  containing  range  is  a  balance  between  energy  production  and  energy  transfer, 
it  seems  natural  to  relate  the  spectrum  shape  time  scale  to  the  time  scale. 

The  proposed  law  for  the  spectrum  shape  factor  evolution  then  reads  : 
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so  that  the  dissipation  rate  transport  equation  becomes 
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5.6.  Linear  model 


The  study  of  the  solid  body  rotation  and  the  analysis  of  the  various  time  scales  has  enabled  us 
to  link  the  variation  of  the  spectrum  shape  in  the  energy  containing  range  to  the  trapping  of  energy  due  to 
the  reduction  of  energy  transfer  by  rotation. 

The  only  problem  is  now  to  express  the  variation  of  the  large  eddies  with  the  help  of  rapid  dis¬ 
tortion  theory.  The  use  of  a  complete  rapid  distortion  calculation  would  be  too  cumbersome  and  time-consuming 
so  that  an  approximate,  simple  linear  model  is  needed. 


A  solution  is  the  use  of  the  tensorial  volumes  of  turbulence  introduced  by  LIN  and  WOLFSHTEIN 
/I00/.  These  volumes  are  defined  as  space  integrals  of  two-point  correlations  as  : 


£  vij<£)  "  |  <u|(x)  uj(x 
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They  can  be  related  to  second  order  moments  as 


thus 
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These  volumes  of  turbulence  make  sense  only  when  all  the  second  order  moments  behave  like  k2 
in  the  vicinity  of  zero.  The  spherically  averaged  second  order  moments  can  thus  be  identified  with  the  cen¬ 
sorial  volumes  of  turbulence  as  : 
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LIN  and  WOLFSHTEIN  derived  from  the  NAVIER  equation  a  transport  equation  for  the  tensorial  vo¬ 
lumes  of  turbulence  which  reads,  for  homogeneous  turbulence  : 
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CAMBON  (private  communication)  noticed  that  the  derivationof  the  above  equation  is  somewhat 
spurious  as  pressure-velocity  correlations  are  assumed  to  vanish  when  the  separation  tends  towards  infinity 
while  one  is  dealing  with  the  properties  of  turbulence  near  wave  number  zero,  i.2.  for  infinite  wave  length. 

We  prefer  to  consider  this  model  as  a  very  simple  model  with  pressure  effects  omitted.  Such  a 
simple  model  has  to  be  validated  by  comparison  with  exact  rapid  distortion  theory  solutions. 

Figure  23  shows  the  predictions  of  the  large  eddies  evolution  time  scale  -  ~j~  for  various 

values  of  the  exponent  s,  for  isotropic  turbulence  submitted  to  a  plane  strain.  The  LIN  and  W0LFSHTE1N 
model  gives  the  same  prediction  as  the  complete  rapid  distortion  theory,  when  the  exponent  s  is  equal  to 
two,  i.e.  when  tensorial  volumes  make  sense.  However,  as  pressure  terms  are  omitted,  the  evolution  of  all 
A.,  coefficients  is  not  absolutely  correct.  The  reasons  for  the  correct  prediction  of  A  and  the  uncorrect 
predictions  of  have  been  studied  by  CAMBON  et  al  /45/.  It  must  be  noticed  that  the  exponent  s  in¬ 
fluences  the  asymptotic  value  of  the  large  eddies  time  scale  for  high  total  strain  ;  however,  these  values 

are  never  achieved  in  experiments  (TOWNSEND  /14/,  Dt  ~  1.75  ;  MARECHAL  / 25 /,  Dt  2.6).  The  same 

max  max 

conclusions  can  be  drawn  for  three-dimensional  strains. 


Figure  24  shows  the  predictions  of  the  large  eddies  evolution  time  scale  for  various  values  of 
the  exponent  s  for  isotropic  turbulence  submitted  to  shear.  The  influence  o£  the  exponent  s  Is  small  but 
the  LIN  and  WOLFSHTEIN  model  does  not  exactly  fit  with  the  exact  solution.  The  agreement  is  however  accep¬ 
table.  The  ?  fference  of  asymptotic  behaviour  between  the  strained  a^d  sheared  flows  must  be  noticed 


White  for  strained  flows,  the  time  scale 


~j  a  tends  towards  an  asymptotic  value,  it  tends  towards 


zero  for  large  total  strains  S.t. 


The  linear  model  without  pressure  effects  is  not  correct  for  sheared  flows  as  the  linear  pres¬ 
sure  effects  are  mainly  due  to  mean  flow  rotation.  For  turbulence  submitted  to  strain  plus  rotation  with 
a  rotation  rate  larger  than  the  strain  rate,  the  linear  pressure  effects  are  large  and  the  simple  linear 
model  falls  (CAMBON,  private  communication). 


Better  linear  models,  taking  into  account  pressure  effects  to  give  the  correct  evolution  of  the 
A^.  for  strained  tlows,  a  better  prediction  for  sheared  flows  and  strain  plus  rotation  flows,  and  even 
valid  for  various  values  of  the  exponent  s,  have  been  looked  for  unsuccessfully  (AUPOIX,  ?h.  D.  disser¬ 
tation)  .  The  LIN  and  WOLFSHTEIN  model  will  be  used  as  it  is  simple  and  gives  fairly  good  predictions  of 
the  large  eddies  time  scale. 


A  special  attention  has  to  be  paid  to  the  initial  values  of  the  large  eddies  coefficients 
as  they  reflect  the  past  history  of  turbulence.  Figures  23  and  24  show  that  the  large  eddies  time  scale 
depends  drastically  upon  the  total  strain  of  shear  encountered. 


For  strained  flow  experiments,  it  always  exists  a  decay  re.  .on  between  the  turbulence  genera¬ 
ting  grid  and  the  distorting  duct.  At  the  entrance  of  the  distorting  duct,  the  REYNOLDS  stress  anisotropy 
ic  small.  One  can  imagine  that  the  same  anisotropy  could  be  produced  by  applying  a  large  strain  to  iso¬ 
tropic  turbulence  during  a  very  short  time.  Rapid  distortion  theory  connects  the  anisotropy  to  the  applied 
strain  as  : 


b 


ij 


t  +  0{t2) 


On  the  other  hand,  the  LIN  and  WOLFSHTEIN  model  gives  the  evolution  of  the  coefficients  A 


for  Initially  isotropic  strained  flows  as 
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so  that,  by  eliminating  I  +  *^jp  jt,  the  coefficients  can  be  connected  to  the  anisotropy.  The 

$  ^  1  dA 

initial  coefficient  Aq  plays  no  role  as  one  is  only  interested  in  the  time  scale  —  —  . 


For  sheared  flows,  experimental  values  are  taken  downstream  of  the  shear  generator.  The  solution 
of  the  LIN  and  WOLFSHTEIN  model  for  initially  isotropic,  sheared  turbulence,  reads  : 
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The  Initial  values  of  the  A. .  are  thus  set  according  to  the 
shear  generator  to  the  first  station.  J 


travel  time  of  the  flow  from  the 


5.7.  Low  REYNOLDS  number  effects 


The  above  proposed  energy  spectrum  shape  is  only  valid  at  high  REYNOLDS  numbers.  At  low  REYNOLDS 
numbers,  the  inertial  range  is  reduced  or  even  does  not  exist.  The  presence  of  the  dissipation  range 

must  then  be  accounted  for.  Various  laws  have  been  proposed  to  represent  the  energy  spectrum  in  the  dissi¬ 
pation  range.  The  most  popular  are  the  one  proposed  by  PAO  / 101/  : 
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and  SAFFMAN  /102/  : 


E(k)  -  K  £ 2/3  k'S/3  exp 


i-itn 


EDQNM  computations  lead  to  the  more  complex  formula  /103/  : 

£(k)  '  K  £2/3  k"5/3  exp(-  3.5  n2  (1  -  exp  (6»  +  1.2  -  (196  r,2  -  33.6n  +  1.4532)1/2)))  n  -  i 
0  *0 

which  has  the  advantage  to  exhibit  a  bump  at  the  beginning  of  the  dlsslpat^e  range  as  observed  experimen¬ 
tally  /I 04/. 

These  above  laws  could  be  Introduced  in  the  computation  of  the  turbulent  kinetic  energy  to  derive 
a  new  dissipation  equation.  A  simpler  solution  is  ;o  aefine  a  truncation  wave  number  a  ^  such  as  : 

f"5  o/i  _c/o  o/o  /*» 


£2/3  k-5/3  f(jL}  dk  , 
*D 


faK  D  2/3  -5/3 

Ko  cT'*  k  */J  dk 


and  to  proceed  with  inertial  ranges  truncated  at  a  k^.  The  constant  ot  is  close  to  unity  whatever  the  dis¬ 
sipative  spectrum  used.  The  dissipation  equation  can  then  be  derived  in  a  way  similar  to  the  high  REYNOLDS 
number  case.  It  reads  : 


f  1  +  (2  -  C„>  — 

i  L-  3  A 

e 

l  dC 

_  1 

[,  +  2J_ 

1  dA 

fi  +1L.) 

1  dF  ) 

c  dt 

s  +  1 

i1  + 3 ,r 

e 

A  dt  LE2 

'-1  3^-i 

e 

F  dt  J 

is  the  turbulent  REYNOLDS  number  and  8  a  constant  related  to  a.  For  the  different 
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spectrum  shapes,  the  following  values  have  been  obtained  : 


PAO 

SAFFMAN 

EDQNM 


8  -  2.065 
0  -  2.047 
8  -  2.079 


An  average  value  8  «  2.06  has  been  used. 


As  the  REYNOLDS  number  decreases,  the  inertial  range  diminishes,  disappears  and  then  the  energy 
containing  range  shape  variations  should  be  modified  at  low  RF.YNOLDS  number  but  no  tool  is  available  to 
simply  predict  the  influence  of  low  REYNOLDS  numbers  on  this  time  scale  (1/F) (dF/dt) .  Assuming  that  this 
time  scale  is  unaffected  by  low  REYNOLDS  number  effects,  the  decay  law  can  be  expressed  as  : 

i  a2  .  C  .  . 


I*  10.  CC2 

~^r  dC  1  +  (2  -  C  )  -~ 
eZ  3.C 


r  .  3a  +  5  ,11,,,. 
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This  decay  law  has  been  compared  with  predictions  of  EDQNM  simulations.  As  shown  on  figure  25, 
the  agreement  is  pretty  good.  This  simply  deduced  model  is  better  than  any  low  REYNOLDS  number  model  com¬ 
piled  by  PATEL  et  al  /105/. 

5.8.  Comparison  with  experiments 

The  MIS  approach  has  been  checked  by  comparison  with  experiments  for  various  strained  and  sheared 
flows,  as  shown  on  figures  26  to  31.  The  continuous  line  corresponds  to  the  standard  dissipation  equation 
improved  by  adding  the  rotation  correction  presented  above.  The  dotted  line  corresponds  to  the  simple  MIS 
model  without  rotation  and  low  REYNOLDS  number  effects.  The  largely  dotted  line  corresponds  to  the  MIS 
model  with  rotation  effects  (i.e.  F  variations)  included  and  the  chain-dotted  line  to  the  MTS  model  with 
both  rotation  and  low  REYNOLDS  number  effects  Included. 

The  only  tunable  parameter  in  the  MIS  model  ts  the  exponent  s  which  has  been  set  equal  to  two 
to  be  consistent  with  the  LIN  and  WOLFSHTEIN  model. 

For  strained  flows,  the  agreement  with  the  MI3  model  is  as  good  as  with  the  standard  dissipation 
equation,  the  coefficients  of  which  have  been  tuned  for  this  kind  of  flow  (figures  26-27).  No  rotation  ef¬ 
fect  occurs  and  low  REYNOLDS  number  effects  are  weak. 


For  weakly  sheared  flows  (figures  28-29),  the  MIS  prediction  are  as  good  even  a  little  better 
as  with  the  improved  standarJ  model.  Rotation  effects  and  low  REYNOLDS  rubber  effects  improve  the  prediction 
of  CHAMPAGNE  flow. 

The  most  striking  improvement  is  obtained  for  highly  sheared  flows  (figures  30-31).  Low  REYNOLDS 
number  effects  are  small  but  the  agreement  with  the  bare  MIS  model  is  as  good  as  with  the  improved  standard 
equation.  This  brings  into  evidence  the  important  role  of  the  large  eddies  time  scale  in  the  MIS  equation  ; 
this  term  is  large  for  strained  or  weakly  sheared  turbulence  and  tends  towards  zero  for  highly  sheared  tur¬ 
bulence.  For  highly  sheared  flows,  the  MIS  equation  is  equivalent  to  the  standard  dissipation  equation  pro¬ 
vided  that  the  coefficient  C£j  tends  towards  which  is  not  the  case  in  the  standard  equation.  Moreover, 

the  rotation  effects  correction  highly  improves  the  prediction. 
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5.9.  Conclusion 


The  MI *5  approach,  based  upon  simple  physical  arguments  concerning  the  energy  spectrum  evolution 
introduces  new  time  scales  in  the  dissipation  equation.  Low  REYNOLDS  .lumber  effects  can  be  naturally  ac¬ 
counted  for  by  reasoning  on  the  spectrum  shape. 

Although  a  too  simple  linear  model  has  been  used,  the  introduction  of  the  large  eddies  time 
scale  and  of  rotation  effects  highly  improves  the  prediction  of  highly  sheared  flows. 

Moreover,  without  any  tuned  coefficient,  the  prediction  of  strained  and  weakly  sheared  flow  is 
as  good  as  with  standard,  tured,  dissipation  equation. 

6  -  CONCLUSIONS 


Two-point  closures  are  a  vary  convenient  tool  to  solve  purely  linear  pioblem  as  the  problem 
is  analytical  in  FOURIER  space.  Rapid  distortion  theory  can  thus  give  constraints  to  improve  pressure- 
strain  correlation  models. 

Two-poiat  closures  are  a  suitable  tool  to  perform  high  REYNOLDS  number  simulations.  As  no  ad¬ 
justable  coefficient  is  introduced  in  the  model,  they  can  be  viewed  as  "exact”.  The  return  to  isotropy  pro¬ 
blem  can  be  studied  over  a  wide  range  of  REYNOLDS  numbers  and  initial  conditions  with  a  two-point  closure 
in  order  to  improve  one-point  closures. 

The  study  of  the  influence  of  rotation  on  the  dissipation  equation  has  brought  into  evidence 
the  role  of  simulations  in  the  derivation  of  closures.  The  modified  EDQNM  model  can  be  obtained  as  a  sim¬ 
plification  of  the  exact,  anisotropic  model  but  was  first  validated  by  comparison  with  direct  and  large 
eddy  simulations.  The  extensive  use  of  this  model  has  led  to  a  correction  function  C*  which  cannot  be  ob¬ 
tained  by  a  priori  modelling  and  constant  tuning. 

At  last,  the  use  of  simplified  energy  spectra,  either  in  the  simple  decay  study  or  in  the  MIS 
approach,  have  shown  to  be  a  powerful  tool  to  study  the  dissipation  equation.  This  is  due  to  the  fact  that, 
with  the  one-scale  hypothesis  of  standard  one-point  closures,  the  dissipation  equation  is  equivalent  to  a 
turbulent  length  scale  equation  while,  on  the  other  hand,  the  use  of  these  simplified  spectra  gives  infor¬ 
mation  about  the  contribution  of  each  length  scale  to  the  turbulent  kinetic  energy.  The  main  advantage  of 
the  MIS  approach  is  to  introduce  new  time  scales  which  were  not  used  in  standard  models  and  improve  the 
prediction. 

The  author  would  like  to  acknowledge  Dr.  COUSTEIX  for  his  critical  review  of  the  paper. 


APPENDIX  A 

CRAYA*S  REFERENCE  FRAME 


The  description  of  second  order  moments  can  be  simplified  by  the  use  of  a  suitable  reference 
frame  linked  to  the  wave  vector  to  take  advantage  of  the  continuity  equation.  CRAYA  / 1 /  has  proposed  to 
build  such  a  reference  frame  as  follows  : 

-  The  FOURIER  space  reference  frame  consists  of  the  three  basis  wave  vectors  kj,  k2  and  ky 

-  For  a  given  wave  vector  k,  the  local  CRAYA* s  reference  frame  lc^,-  —3  *s  suc^  that  k^ 

is  parallel  to  k,  k^  is  tangent  to  the  circle  drawn  on  the  plane  containing  k^,  and  k^2  such  as  ,  k_'_2> 
k* j  be  direct.- 


In  this  reference  irame,  the  >econd  order  moment  reduces  toifrjj  «  N^,  $j2  -  S,  $21  “  s**,  $22  “  N2* 


-v  *  .. 


'a*'’**'1' 
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The  relations  between  components  in  the  initial  reference  frame  and  in  the  CRAYA's  reference 
frame  are  obtained  with  the  knowledge  of  the  maxtrlx  w : 

coo 0  cos1/’  cosG  sin<^>  -  sin  0 

(u>)  «  -  sin  cos  if  0 

8in0cos<{>  si^Osin*^  cosO 

where  the  angles  0  and  if  can  be  expressed  from  the  components  a.,  a.  and  ou  of  a  unit  vector  parallel  to 
ON  (i.e.  parallel  to  k  or  k*  j)  in  the  initial  reference  frame  : 


-  /l-a* 


The  connection  between  components  in  the  CRAYA's  reference  frame,  denoted  by  a  prime,  and  in  the 
initial  reference  frame,  are  then  : 


xi  *  xi 


xi  xi 


3  3  3  3 

3k[  “  “li  3k^  3kt  “  "a  3k|, 

*ij‘  “11%  **»  *a  '  “a  %  **m 


Consequently 


*11  ’  TT sj  +a!» 2  -  “l“2a3(S  +  s*» 


*22  *  <“1°  3  N1  +  “l  N2  +  aia2°3(S  +  S*» 

*33  *  «  -  °3>  N1 

*12  ’  (3f2  al  n,  -  V2  n2  +  aia3  S  ~  °2a3  S*> 

$23  -  -  a2°3  Nj  -  OjS* 

93i  -  -  OjOj  Nj  +a2S 


and  the  trace, 'i.e.  the  contribution  to  the  kinetic  energy,  is  the  same  in  both  reference  frames  : 

*11  +  *22  +  *13  ’  N1  +  N2 

Derivation  rules  in  CRAYA’s  reference  frame  are  detailed  in  reference  /!/. 
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Figure  1 

Sketch  of  the  wind  tunnel  test  section  used 
by  COHTE-BELLOT  and  CCRRSIN  to  produce  iso¬ 
tropic  turbulence  (from  /2 /) 


Figure  5 

Experimental  set-up  used  by  ROSE  to  study  sheared 
turbulence  (from  / 32/) 


Figure  7 


CENCE  and  MATHIEU  experiment.  q2/af 
Evolution  of  the  ratio  q2/q2  ' 

versus  X 
values  o 

two  successive  strain  axes  (q2  is 
the  trace  of  the  REYNOLDS  stress 
tensor*  q2  its  value  at  the  entrance 
of  the  distorting  duct*  the  dis¬ 
tance*  L  the  length  of  the  duct*  D 
the  strain  and  t  the  residence  time 
in  the  duct) 


./L  or  Dt  for  different 
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7s)  Rapid  distortion  theory  predic¬ 
tions  (from  / 54/) 


GENCE  and  MATHIEU  experimental  set-up.  The 
second  straining  can  be  rotated  to  impose 
different  strain  axes  (from  /26/) 
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Figure  6 

Experimental  set-up  used  oy  CHAMPAGNE  et 
al  to  study  sheared  turbulence  (from  / 33/) 
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Return  to  isotropy  trajectories 
(from  /17/) 
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Figure  16a 

Comparison  between  direct  simulations 
and  EDQNM  computations  for  initially 
isotropic  turbulence  submitted  to 
solid  body  rotation 
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Figure  16b 

Comparison  between  large  eddy  simulations 
and  EDQNM  computations  for  initially  iso¬ 
tropic  turbulence  submitted  to  solid  body 
rotation 


ft  -  20  rad/s 


10  K  cm 


3-43 


f  -CC2(S> 


Correction  to  the  dissipation 
equation  for  turbulence  submitted 
to  solid  bod/  rotation 


I  ®  Bardina,  direct  simulations  C*  =  0.15(o* 


HL  Hanjalic  &  Launder 
(Inhomogeneous  flows) 


C  =  0.27  o* 
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Comparison  of  predictions  with  various  rotation  correction 
for  the  W1GELAND  and  NAG1B  experiment  (Screen  5  -  Uw  ■  6  m/s 
ft  ■  80  rad/s) 

x  experiment 
o  no  rotation  effect 
A  AUPOIX  et  al  model 
B  BARDINA  et  al  model 
HL  HANJALIC  and  LAUNDER  model 
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Comparison  of  predictions  with  various  rotation  correction 
for  the  WIGELAND  and  NAG1B  experiment  (Screen  PG2  -  ■  6  m/s 

ft  -  80  rad/s) 

x  experiment 
o  no  rotation  effect 
A  AUPOIX  et  al  model 
B  BARDINA  et  al  model 
HL  HANJALIC  and  LAUNDER  model 
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Fist  rc  20 

Influence  of  the  rotation  terras  In  the  dissipation 
equation  for  sheared  flow  predictions  -  Weak  shear 
CHAMPAGNE  et  al  experiment 

o  experiment 
0  no  rotation  effect 
A  AUPOIX  et  al  model 
B  BARDINA  et  al  model 


Figure  21 

Influence  of  the  rotation  terms  in  the  dissipation 
equation  for  sheared  flow  predictions  -  Strong  shear - 
HARRIS  et  al  experiment 

o  experiment 
0  no  rotation  effect 
A  AUPOIX  et  al  model 
B  BARDINA  et  al  model 


7  r  10'3 1/2  q 


6 


Figure  22 

Influence  of  the  rotation  terms  in  the  dissipation 
equation  for  sheared  flow  predictions  -  Strong  shear 
TAVOULARIS  et  al  experiment 

o  experiment 
0  no  rotation  effect 
A  AUPOIX  et  al  model 
B  BARDINA  et  al  model 
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Figure  23  -  Comparison  of  very  large  eddies  evolution  time  scale  given  by  the  rapid  distortion 

theory  for  various  values  oi  the  exponent  s  (s  -  1,  2,  3»,  4)  with  the  LIN  and  WOLFSHTEIN 
model  (LW)  for  strained  turbulence*  versus  total  strain 


Figure  24 

Comparison  of  very  large  eddies 
evolution  time  scale  given  by 
the  rapid  distortion  theory  for 
various  value*-  of  the  exponent 
s  (s  -  1,  2,  3,  4)  with  the  LIN 
and  WOLFSHTEIN  model  (LW)  ior 
sheared  turbulence  versus  total 
shear 
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Decay  of  isotropic  turbulence 
at  low  REYNOLDS  number  -  Com¬ 
parison  between  EDQNM  simulations 
and  the  proposed  model 
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Comparison  of  predictions  obtained  with  the 
standard  dissipation  equation  including  rotation 
effects  and  with  HIS  models  including  various 
effects  -  Strained  flow  :  TOWNSEND  experiment 


Comparison  of  predictions  obtained  with  the 
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MATHIEU  experiment 
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Comparison  of  predictions  obtained  with  the  standard  dissipa¬ 
tion  equation  including  rotation  effects  and  with  MIS  models 
including  various  effects  -  Weakly  sheared  flow  :  ROSE  experiment 
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One  of  the  routes  leading  to  deterministic  chaos  is  the  route  through  the 
quasiperiodicity;  the  simplest  one  involves  the  presence  of  two  oscillators,  whose  the 
dynamics  may  become  chaotic  by  the  increase  of  the-  amount  of  the  non-linearities  between 
them.  Though  tnis  dynamics  is  generally  related  to  non-linear  dynamical  systems,  it  may 
be  found  in  hydrodynamical  flows,  as  soon  as  the  increase  of  a  control  parameter 

(Reynolds  number,,  Rayleigh  number,  etc _ )  initiates  the  appearance  of  periodic 

behaviours.  So,  in  the  following,  the  physical  examples  will  be  taken  from 
Rayleigh-B6nard  experiments,  which  provide  good  illustrations  or  quasiperiodic 
behaviours  in  dissipative  systems. 


QUASI PERIODICITY  IN  RAYLEIGH -BEN ARP  CONVECTION 


Oscillators  and  3patial  structures 


In  a  fluid  submitted  to  the  Rayleigh-Benard  instability  [  1 J ,,  the  increase  of  the 
Rayleigh  number  Ra  (i.e.  of  the  temperature  difference  between  the  top  and  the  bottom 
plates  confining  the  fluid  -  see  the  lecture  of  P.  Bergfe)  favours  the  appearance  of  new 
instabilities  which  may  bo  time  dependent.  It  is  the  case  of  the  oscillatory  instability 
[2]  when  we  are  working  with  low  Prandtl  number  fluids  (Pr  =  v/Dt  with  i  ,  the  cinematic 
viscosity  and  Dt  the  thermal  Uiffusivity) .  When  convection  is  achieved  with  high  Pr 
fluid*,  these  instabilities  take  place  in  the  thermal  boundary  layers,  by  first  the 
formation  and  then  the  advection  of  thermal  heterogeneities  13]{4).  These  phenomena  may 
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oe  time-periodic ,,  if  the  rolls  arrangement  is  fixed,,  i.e.  there  is  no  spatial  phase 
turbulence.  So  it  is  necessary  to  work  with  confined  geometries,  for  which  the 
horizontal  extents  of  the  cell  confining  the  fluid  are  of  the  same  order  of  magnitude  as 
the  depth  d  (typically  m  rectangular  cells,  ^  2d  and  ^  1  to  1.5d)  (figure  I). 

Nevertheless,  when  Ra  is  varied,  many  different  structures  are  available,,  though  each 
one  can  be  stable  in  a  relatively  great  range  of  Ra  numbers.  The  point  is  that, 

unfortunately,  the  choice  of  the  spatial  arrangement  is  not  made  by  the  experimentalist, 
but  by  the  convection  itself,,  among  the  different  stable  solutions  which  have  the  same 
probability  to  be  formed. 

Nevertheles : ,,  for  a  fixed  and  given  structure,  the  evolution  of  the  dynamical 
behaviour  with  Ra  is  well  determined  and  reproducible.  This  may  be  understood  by  the 
fact  that  specific  thermal  oscillators  and  the  evolution  of  the  coupling  oetween  ♦■hem, 
are  related,  tn  an  unique  way,,  to  the  spatial  arrangement  of  the  convective  motion. 

Sxpe r  1  men tal  phas e-spa ce  t r ajectones 

The  convective  state  is  generally  pointed  out  by  the  measurement  of  a  local  variable. 
The  velocity  measurements  are  not  really  adequate  to  evidence  low  chaotic  regimes,,  foi 
they  induce  intrinsically  a  small  amount  of  noise  m  the  signal.  So,,  temperature 

measurements  are  preferred.  A  local  probe  may  be  put  at  the  top  or  the  bottom  plate  (to 

minimize  the  perturbations  m  the  fluid  motion)  as  it  has  been  done  m  helium  (5J  or 
mercury  convection  experiments.  But  we  can  take  advantage  of  the  presence  of  temperature 
gradients  m  the  fluid  to  use  optical  device.  This  is  particularly  easy  to  perform  with 
high  Pr  fluid  convection,,  near  room  temperature.  The  local  temperature  gradients  in  the 
fluid  deviate  the  rays  of  a  parallel  light  beam  crossing  the  cell,,  giving  then  a 
vertical  or  horizontal  image,,  related  to  these  gradients.  Generally,,  with  small  cells,  a 
vertical  image  is  formed  in  a  plane  X.Z,,  with  integration  along  the  Y  direction 
(parallel  to  the  smaller  side  of  the  cell).  The  image  may  be  direct  "shadowgraphy"  f#  or 
treated  by  the  knife-edge  technique  (Foucault  or  Schlieren  image) . 

As  the  oscillators  are  localised  m  the  boundary  layers,,  (with  hith  Pr  fluids),  the 
study  of  these  images  is  very  powerfull  because  we  can  follow  the  appearance  and  the 
evolution  of  the  oscillators  in  all  the  fluid;,  and  by  putting  a  photodiode  m  any  place 
of  the  image,,  we  get  informations  about  their  time  dependence,,  by  the  measurement  of  the 
variations  of  the  local  light  intensity. 

When  two  oscillators  are  present,  two  photodiodes  can  be  set  judiciously  to  have 
mainly  the  behaviour  of  the  one  and  the  other  oscillator.  An  example  is  shown  in  figure 
2:  the  signal  of  one  photodiode,,  (t)  ,,  is  mainly  sensitive  to  the  lower  frequency 

oscillator,  meanwhile  the  other  one,,  I?(t),,  reflects  more  the  behaviour  of  the  higher 

frequency  oscillator.  This  combined  measurement  is  of  great  interest  m  the 
reconstruction  of  the  trajectories  m  the  phase  space;  if  this  reconstructed  space  is 
three  dimensional,,  the  three  variables  may  be  I4  (t)  ,,  I„  (t)  and  the  time  derivative  of 

one  of  them,,  3^  (t)  for  example.  Then  Pomcar6  sections  will  be  drawn  by  taking  the 

points  (t)  =  f(Ij  (t) )  when  Ia \t)  reaches  a  defined  value  I*  (t)  (8J. 

In  the  figure,,  two  examples  are  given;  one  corresponds  to  a  normal  bipenodic  regime,, 
for  which  we  obtain  the  section  of  a  torus.  The  other  one  is  a  strange  attractor,  drawn 
m  the  same  manner  as  the  first  one,,  and  obtained  from  the  preceding  bipenodic  regime 
by  changing  the  Rayleigh  number. 

Forced  convection 

In  experiments  on  free  convection,  the  only  parameter  we  can  vary  is  the  Rayleigh 
number,  which  acts  together  on  the  amount  of  the  non-linearities  and  on  the  frequencies 
of  the  actual  oscillators.  More,,  these  frequencies  are  imposed  by  the  convection,,  then 
their  ratio.  But,,  as  we  will  see  further,,  the  two  parameters  which  are  involved  in  th 
dynamical  behaviours  undergone  by  a  system  consisting  of  two  oscillators,  arc  the 
frequency  ratio  and  the  coupling  or  the  amount  of  the  non-linearities .  So  to  understand 
experimental  dynamics,  it  is  very  important  to  control  independently  the  two  parameters. 
Different  experimental  devices  have  been  set  up  where  a  natural  convective  oscillator  is 
forced  by  an  external  periodic  oscillation.  In  the  case  of  mercury  convection,,  a 
vertical  alternative  sheet  of  current  associated  with  a  small  dc  magnetic  field  has  been 
applied  (6J.  With  higher  Pr  fluids,,  a  local  periodic  heating  m  the  lateral  boundary 


Figure  1:  Scheme  o £  a  small  box  (confined  geometry),  as  used  for  Rayleigh-B6nard 
convection  experiments  to  the  study  of  the  routes  leading  to  chaos.  In  this  picture,  the 
convective  structure  is  organized  with  2X-rolls  and  lY-roll. 
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Figure  2:  a)  Time  dependences  I  (t)  and  I2  (t)  of  the  light,  intensity,,  measured 
simultaneously  in  two  places  of  the  Foucault  image  m  the  case  of  a  normal  biperiodic 
regime  ( f 2  / f  >  c:  7.2,  Ra/Rac  c:  324'.  The  Poincari  section,  obtained  with  these  two 
signals  is  shown  in  b);  the  dots  have  oeen  marked  each  time  I2 (t)  =  1*,  with  ?  given 

sign  for  Il(t);  c)  Poincart  section,,  drawn  in  the  same  manner  as  for  b) ,  but  with  a 
chaotic  regime  obtained  from  the  preceding  one  by  a  variation  of  the  Rayleigh  number 
(f  II  ■*  6.63;  Ra/Rac  =  318). 
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(7),  or  in  the  bottom  plate  can  provide  a  good  oscillator,  coupled  to  the  natural  one. 
The  electrical  power  is  driven  in  amplitude,  A§j)  and  frequency  f  by  a  synthetizor, 
allowing,  in  principle,  to  explore  the  whole  plane  of  the  parameters  (A  ,f  ). 

In  this  manner,  fundamental  results  have  been  obtained.  A  part  of  them  will  be 
discussed  further.  Here  we  want  just  to  demonstrate  the  appearance  of  chaos  under  the 
influence  of  an  external  oscillator:  the  experiment  is  conducted  with  Si-Oil  (Pr  2  38) 
confined  in  a  small  box,  as  usual.  At  Ra/Rac  =  310,  a  natural  monoperiodic  regime  is 
present,,  with  an  oscillator  (hot  droplet)  whose  frequency  fo  is  29.5  10"2  Hz.  This 
oscillator  is  forced  by  a  local  periodic  electrical  heating  -  in  a  thin  conductor  in  the 
bottom  plate  -  just  underneath  the  place  where  the  droplet  is  growing.  Depending  on  the 
values  of  A  and  f  .  different  regimes  may  be  observed,  including  chaotic  regimes  as 
shown  in  figure  3:  the  dynamical  regime,  periodic  at  first,  becomes  progressively 
chaotic  when  the  amplitude  A#^t  of  the  external  oscillator  is  increased,  whereas  the 
frequency  ratio  p  =  f  /f  is  kept  constant  (p  =  0.97).  The  Poincard  section  of  the 
attractor  corresponding  to  the  strongest  forcing  displays  the  typical  features  of 
strange  attractors  despite  the  complexity  of  the  distribution  of  the  points  (figure  4). 

So  we  have  seen  that  chaotic  behaviours,  issued  from  biperiodic  regimes  may  be 
observed  experimentally.  But  to  understand  why  these  regimes  are  chaotic  and  what  are 
the  evolutions  leading  to  them,  wi  have  to  look  first  at  theoretical  models.  They  will 
show  to  us  how  two  coupled  oscillators  can  exhibit  a  great  (somewhat  fascinating) 
richness  of  dynamical  behaviours. 


II  -  QUASI PERIODIC  MODELS 
The  forced  pendulum 

The  simplest  quasiperiodic  system  may  be  schematized  by  the  forced  pendulum.  The 
pendulum,  sustained  or  not,,  is  one  of  the  oscillator:  it  is  influenced  by  the  second 
one,  given  by  an  external  periodic  force  which  remains  stable.  The  dynamics  is  then 
described  by  the  following  equation: 

d2  8  d8 

m  -  +  a  —  +  mg  sin  8  =  A  cos  <ot  (1) 

dt2  dt 

8  being  the  variable  of  the  system  (the  angle  with  the  vertical  direction  in  this  case); 
g  is  the  gravitational  field,  m  the  mass  and  a  is  an  expression  which  depends  on  the 
fact  that  the  pendulum  is  sustained  or  not.  A  cos(wt)  gives  the  external  periodic 
forcing  at  the  frequency  w,  which  together  with  the  amplitude  A,,  is  a  parameter  of  this 
dynamics . 

Different  expressions  may  be  derived  from  the  relation  (1) .  We  want  here  just  to 
mention  two  of  them  which  have  been  particularly  studied: 

1)  The  Van  der  Pol  equation: 


d2  8  .  d8 

-  -  e  (1-82  )  —  +  0  =  B  cos  u.t 


dt2 


dt 


(2) 


which  describes  a  sustained  forced  pendulum.  When  B  =  0,,  the  asymptotic  behaviour  of  the 
pendulum  is  periodic  (after  the  transients). 


2)  The  Duffing  equation 


d2  8  d8 

-  +  a  —  +  B2  =  B  cos  wt  +  B 


dt2 


dt 


(3) 


where  a  is  a  damping  coefficient.  The  asymptotic  behaviour  is  the  rest  (a  fixed  point  in 
the  phase  space) ,  when  B  =  Bo  =0. 

All  these  relations  can  be  replaced  by  a  set  of  three  ordinary  differential 
equations,  which  are  for  the  case  of  the  equation  (1): 


v 
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Figure  3:  Fourier  spectra  of  a  convective  signal  for  different  values  of  the  forcing  cad 
of  the  modulation  amplitude  A  of  the  external  oscillator,  f  .  /f  =  0.97  with 

e  '  *  X  l  0 

t  =  29.5  10‘3Hz,,  Ra/kac  =  310. 

0 


Figure  4:  PomcarG  section  of  the  3d  attractor  corresponding  to  the  forcing 
A  k  6 . 10"  *W,  (Ra/Rac  =  310,,  f  . /f  =  0.97). 
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—  =  -ax  -  b  sin  y  +  A  cos  z 
dt 

dy 

—  *  x 
dt 

dz 


with  x  =  d9/dt  and  y  =  8. 

This  set  expresses  the  fact  that  three  variables  are  necessary  to  describe  the 
dynamics  of  the  forced  pendulum  in  the  phase  space.  (Note  that  this  corresponds  to  the 
minimum  condition  -  3d  phase  space  -  to  get  chaotic  trajectories  due  to  S.C.I. 
properties) . 

As  the  trajectories  are  not  easy  to  be  visualised,  in  particular  when  they  will  be 
chaotic,  it  is  more  convenient  to  draw  Poincarfe  sections,  or  stroboscopic  sections  at 
the  frequency  of  the  forcing.  So  x  and  y  values  are  taken,  each  time  the  phase  of  the 
forcing  has  rotated  2it,  and  the  set  of  equations  (4)  becomes  an  iterated  transformation 
in  the  plane  of  the  x.y  variables 

=  £<*. 

y. =  0(X.  ,y  )  (5) 


*...  =  £,CVr.> 

r„.,  -  «■<*. -r.)  <5') 

in  polar  coordinates,  where  9  gives,  in  a  certain  sense,  the  phase  of  the  forced 
oscillator  relative  to  that  of  the  forcing  oscillator. 

The  Arnold  model 


Different  models  are  expressed  with  the  form  (5’).  The  simplest  and  the  most 
extensively  studied  up  to  day  is  the  Arnold  model  [9]  [10)  [11),,  which  takes  only  into 
account  the  variation  of  the  rela  :ive  phase  9,  with  the  relation  9  =  f'(9  )  such  as 

B  *  1  n 

K 

9  =9  +  ft  -  —  sm  (2tt9  )  mod  1  (6) 

■*>  .  2lt  ° 

(Note  that  here  the  phase  is  normalized  to  1) . 

The  parameter  K  gives  the  amount  of  the  non-linearities.  When  K  =  0,  f  t  ~  92+ft,  and 
fl  plays  the  role  of  a  frequency  ratio,  since  it  could  be  the  variation  of  the  phase  of 


What  we  learn  by  studying  this  model  in  the  plane  of  the  two  parameters  [K,fl)?  A 
first  picture  of  the  evolution  of  the  different  dynamical  regimes  with  K  and  ft  is  shown 
in  figure  5.  When  K  =  0,  all  the  regimes  for  0  <  ft  <  1  are  quasiperiodic  i.e.  9>  takes 
all  the  values  between  0  and  1,  except  for  the  exact  rational  values  of  ft.  But  as  soon 
as  K  is  increased,  the  effective  frequency  ratio  is  no  longer  equal  to  ft,  but  becomes 
the  rotation  number,  defined  as 


P  =  lira  I  ff  •*  (9)-90  Vnl 
n — kd 


The  non-linearities  favour  in  particular  phase-lockings,  i.e.  for  a  given  interval  of  ft 
values,  9,  takes  only  a  definite  number  of  values.  This  means  that  p  has  become  a 
rational  (p  =  p/q  with  p  and  q  integer)  near  the  initial  ft  value.  When  K  is  increased, 
the  phase-locked  tongues  broaden  (the  smaller  the  q  is,  the  broader  they  are)  and  there 
is  appearance  of  the  tongues  with  higher  p  and  q  values.  The  tongues  are  generated  by 
Farey  sums  i.e.  between  two  tongues  with  =  P, /q,  and  p2  =  p2/q2,  there  is  the  tongue 
Pt  =  (p, +P2 )/(q( +q2 )  and  so  on,  from  the  widest  tongue  to  the  thinnest  one. 

On  a  line  K  =  cte,  we  find  successively,  by  ft  variation,  plateaus  of  locking  states 
separated  by  biperiodic  states;  for  K  =  if,  the  probability  of  observing  rational  and 


irrational  rotation  numbers  are  almost  equal,  but  at  K  =  1,  the  probability  of  finding  a 
rational  rotation  number  is  close  to  1,  as  shown  in  figure  6.  We  have  a  complete  devil 
staircase.  This  object  is  fractal  and  its  dimension,  calculated  on  numerical  models  is 
D  e:  0.87,  number  which  seems  to  be  universal.  It  represents  a  local  property  of  the  map 
and  is  defined  m  any  point  of  the  line  K  =  1;  then  it  expresses  the  self-similarity  of 
the  locking  states  on  this  line. 

By  a  further  increase  of  K  (K  £  1),  an  overlap  of  the  tongues  takes  place  leading  to 
a  competition  between  differert  dynamical  regimes,  competition  which  can  lead  to  chaos. 
Indeed,  the  line  K  =  1  is  called  the  critical  line,  as  this  line  corresponds  also  to  the 
loss  of  inversibility  in  the  maps  9n  =  fn(9  )  (this  means  that  the  relation  <pfl  st  9n 
is  not  unique) . 

The  critical  line  has  also  been  calculated  for  2d  mappings,  [10 J  m  particular  for 
the  standard  mapping 


K 

<P  =9  +  ft - sin  (2it  9  )  +  b  r 

“**  2«  0 

K 

r  =  r - sin  (2it  ) 

" * 1  0  2n  “ 

It  is  no  longer  the  line  K  =  1,  but  a  smooth  curve  resembling  a  parabola,  with 
discontinuities  near  the  major  phase-locked  tongues.  Along  this  curve,  the  fractal 
dimension  corresponding  to  the  locked  portions  is  the  same  universal  number  Dq  — *  0.87 
as  found  for  the  circle  maps,  like  the  Arnold  mapping. 

Experimental  results  on  the  properties  of  the  critical  line 

Details  of  an  experimental  study  can  be  found  in  [6J.  We  want  just  to  note  here  that 
this  study  has  been  conducted  on  forced  convection  with  mercury,  in  a  small  box.  The 
Rayleigh  number  is  increased  until  a  monopenodic  regime  is  reached  (Ra/Rac  or  4).  Then, 
this  one  is  forced  periodically  as  indicated  section  I.  The  properties  of  the  local 
plateaus  of  phase  lockings  have  been  studied  around  two  rotation  numbers:  the  golden 

mean  H.  =  (J*5-l)/2  and  the  silver  mean  ft.  =  J5-1  which  have  only  "ones"  <1,1,1,...  >  and 
twos  (2,2,2,...)  respectively  in  their  continued  fraction  representation. 

The  local  fractal  dimension  Do  has  been  calculated  by  using  the  relation 

<si  /s)°°  +  (s2/s)D°  ^  1 

where  S  is  the  length  of  the  frequency  ratio  interval  between  two  phase  locked  tongues 
Pt /<Jj  and  p2  /q2  ;  and  S2  are  the  distances  of  the  intermediate  tongue,  generated  by 

the  Farey  sum  <Pt +P2 )/(qt +q2 )  respectively  to  its  two  "parent"  tongues  /q^  and  p2 /q2 . 

The  results  are  in  good  agreement  with  numerical  studies 

Do(f>  =  ftc  )  =  0.86+0.03  ;  D&(p  -  ft,.  )  =  0.85+0.03 

III  _r._DYNAMICAL  PROPERTIES  NEAR_THE_CRITICAL  .LINE 

The  study  of  the  global  properties,  in  the  plane  of  the  parameters  [K,ftJ  (Arnold 
model)  has  pointed  out  the  fundamental  aspect  of  the  phase  locking  phenomenon  which 
dominates  all  the  dynamical  behaviours,  when  the  non-linean ties  are  sufficiently  high. 
We  will  discuss  now  some  points,  with  more  details,  leading  to  the  understanding  of  the 
mechanisms  involved  near  the  critical  line  and  leading  to  chaos. 

Phase  intermi ttencies 

They  correspond  to  a  specific  behaviour,  which  is  generic  of  the  approach  of 
phase-locking.  It  can  be  understood  first  by  studying  iterated  models,  as  these 
described  previously,  but  also  with  the  2d  Curry-Yorke  model  [12]  [13].  In  a  major 
phase-locked  tongue,,  with  p  =  1/q,  the  phase  <Pn  takes  repeatedly  the  same  values 
,92  , . . .  ,<Pq  , . .  •  etc.  versus  n.  But  very  near  the  tongue  (in  B  in  the  figure  7a), 

the  phase  shows  a  very  interesting  behaviour:  for  a  certain  number  of  iterations  (which 


corresponds  to  a  time  duration  in  experiments),  the  sequence  o£  90  values  is  very 
similar  to  this  observed  in  the  tongue,  but  from  "time"  to  "time",,  the  pliteaus  of  quasi 
phase-locking  are  interrupted  by  fast  rotations  of  the  phase,  to  recover  the  actual 
rocation  number  p  *  1/q.  When  the  system  is  below  the  critical  line,  the  fast  rotations 
of  the  phase  are  periodic  (figure  7);  this  leads  to  specific  properties: 

-  In  the  Fourier  spectrum  of  <f>(n)  (which  may  be  seen  as  9(t)),,  there  is  appearance  of 
a  low  frequency  Sf,  which  is  the  frequency  of  the  fast  phase  rotations;  this  one  is 
given  by  the  distance  of  the  actual  rotation  number  to  the  locking  state;  many  of  its 
harmonics  are  also  present. 

-  In  the  Poincard  section,  the  density  of  the  points  is  non  uniform,  with  a  higher 
density  in  the  regions  corresponding  to  the  quasi  phase-locking. 

-  The  return  maps  <p  =  <f>a  looks  like  those  obtained  from  amplitude  mtermittencies . 

When  the  non-linearities  are  increased,  beyond  the  critical  line,  the  behaviour 
remains  very  similar  but  the  intervals  between  the  fast  rotations  of  the  phase  has 
become  chaotic,  leading  to  a  broadening  of  the  peaks  in  the  Fourier  soectrum,,  to  a 
Poincarfe  section  with  wrinkles  and  a  ncn-invertible  return  map. 

Note  that  these  phase  intermittencies  may  be  seen  as  dynamical  phasons. 

The  experimental  results 


As  said  before,  the  results  concern  Rayleigh-B6nard  convection  in  a  small  cell, 
(L^  ■  2d,  L  =  1.2d)  filled  with  Si-Oil  (Pr  =  28)  for  the  example  described  in  the 
following.  In  a  certain  domain  of  Rayleigh  numbers,  and  for  a  given  spatial  arrangement, 
two  oscillators  are  present  in  •■he  convecting  fluid,  with  a  rotation  number  p  =  f ,  /f^ 

around  1/7  (14J.  The  phase-locking  p  =  1/7  (ft  c:  9.5  10' 2,1  ,  f2  c:  66  10'2,t)  is  observed 
for  the  interval  320  <  Ra/Rac  <  322.  At  the  exit  of  the  locking  state,  by  varying  the 
Rayleigh  number,  (Ra/Rac  o:  319.5),  there  is  evolution  of  the  dynamical  behaviour,  so 
that  the  Fourier  spectrum  of  a  convective  signal  becomes  typical  of  phase 
intermittencies  (see  figure  8);  indeed  we  can  notice  the  presence  of  the  peak  at  the  low 
frequency  5f  =  7fj-fj  and  of  its  harmonics. 

From  the  Poincard  section  (figure  9)  ,  drawn  as  described  in  section  I,,  we  can  get  the 
variation  of  the  relative  phase  >P  with  time.  As  expected,  f  does  not  vary  linearly  with 
time,  as  it  would  be  the  case  in  a  normal  quasiperiodic  regime,  but  with  tendency  to 
phase-locking,  interrupted  by  fast  rotations  of  the  phase.  The  longer  are  these  periods, 
the  nearer  1/7  is  the  rotation  number. 

From  the  successive  <p  values,  we  can  draw  the  return  map  <p  =  f(<p  ).  Clearly,  this 
map  indicates  the  intermittent  nature  of  the  dynamics  by  the  presence  of  points  on  (or 
very  near)  the  bissectnx.  More,  in  the  case  shown  figure  9c,  we  can  affirm  that  the 
regime  is  very  near  the  experimental  critical  line  for  near  the  point  P,  an  inflexion 
point  seems  to  be  present.  So  the  corresponding  dynamical  behaviour  may  be  chaotic, 
though  very  weakly.  This  weak»y  chaotic  behaviour,  given  by  phase  intermittencies  before 
falling  in  a  phase-lockiug  is  a  general  feature  observed  in  Rayleigh-Bfenard  convection, 
since  by  varying  the  Rayleigh  number,  not  only  the  amount  of  the  non-linearities  are 
varied,  but  also  the  frequency  ratio:  so  this  observed  evolution  is  in  agreement  with 
the  behaviour  given  by  the  models.,  if  we  consider  the  related  variation  la  the 
two  parameters. 

Direct  route  from  quasiperiodicity  to  chaos 
The  models 


We  have  seen,  that  on  "the  critical  line",  we  go  from  one  phase-locked  tongue  to 
another  one  when  the  frequency  ratio  is  varied.  Nevertheless,  it  remains  some  "points" 
(of  zero  measure)  which  correspond  to  quasiperiodic  orbits  i.e..  those  for  which  the 
rotation  number  has  remained  irrational  when  increasing  the  non-linearities.  The  most 
famous  irrational  number  is  the  golden  mean,  =  (Js-l)/2  whose  representation  as  a 
continuous  fraction  contains  only  ones 


£i3y_SL_8.i  Fourier  spectrum  o£  the  convection  signal  I  (t)  (Ra/Rac  ~  319.5; 
*,  •  f,  =  6-91).  The  {-scale  does  not  permit  to  see  f  .  ‘ 


Figure  9:  a)  Poincarfe  section  corresponding  to  the  regime  =  6.91;  b)  Evolution  of 
the  phase  9  versus  time.  The  phase  has  been  measured  in  the  Poincar6  section  as 
indicated,  every  seventh  point  has  been  drawn.  (Same  evolution  in  the  frame  for 
f. /f,  =  6.99);  c)  Experimental  return  map  9  =  £(<i  ). 
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and  has,  therefore,  the  slowest  possible  convergence  in  a  rational  approximation  — 

(successively,,  p {/qi  *  1/2,,  2/3,  3/5,  b/8,,  8/13,,  the  numbers  1,,  1,,  2,,  3,,  5,,  8,  13,,... 
being  the  Fibonacci  sequence) . 

Theoretical  and  numerical  studies  [15]  have  shown  that  if  the  irrational  number  is 
preserved  when  increasing  the  non-lineari ties ,,  the  succ€ssive  combinations  p  f  -q, 
appear  m  the  Fourier  spectrum.  The  higher  are  the  q4  and  p4  values,  the  nearer  we 
approach  the  critical  line.  In  the  particular  case  of  p  *  fl6  ,,  we  have  to  observe  then  a 
very  large  increase  of  the  number  of  peaks  with  frequency  lower  than  fp  (see  figure  10) . 
These  peaks  may  be  regarded  as  due  to  the  generalisation  of  the  mechanism  giving  the 
peak  8f,,  (related  to  phase  mtermittencies)  near  strong  phase-locked  tongue  as  discussed 
before.  With  this  picture,,  all  the  peaks  8fj  =  pj  f^  ^  -qj  f  ,,  corresponding  to  the 
distances  of  the  actual  rotation  number  to  its  successive  fraction  representation  covld 
be  explained  by  the  superposition  of  different  phase  mtermittencies,,  relative  to  tie 
different  neighbouring  phase-locked  tongues. 

At  the  critical  line,  as  we  know,  there  is  overlap  of  the  tongues  but  this  overlap  is 
not  simultaneous  for  all  the  tongues.  At  first,  the  nearest  and  (thinnest)  ones  overlap, 
and  the  peaks,,  given  by  the  highest  order  combinations  m  the  spectrum  broaden,  followed 
then  by  the  others,  peak  by  peak. 

Experiments 

This  evolution  to  chaos  has  been  well  studied  by  A.  Fein,,  M.  Heutmaker  and  J.P. 
Gollub  [7]  and  by  J.  Stavens,,  F.  Heslot,  A.  Libchaber  [6]  on  experiments  with  forced 
Rayleigh-B6nard  convection.  In  the  first  case,  a  convective  water  layer  m  a  small  cell 
was  brought  to  a  monopenodic  regime  by  increasing  tha  Fayleigh  number  (f^  ~  0.186  Hz). 
Then  a  periodic  forcinq  was  imposed  by  modulating  heat  sources  in  the  short  sidewalls, 
at  constant  Ra  (Ra/R  *c  c;  57). 

The  experimental  conditions  of  the  second  reference  have  been  reported  above,  in 
section  II.  In  the  two  cases,,  the  rotation  number  was  kept  equal  to  f.c  (up  to  0.03%),  by 
adjusting  f#jjt  (p  =  fe^t/fQ<l)  at  each  value  of  the  amplitude  of  the  external  forcing. 
The  observations  are  very  similar  to  the  results  obtained  theoretically  and  numerically;, 
in  particular  all  the  peaks  P,  f0_<3,  fext  have  been  measured,  until  55fo-89fext  and 
combinations  of  them.  The  self  similarity  of  the  spectrum  has  been  pointed  out  at  the 
onset  of  chaos,  for  the  golden  mean  and  the  silver  mean  [6];,  indeed  this  self  similarity 
is  due  to  the  particular  periodic  representation  as  a  continued  fraction  of  these  two 
numbers . 

This  direct  route  to  chaos  from  qu^sipenodicity  is  not  reserved  to  the  "noble"' 
irrational  numbers  as  ft,  and  but  it  is  expected  for  any  irrational  number.  The 

probability  of  finding  this  kind  of  number  is  very  low  in  a  natural  convective 
experiment;  nevertheless  one  of  them  with  high  Pr  fluid,  has  provided  a  dynamical 
behaviour  related  to  this  route. 

The  conditions  of  the  experiments  [16]  are  the  same  as  these  which  have  been  reported 
for  the  observation  of  phase  mtermittencies ,  but  for  a  slightly  different  value  of  the 
Rayleigh  number  (Ra/Rac  ^  317).  For  this  situation,  the  rotation  number  is  p  =  f, /f2 
and  f^  =  natural  frequencies  of  the  convection)  with  p  =  1/6.59.  The  different  rationals 

P4  /qt  which  approximate  this  number  are  1/6,  1/7,  2/13,,  5/33,, _  .  All  the  peaks 

qt  f t  -Pj  f2  are  present  in  the  Fourier  spectrum  of  the  convect  -»e  signal  (figure  11). 
Nevertheless,,  we  have  to  remark  that  the  lowest  frequency  whj.ch  would  correspond  to 
A^  =  33f t -5f 2  is  broadened.  This  is  n  agreement  with  the  fact  that  the  studied  regime 
is  slightly  chaotic  and  probably  just  beyond  the  critical  line. 

Two  oscillators  evolution  in  a  free  Rayleiqh-B6nard  experiment 

As  we  have  already  said,  in  a  free  Rayl ei gh-B§nard  experiment,  only  the  Rayleigh 
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Figure  .11:  Fourier  spectrum  of  the  signal  I(t)  for  Ra/Rac  =  317  and  f^/fj  *  C.59.  The 
peak  A  is  poorly  distinguishable  because  of  its  low  level;,  its  existence  is  setter 
evidenced  through  higher  frequency  combinations  like  A2  -A3  ,  f t -A3 ,  £  ,  +*3  ,  etc...  . 
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Figure  12:  Calculated  fractal  dimension  v  versus  the  embedding  time  =  (D-l)P6t  for 
the  most' chaotic  attractor  ^,/f,  *  6.62),,  shown  in  the  right  part  of  the  figure. 
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number  can  be  varied  and  its  variation  acts  on  both  the  coupling  intensity  and  the 
frequency  ratio  of  the  oscillators.  Nevertheless  some  interesting  results  have  been 
obtained  recently  on  the  behaviour  of  two  natural  oscillators  near  the  critical  line.  In 
this  case  indeed,  the  oscillators  are  both  free  to  react  on  their  mutual  influence  and 
the  relevant  phase  space  is  four  dimensional.  {Note  once  more  that  -11  the  study 
corresponds  to  a  well  defined  and  stable  spatial  configuration  of  the  convective  rolls) . 

The  exact  evolution  of  the  observed  dynamical  regimes  ? s  as  follows: 

-  At  Ra/Rac  =  317 ,,  the  regime  is  the  one,,  di  scribed  just  above  i.e.  a  lor  chaotic 
behaviour  obtained  directly  from  biperiodicity  (p  =  1/6.59). 

-  317  <  Ra/Rac  <  319.5,  different  chaotic  regimes  take  place  (1/6.59  <  p  <  1/6.9). 

-  At  Ra/Rac  o:  319.5  the  regime  is  unambiguously  related  to  phase  intermittencies .  It 
has  been  discussed  at  the  beginning  of  the  section  III. 

-  Then  a  locking  state  is  observed  for  320  <  Ra/Rac  <  322,  with  p  -  1/7;  it  is 
followed  by  a  normal  biperiodic  regime  when  increasing  further  the  Rayleigh  number. 

We  are  interested  here  in  thi  understanding  of  the  different  chaotic  regimes  which 
hes  been  observed  in  the  range  317  <  Ra/Rac  \  320,,  knowing  that  the  observations  at  the 
extremities  of  the  range  correspond  to  dynamical  regimes  very  near  the  onset  of  chaos, 
then  near  the  experimental  critical  line.  (When  phase  intermittencies  with  p  =  1/6.91,, 
we  have  seen  that  the  return  map  is  just  at  the  limit  of  inversibility)  .  In  these  cases,, 
the  study  of  Fourier  spectra  and  the  treatment  of  the  attractor's  Pomcar6  sections  have 
provided  fundamental  informations  about  the  dynamics.  When  the  regimes  become  more 
chaotic,,  it  is  necessary  to  rely  on  other  methods  to  get  quantitive  characterization 

Fortunately,  since  some  years,  theoncians  have  searched  for  and  found  algorithms,, 
allowing  to  calculate  typical  features  of  chaotic  states  from  experimental  data,,  namely 
the  fractal  dimension  of  the  attractor  (17  J ,,  118  j  the  metric  entropy  of  the  chaotic 

state  [19],,  [20]  and  then,,  more  recently  [21],,  [27.],,  [23]  the  positive  Lyapunov 

exponents.  For  all  these  methods,,  the  attractor  is  at  first  reconstructed  by  the  time 
delay  method,,  as  discussed  in  the  lecture  of  Bergfe. 

We  used  some  of  these  algorithms  to  study  the  different  observed  chaotic  regimes. 

In  a  first  step,,  the  fractal  dimension,  or  more  exactly  the  correlation  dimension  was 
calculated,  using  the  algorithm  proposed  by  P.  Grassberger  and  I.  Procaccia  [17],,  and 
which  is  discussed  in  details  'n  the  lecture  of  Berg6.  Thj  signal,  from  which  time 
series  of  15.000  points  were  obtained,  was  measured  in  the  same  nlace  on  Foucault  image 
of  the  convective  fluid  for  each  Ra/Rac  value  (the  digitalisation  was  made  with  around 
16  points  per  fast  period  =  l/f2 ) -  Then  these  time  series  were  processed  in  the  same 
way.  As  expected,,  the  slope  v  of  the  characteristics  log[C(R)J  =  f(log(R))  with  R  the 
distance  in  the  phase  space  increases  with  D,  the  dimension  of  the  reconstructed  phase 
space,,  until  it  reaches  a  nearly  constant  yalue  (figure  12);,  this  value  gives  a  fractal 
dimension  of  the  chaotic  attractor  and  then  a  lower  bound  of  the  effective  dimension  of 
the  relevant  phase  space.  But  it  can  give  also  a  quantitative  estimate  of  the  evolution 
of  the  chaotic  state,  with  the  hypothesis  that  the  dissipation  remains  constant  along 
the  different  measurements. 

To  confirm  this  assumption,,  the  metric  entropy  has  also  been  calculated,,  with  an 
algorithm  given  by  P.  Grassberger  and  I.  Procaccia  and  discussed  in  details  in  [19]. 
Just  we  recall  here  that  the  method  allows  to  get  a  value  of  the  entropy,,  ,,  which  is  a 
lower  bound  of  the  Kolmogorov  entropy  . 

K  £  K 
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r  is  the  time  delay  taken  to  construct  each  component  of  the  points  in  the  phase  space 
(namely  X(t(  ),  XC^+x),  X(t(  +2t.  . .  ). .  .X(t+(D-l)x)  in  a  D  dimensional  phase  space  if 
X(t(  )  is  the  time  series).  The  calculation  as  we  can  see  from  the  relation  (9)  takes 
advantage  of  the  calculation  of  the  fractal  dimension,  since  Kt  is  obtained  from  the 
shift  of  the  successive  curves  logC(R)  =  f(R),  with  increasing  D.  In  figure  13,  the 
results  are  given  for  two  attractors  for  which  respectively  v  -  2.4  and  v  =  3.1. 

Some  remarks  have  to  be  made: 

1)  As  it  was  already  pointed  out  for  the  calculation  of  the  correlation  dimension  v 
(24],  the  good  parameter  seems  to  bn,  not  the  dimension  0  but  rather  the  embedding  time 

«  (D-1)t  i.e.  the  length  of  the  time  sequence  taken  to  define  a  point  in  the 
reconstructed  phase  space. 


2)  In  the  case  of 
correlation  dimension 

the  discussed 

experimental 

data. 

the  Kx  values  vary  as  the 

K,  c: 

2  10'3  s'* 

for 

the  attractor 

with 

v  =  2.4 

5  10'3  s'* 

for 

the  attractor 

with 

v  =  3.1 

this  confirms  the  first  idea  that  the  correlation  dimension  varies  in  the  experimental 
sequence  as  the  amount  of  chaos.  (Note  that  v  =  2  corresponds  to  a  torus  in  the  phase 
space,  i.e.  a  biperiodic  regime  without  chaos). 

3)  The  entropy  may  be  regarded  as  the  inverse  of  a  characteristic  time  of  the 
divergence  of  the  trajectories.  In  the  case  of  the  two  considered  attractors,  if  is 
normalised  to  the  longest  period  of  the  regime,  we  find  Ktx  s  0.21  for  the  first 
attractor  and  0.53  for  the  most  chaotic  one.  In  this  later  case,  the  characteristic  time 
of  the  divergence  in  the  phase  space  is  around  two  times  the  longest  period  of  the 
dynamics. 

Now  let  us  return  to  the  evolution  of  all  the  chaotic  states  under  study 
(317  S  Ra/Rac  5  320).  From  the  v  values  (and  K}  values  in  some  cases),  we  remark  that 
the  variation  of  the  amount  of  chaos  is  non  monotonous  as  shown  in  figure  14.  How  we  can 
explain  this  result?  As  mentioned  previously,  the  variation  of  the  Rayleigh  number 
induces  tne  variation  of  the  frequency  ratio  p  of  the  two  oscillators.  In  the  considered 
experimental  situation,,  it  turns  out  that  an  important  variation  of  p  occurs  within  a 
very  small  range  of  Ra/Rac;  so  in  a  first  approximation,  we  can  consider  that  the 
dynamical  properties  are  then  essentially  due  to  the  frequency  ratio  variation,  as 
pointed  out  by  the  two  end  cases  (p  =  1/6.59,  v  ~  2.4;  p  =  1/5.91.  v  s:  2.1).  It  follows 
that  the  v  variation  versus  p  is  related  to  the  local  properties  of  the  critical  line. 

Direct  -omparison  with  theoretical  and  numerical  models  is  ( ifficult  since  the 
results  obtained  here  correspond  to  a  four  dimensional  phase  space  (30]  but  nevertheless 
they  are  in  qualitative  agreement  with  theoretical  predictions. 

Note.,  to  finish  this  discussion,  that  the  calculation  of  the  positive  Lyapunov 
exponents  Af  has  confirmed  the  presence  of  two  positive  ?.  (25 j  this  calculation  was 
performed  on  the  most  chaotic  signal  (attractor  in  the  figure  12b)  with  the  algorithm 
developped  by  J.P.  Eckmann  and  D.  Ruelle,  after  testing  this  method  on  numerical  models 
(26]. 


IV  -  DYNAMICS  INSIDE  THE  PHASE-LOCKED  TONGUES 

We  have  seen  how  a  biperiodic  regime  can  become  chaotic,,  together  on  numerical  models 
and  in  physical  situations  but  the  examples  we  have  discussed,,  were  all  related  to  the 
direct  onset  of  chaos  from  biperiodicity.  What  happens  when  the  rotation  number  is 
rational  and  that  the  non-linearities  are  increased,  i.e.  when  the  regime  remains  inside 
a  phase-locked  tongue?  Without  entering  in  the  details  which  may  ba  found  in  particular 
in  (11],,  it  is  important  to  note  that  the  route  to  chaos  is  different  from  those  studied 
before.  The  study  of  the  circle  map  has  shown  that  inside  the  tongues,  the  approach  of 
chaos  is  achieved  by  period  doubling  (29]  i.e.  in  the  tongue  p/q,  appears  progressively 
the  periodic  orbits  with  rotation  number  (p.2* )/(q.2* ) .  Note  that  the  value  of  the 
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Figure  13 :  Calculated  K;  values  versus  the  embedding  time 
(0)  =  attractor  with  v  =  2.4  f>  -  1/6.59; 

(X)  =  attractor  with  v  =  3.1  f>  =  1/6. 62. 
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Figure  14:  Variation  of  the  calculated  fractal  dimension  v  with  the  measured  frequency 
ratio  in  the  range  of  Rayleigh  numbers  corresponding  to  all  the  chaotic  states. 


Figure  15:  Schematic  representation  of  phase-locked  tongues  for  the  circle  map  (from 
111]).  The  dashed  area  correspond  to  non-chaotic  regimes  and  the  wavy  line  is  the 
critical  line.  The  dotted  curves  represent  different  paths  which  may  be  followed  in  an 
experimental  situation. 
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rotation  number  is  preserved,  but  corresponds  to  different  values  of  the  actual 
frequencies.  The  sequence  of  period  doubling  (n  — *  oo)  may  be  not  complete  when  chaos 
appears  and  the  line  in  the  plane  of  the  parameters  [K.fl],,  which  gives  the  onset  of 
chaos  is  not  simple,  as  shown  in  figure  15  (taken  from  111]).  A  great  interest  of  this 
figure  is  to  show,,  beyond  its  esthetic  aspect  a  scheme  of  the  possible  imbrication  of 
the  different  regimes  (biperiodism  phase-locking,  biperiodic  chaos,  period  doubling  ar.d 
so  on),  when  an  experimental  path  is  followed. 

In  fact  the  experimental  situations  are  often  much  more  complicated  than  those  which 
are  deduced  from  the  circle  maps.  Some  parts  of  the  experimental  results  may  agree  with 
the  predictions,  others  desagree  but  could  be  explained  probably  from  3d  models.  In 
particular,  in  an  experiment  of  forced  convection  with  mercury  [28],  the  detailed  study 
of  the  approach  of  chaos  inside  the  tongue  8/13  has  been  performed.  A  complicated 
structuration  of  different  dynamical  regimes  has  been  observed  inside  the  tongue,  when 
the  amplitude  of  the  forcing  was  increased.  In  some  regions,  the  influence  of  the 
neighbouring  tongues  was  found. 

So  if  a  conclusion  has  to  be  made,  we  could  say  that  the  dynamics  of  two  coupled 
oscillators,  and  only  two,  is  fascinating  by  its  great  richness.  This  kind  of  behaviour 
is  not  a  "privilege"  of  theoretical  models,  but  it  can  be  found  in  many  systems.  We  have 
seen  some  examples  in  convection,  but  the  different  dynamical  regimes,  related  to  the 
interaction  of  two  oscillators  and  leading  to  chaos,  can  also  be  responsible  of 
behaviours  observed  in  mechanical  systems,  biology,,  climatology,  etc...  . 
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I  -  RAYLEIGH  BENARD  CONVECTION 

Convection  is  a  very  common  phenomenon  in  nature  and  its  study  and  understanding 
have  fundamental  importance  in  meteorology,  oceanography,  geophysics  etc...  and  in  many 
transport  processes  involved  in  practical  applications  (material  science,  power 
engineering,  combustion  etc...).  The  term  "convection"  seems  to  have  been  applied  first 
to  denote  the  transportation  of  heat  through  fluid  motion.  Generally  speaking, 
convection  arises  when  a  thermal  inhomogeneity  exists  in  a  fluid.  The  competition 
between  the  destabilizing  effects  like  buoyancy  and  stabilizing  ones  like  viscosity 
leads  to  an  instability.  Such  instabilities  are  characterized  by  the  existence  of  a 
threshold  beyond  which  there  is  organization  of  fluid  motions  into  a  relatively  ordered 
pattern  sometimes  called  "dissipative  structures". 

Rayleigh-Benard  convection  is  one  of  the  simplest  instabilities  [1].  It  is 
related  to  the  case  of  a  horizontal  layer  of  a  thermally  expansive  fluid  which  is 
confined  above  and  below  by  rigid  plates  of  good  thermal  conductivity,  submitted  to 
purely  vertical  adverse  thermal  gradient  (adverse  means  "heated  from  below"). 

IjJL.  Physi cal  meaning  of  the  Prandtl  number 

Let  us  first  consider  the  layer  of  fluid  and  suppose  the  existence  of  a 
localized  thermal  gradient.  The  propagation  of  this  localized  gradient  through  the  whole 
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fluid  layer  is  governed  by  a  heat  diffusion  equation.  The  diffusion  coefficient  of  the 
temperature  is 

A 

T 

n  3  - 


where  A  is  the  thermal  conductivity  of  the  fluid,,  Cp  the  specific  heat  at  constant 
pressure  and  po  the  density.  On  the  other  hand,  the  diffusion  coefficient  of  a  velocity 
gradient  (more  generally  of  the  vorticity)  is  simply  the  kinematic  viscosity  v  =  V/ P0  • 

These  two  diffusion  coefficients  allow  us  to  calculate  the  order  of  magnitude  of 
the  characteristic  relaxation  times  r  of  the  gradients  ir.  a  layer  of  depth  d.  For  the 
temperature: 

T(f  =  d  */Dt. 


and  for  the  velocity: 


r  a  d  1  /  v  . 


The  ratio  of  these  times  is  the  Prandtl  number  which  controls  the  temporal  behaviour  in 
a  fluid  layer  submitted  to  the  two  kinds  of  gradient.  Then  in  convective  motion. 


We  may  have  two  opposite  situations: 

(a)  High  Prandtl  number  fluids:  the  vorticity  diffuses  (then  the  velocity  relaxes) 
faster  than  the  temperature.  Then  the  velocity  perturbations  follow  the  temperature 
perturbations  without  delay:  one  says  that  the  viscous  effects  are  dominant. 

(b)  Low  Prandtl  number  fluids:  the  temperature  relaxes  faster  than  the  vorticity:  a 
velocity  perturbation  may  persists  even  after  the  thermal  cause  has  disappeared:  the 
inertial  effects  are  dominant. 

From  these  two  opposite  situations,  one  can  point  out  the  qualitative  analogy 
between  the  Prandtl  number  and  the  leciprocal  of  the  Reynolds  number  Re,,  because,  m  a 
flowing  liquid.  Re  measures  the  balance  between  inertial  terms  and  viscous  terms. 


1.2.  Mechanism  of  the  instability 

The  origin  of  the  instability  can  be  seen  as  follows.  If  fluid  elements  are 
displaced  along  the  paths  HR'  and  BB'  (see  Figure  1)  a  torque  which  would  amplify  the 
displacement  is  created.  After  the  displacements  HH'  and  BB'  have  occurred,  the 
temperature  difference  between  the  two  fluid  elements  diminishes,  due  to  the  thermal 
diffusivity  D  ,  with  a  characteristic  time  on  the  order  of: 


where  d  is  the  depth  of  the  layer  The  characteristic  time  of  the  displacement  HH'  -  BB’ 
depends  on  the  forces  acting  on  the  fluid  -  that  is,  the  buoyant  force  due  to  the 
density  difference  and  the  viscous  frictional  force.  This  characteristic  time  r •  behaves 
like: 

V 

T  ~  - 

*  gad  CtT 

r |  :  dynamic  viscosity  1 
a  :  expansion  coefficient^  of  the  fluid 
:  mean  density  j 

g  :  gravitational  acceleration. 

The  condition  for  the  onset  of  sustained  motion  is  that  the  time  t  (lifetime  of  the 
cause)  be  greater  than  (time  for  appearance  of  the  effect) .  Hence  the  condition  for 
sustained  convection  is: 


To 


B  r 

t  i  t  Q  i  i  t  t 

To  t  AT 


Fig. X  -  Diagram  of  the  generation  o: 
motion  in  the  fluid.  We  consider  tw< 
fluid  elements  H  and  B  displaced  to  H 
and  B'  respectively.  This  motion  i: 
damped  or  maintained,  according  to  th' 
value  of  AT. 


Fig. 2a  -  Shadowgraphy  of  disordered 
and  rectangular  containers. 
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Pogad  5 

-  AT  <=  constant. 

V°T 

The  left  hand  side,  called  the  Rayleigh  num.  ,;a,  is  a  nondimensional  measure  of  the 
temperature  difference  AT.  The  inequality  above  states  that  there  exists  a  critical 
Rayleigh  number  Ra  (or  equivalently,  a  critical  temperature  difference  AT f)  above  which 
the  state  of  rest  ceases  to  be  stable  and  convection  begins.  Convective  instabilities 
were  first  clearly  observed  experimentally  by  Bdnard  in  1900  and  first  interpreted  by 
Lord  Rayleigh  in  1916;  it  is  for  this  reason  that  the  two  names  are  associated  to  the 
phenomenon . 


Fluid 

Air 

Water 

Si  oil 

y=  1  stokes 

AT 

(d=*  1  cm' 

17  • 

0.1  * 

2.2  ' 

Pr 

0.7 

7 

900 

Table  -  Some  critical  temperature  differences  corresponding  to  Rac  for  some  fluids 
near  room  temperature. 


1.3.  Spatial  organization 

We  have  seen  that  when  the  temperature  difference  applied  to  a  horizontal  fluid 
layer  is  increased  beyond  a  given  value  (or  Ra  >  Rac) ,,  the  fluid  begins  to  move.  How 
does  it  do  this  7 

To  study  the  convective  structure,  it  is  necessary  to  look  at  the  fluid  from 
above.  This  is  the  reason  why,,  m  experiments  which  deal  with  this  problem,  the  upper 
plate  is  often  made  of  transparent  sapphire  whose  thermal  conductivity  is  large  compared 
to  that  of  the  usual  fluids  (in  some  cases,,  when  the  (expensive)  sapphire  is  not 
available,  one  can  work  with  glass  plates  but  the  results  can  be  slightly  different) . 

The  spatial  organization  takes  the  form  of  ascending  and  descending  motions 
which  carry  along  the  fluid,  m  rolls  turning  clockwise  and  counter  clockwise 
successively  in  space.  These  almost  periodic  motions  obviously  introduce  in  the  fluid  a 
succession  of  "warm"  and  "cold"  currents.  One  can  make  these  currents  visible  (without 
perturbing  the  fluid)  through  the  temperature  gradients  which  induce  refractive  index 
gradients  able  to  refract  light  beams  so  that  the  fluid  acts  as  many  local  lenses.  Then,, 
a  parallel  light  beam  which  crosses  the  fluid  is  focused  where  the  refractive  index  is 
largest  (cold  streams)  and  diverges  where  the  refractive  index  is  lowest  (warm  streams) : 
the  light  intensity  modulation  of  the  beam  after  crossing  the  convective  cell  reveals 
the  structure  of  the  motion  with  bright  lines  corresponding  to  downwards  motions. 

If  the  horizontal  extent  of  the  layer  is  large  compared  to  the  depth  d,  we 
generally  obtain  (after  a  transient  period  which  may  be  very  long)  a  stationary 
(tine-independent)  roll  pattern  which  has  the  following  properties  (near  onset): 

la)  the  axes  of  the  rolls  tend  to  be  perpendicular  to  the  lateral  walls. 

lb)  In  the  core  of  the  pattern,  relatively  far  from  the  boundaries,  the  axes  of 
the  rolls  tend  to  be  equidistant  and,  so,  locally  parallel. 

Except  for  some  particular  cases,,  these  two  conditions  cannct  be  simultaneously 
fulfilled,  creating  a  topological  frustration.  This  frustration  gives  rise  to  defects 
such  as  dislocations,  bending  of  the  rolls,,  grain  boundaries.  So,  very  generally,  in 
large  containers  the  natural  structures  are  disordered  see  figure  2a)  [2]. 

By  increasing  the  Ra  number,  the  convection  leaves  the  steady  state  and  becomes 
directly  turbulent.  In  the  case  of  high  Prandtl  number  fluid  the  onset  of  turbulence  is 
larger  than  10  Rac ,  but  depends  on  the  particular  conditions.  For  low  Prandtl  number 
fluid,  the  onset  of  turbulence  may  be  very  near  Ra But  the  common  and  important 
feature  is  the  following:  in  both  cases,  this  turbulence  is  due  to  the  erratic  motion  of 
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the  rolls  themselves.  In  other  words,  the  phase  of  the  rolls  is  continuously  changing ; 
this  is  the  reason  why  this  kind  of  turbulence  had  been  called  "phase  turbulence".  This 
phase  turbulence  is  characterized  by  a  continuous  change  of  the  convective  pattern  with 
complex  motion  of  all  kind  of  structural  defects.  This  phase  turbulence  is  not  well 
understood.  Note,  however,  that  in  the  case  of  low  Prandtl  number  fluid,,  some  physical 
mechanisms  have  been  recently  elucidated  [3]  but  many  progress  as  well  experimental  as 
theoretical  remain  to  be  done. 


1.4.  Towards  confined  geometries 


How  can  the  order  of  the  convective  pattern  be  preserved,  the  phase  of  the  rolls 
fixed  and,  then,  manifestation  of  phase  turbulence  prevented  ?  It  suffices  to 
drastically  reduce  the  number  of  possible  configurations  which  are  compatible  with  the 
imposed  contraints.  A  natural  idea  is  to  place  the  fluid  in  a  cell  whose  horizontal 
dimensions  by,  L  are  on  the  same  scale  as  the  height.  The  aspect  ratio,  defined  as 
r  =  L/d,  is  small  m  such  a  cell  and  the  number  of  rolls  necessarily  limited.  For 
example  the  presence  of  lateral  boundaries  separated  by  a  distance  of  only  twice  the 
depth  stabilizes  the  convective  structure  and  reduces  the  number  of  rolls  to  two,  at 
least  for  moderate  values  of  Ra.  Note  that  in  the  direction  perpendicular,  the  distance 
Ly  between  the  boundaries  is  even  smaller.  Experiments  show  that  with  this  type  of  cell, 
spatial  order  is  indeed  preserved  over  a  very  large  range  of  Ra  (typically  hundreds  time 
Rac )  .  This  kind  of  experimental  cell  corresponding  to  a  confined  geometry  is  sometimes 
called  "small  box"  (see  figure  2b).  Under  that  conditions,  the  first  instability 
encountered  (after  the  onset  of  steady  convection)  is  that  of  the  thermal  boundary 
layers.  In  these  boundary  layers,  thermal  oscillators  develop  which  can  have  different 
forms.  The  important  fact  is  that,  by  increasing  Ra,  one  obtains,  first,  only  one 
oscillator  whose  pulsations  are  easily  visualized  through  simple  optical  means.  The 
corresponding  regime  is  periodic  (i.e.  the  temperature  and  velocity  of  the  convective 
fluid  vary  periodically  with  time),  with  a  frequency  well  determined  and  stable  [4]. 

By  increasing  the  control  parameter  Ra,  the  regime  becomes  more  complicated  and, 
finally,  a  turbulent  state  is  reached.  But,  this  turbulence  is  not  related  to  the 
interaction  of  many  complicated  spatial  modes  like  in  the  case  of  the  large  aspect  ratio 
cells  (phase  turbulence).  On  the  contrary,  in  such  a  small  box,  the  turbulence  is 
related  to  the  interaction  of  a  very  small  number  of  modes  or  degrees  of  freedom.  To 
distinguish  these  last  turbulence  from  the  phase  (or  developed)  turbulence  it  is  named 
"deterministic  turbulence"  or  "chaos",  or  even,  "temporal  chaos"  to  well  stress  the  fact 
that  spatial  effects  are  not  involved.  As  a  matter  of  fact,  Rayleigh-Benard  convection 
in  confined  geometry  can  be  considered  as  a  dissipative  dynamical  system. 


II  -  BASIC  CONCEPTS  ABOUT  DISSIPATIVE  DYNAMICAI,  SYSTEMS 


II.l.  Definitions  and  examples 

A  consequence  of  what  we  have  discussed  in  the  case  of  a  confined  geometry  is 
that  we  can  expect  to  be  able  to  interpret  the  corre  ipondmg  turbulence  in  the  frame  of 
the  theory  of  non-linear  dynamical  systems  with  a  small  number  of  degrees  of  freedom 
[5].  Let  us  rapidly  address  the  question:  what  is  a  dissipative  dynamical  system  ?  An 
example  of  dynamical  system  is  for  example,  a  forced  (and  sustained)  pendulum.  The 
dissipative  character  is  due  to  the  presence  of  unavoidable  friction  and  the  existence 
of  permanent  oscillations  is  allowed  by  a  convenient  sustaining.  In  a  general  manner, 
the  time  evolution  of  a  dynamical  system  can  be  described  through  a  set  of  ordinary 
differential  equations.  In  all  that  follows,  we  will  consider  that  these  equations  are 
non  linear,,  these  non  linearities  giving  all  the  richness  in  the  behaviour. 


For  example(we  will  consider  a  system  of  3  equations: 

'dX/dt  -  fix,  Y,  Z) 

■  dY/dt  =  gix,  Y,Z )  (II.l) 

dZ/dt  =  hlX,  Y.Z) 


where  X,  Y,  Z  are  the  variables  of  the  system  or  degrees  of  freedom.  The  corresponding 
dynamics  is  represented  by  the  solutions  of  (II.l): 
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X  =  F(t)  Y  =  Git)  Z  =  Hit) 

which  give  the  time  evolution  of  the  various  variables  allowing  to  determine  the  state 
of  our  system. 

In  an  alternative  description  of  the  dynamics,  one  considers  the  trajectory  of 
the  point  whose  coordinates  are  X,,  Y,  Z;  doing  so,  we  define  the  so  called  phase  space, 
the  coordinates  of  which  are  the  variables  of  the  system.  The  prime  importance  of  this 
particular  space  will  appear  all  along  this  lecture. 

As  an  illustration,,  let  us  look  at  a  simple  example:  that  of  the  sustained 
pendulum  as  modeled  by  Van  der  Pol  whose  second  order  non-linear  differential  equation 
is : 

d  2  X/dt  2-  ie-X  2  )  aX/dt  +  X  »  0  (II.  2) 

Equivalently,  we  can  describe  the  system  by  a  system  of  2  first  order-equations: 

(dX/dt  =  Y 

dY/dt  =  (  e-X  2  )  Y-X 

m  which  the  two  degrees  of  freedom,  i.e.  the  position  X  and  velocity  Y  of  the  pendulum, 
clearly  appear.  The  motion  of  the  point  of  coordinate  Xti  Y  in  the  phase  space  tends  to 
the  asymptotic  trajectory  which  is  a  closed  loop,,  named  the  "limil  cycle".  Note  that 
this  limit  cycle  is  only  reached  after  a  long  time  during  which  the  trajectory  is 
progressively  attracted  towards  the  limit  cycle,,  and  named,  for  this  reason,  attractor 
(see  figure  3). 

The  existence  of  an  attractor  arises  from  the  dis  sipation  of  the  system 
represented  here  by  the  second  term  of  equation  (II. 2).  In  the  same  manner,  dissipation 
produces  area  (or  volume)  contraction  in  phase  space  and,,  as  such,  the  dimension  of  the 
attractor  is  lower  than  that  of  the  phase  space.  In  the  example  quoted  above  the 
attractor  has  a  dimension  1  in  a  two  dimensional  phase  space. 


I 1.2.  The  simplest  at trac tors,  their  Poincar6  section  and  comparison  with  mappings 


The  simplest  attractors  are  the  fixed  point  corresponding  to  the  state  o*  rest, 
the  limit  cycle  to  the  periodic  regime,  ana  the  tori  which  correspond  to  the 
multiperiodic  regimes.  Furthermore,  instead  of  considering  the  full  trajectories,  one 
can  consider  its  intersection  with  a  plane  (or  hyperpla^  .  representation  obtained 
this  way,  the  Poincari  section ,,  has  a  dimension  low  *.ed  by  1  in  comparison  with  the 
original  representation.  In  particular,  this  procedure  allows  one  to  draw  on  a  sheet  of 
paper  the  Poincar6  section  of  an  attractor  immersed  in  a  three-dimensional  phase  space. 
This  procedure  is  particularly  usefull  in  the  case  of  experimental  attractors.  As  one 
can  see  on  figure  4a,  the  Pomcar6  section  of  the  trajectories  of  an  attractor  embedded 
in  a  three-dimensional  phase  space  consists  in  an  e.isemble  of  points  ,,  p^  ,  P3  . .  . 
Instead  of  considering  the  full  trajectory,  one  can  focus  our  attention  on  the 
properties  of  this  ensemble  P{  .  A  very  rich  and  simple  way  to  do  so  is  to  compare  this 
ensemble  with  models  called  ’‘iterated  nap”.  In  a  two-dimensional  case,  if  Xk  ,  Yk  are  the 

coordinates  of  a  point  P’k  ,  the  general  form  of  such  a  mapping  reads: 

I**.,  = 

U.,  • 


meaning  that  a  point  P‘kt  is  defined  as  a  function  of  the  previous  one  P'k .  An  ensemble 
of  points  is  thus  generated,  when  the  "discrete  time”  n  runs  (see  figure  4b) .  The 
topological  properties  of  this  set  can  be  usefully  compared  with  that  of  an  experimental 
Poincare  section.  This  method  presents  great  advantages:  comparison  between  full 
trajectory  of  an  experimental  attractor  with  that  of  a  continuous  three-dimensional  flow 
(i.e.  a  theoretical  model)  would  require  a  numerical  integration  of  this  flow,,  a 
delicate  and  time-consuming  matter  compared  with  the  iteration  of  a  two-dimensional 
mapping . 


Still  more  simple  and  nevertheless  very  useful  is  the  one-dimensional  map.  Only 
one  variable  is  used  in  such  a  mapping  which  can  be  written: 


Fig ■ 3  -  Phase  diagram  of  the  Van  der  Pol 
equation  (e  =  0.4).  The  asymptotic 
solution  to  this  equation  is  represented 

in  the  {8.9)  phase  plane  by  a  closed 
curve,,  the  limit  cycle  towards  which  all 
trajectories  converge. 


Fig. 4a  -  Simple  attractors  and  their  Poincarfe  section.  On  the  left  the 
limit  cycle  whose  PoincarO  section  by  the  plane  S  is  a  point  P0  .  On  the 
right,  the  torus,  whose  PoincarO  is  the  closed  loop  C. 


\  / 


Fig. 4b  -  Comparison  between  a  Poincar6  section  and  a  two  dimensional 
mapping. 
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This  allows  usef  comparison  with  the  sxpenmental  "r  .urn  maps".  Consider  a 
variable  X  of  an  experi.-  r:al  dynamical  system,  suppose  that  this  variable  undergoes 
successive  maxima  ...  X^ .  ^ ((1 ,  etc... 

The  diagram  Xk,l  =  ff^)  is  the  "first  return  map"  when  the  one  obtained  by 
plotting  ^,,=  /  is  named  "second  return  map”. 


II.3.  Iteration  of  a  one-dimensional  ma^ 

Classically,  the  tools  used  t.i  study  a  one-dimensional  map  are  the  graphs  in  the 
(X^-X^,  )  plane  of  the  function  f-X^ , , =  >  md  of  the  identity  map:  X^,x-  3^-  To 

illustrate  the  method,  we  will  take  as  an  example  the  nonlinear  mapping: 

^,,=  ip-  ZkU %<=  [0,1]. 

The  graph  of  the  function  /(#)  =  ip  5TI1-5)  for  1.  given  value  of  p  between  C.25  and  0.75 

is  zero  at  X  =  0  and  #  =  1,  and  has  a  maximum  equal  to  ^  at  £  =  0.5.  witn  the  help  of 

this  graph,  let  us  now  study  the  iteration  difined  above,  starting  from  an  initial 
condition  3^  (/x  =  0.7).  The  first  iterate  is  at  the  intersection  of  the  graph  f  with 
the  vertical  line  with  abscissa  X^  (see  figure  5)  .  Similarly,,  the  second  iterate 
X^  =  f(#J  )  is  located  at  the  intersection  of  f  with  the  vertical  line  with  abscissa  Xl  • 
and  so  on.  A  simple  and  efficient  method  of  constructing  the  successive  iterates 
consists  of  using  the  identity  map,,  or  diagonal,  2^  =  Xk  -  Indeed  the  horizontal  line 
Xk>l=  Xl  intersects  the  diagonal  Xk,t=  Xk  at  a  point  with  Xk~  X,  •  It  then  suffices  to 
draw  a  vertical  from  this  point  without  ref e-ring  to  the  abscissa  axis. 

By  repeating  the  sequence  of  operations: 

-  draw  a  vertical  from  the  diagonal  till  its  intersection  with  the  graph  of  /, 

-  from  the  point  obtained,,  draw  a  horizontal  until  its  intersection  with  the  diagonal,, 

we  obtain  the  successive  iterates  of  the  mapping.  We  ascertain  from  Figure  5  that  the 

iteration  converges  to  the  point  with  abscissa  X  *  ,.  the  intersection  of  the  diagonal 
with  the  graph  of  f  .  One  can  easily  verify  that  anv  initial  condition  ^  chosen 
converges  to  X  *  under  iteration  of  f  with  the  exception  of  the  endpoints  0  and  1  of  the 
interval.  It  is  clear  that  any  point  of  intersection  of  f(X>  with  the  identity  map  is 
itr.  own  iterate:  it  is  a  fixed  point  of  f.  This  is  the  case  for  the  origin:  taking 
X^*  0,  we  find  Xl  =  0,,  Xt  =  0,,  etc.  However,  'or  a  value  of  X^  that  is  arbitrarily  closp 
but  not  equal  to  0,  the  iteration  converges  to  X  * •  A  point  at  a  small  distance  from  the 
origin  moves  further  away  from  this  fixed  point,  which  is  therefore  called  unstable.  In 
contrast,  the  fixed  point  X  ‘  towards  which  the  iteration  converges  for  any  initial 
condition  in  ]0,  1[  is  a  stable  fixed  point. 

There  is  a  criterion  for  determining  whether  a  fixed  point  is  stable  or  unstable 
which  does  not  require  tedious  calculation.  The  graphical  construction  shows  that  if  the 
slope  of  f(Xi  at  the  fixed  point  is  of  absolute  value  greater  than  one,  then  the  fixed 
point  is  unstable:  this  is  the  case  for  the  origin.  On  the  other  hand.,  if  the  slope  of  f 
is  less  than  one  in  absolute  value,  then  the  iteration  converges  towards  the  fixed 
point:  this  is  the  case  for  X'  • 


III  -  TOWARDS  DETERMINISTIC  TURBULENCE  OR  CHAOS 
III.l.  A  definition  of  chaos 

We  will  say  that  a  dynamical  regime  is  chaotic  if  the  power  spectrum  of  a 
variable  of  the  system  (amplitude  of  a  p'ndulum,  velocity  of  the  fluid  in  a  convection 
experiment —  etc)  contains  a  continuous  part  -  a  broad  band  -  regardless  of  the 
possible  presence  of  peaks.  Or  else  we  may  use  the  criterion  that  the  autocorrelation 
function  of  the  time  signal  has  finite  jupport,,  i.e.  that  it  goes  to  zero  in  a  finite 
time.  In  either  case,  the  same  concept  is  involved:  the  loss  of  memory  (or  similarity) 
of  the  signal  with  respect  to  itself.  Consequently,  knowledge  of  the  state  of  the  system 
for  an  arbitrarily  long  time  does  net  enable  us  to  predict  its  later  evolution. 


EiSi.5  -  Graph  of  f(#  =  £,,  =  ^  (1-^  • 

for  p  =  0.7.  The  fixed  points  of  the 
nap  are  the  intersections  of  the  graph 
with  the  diagonal.  There  is  a  stable 
fixed  point  £C  “  towards  which  the 

iterates  of  all  .r.itial  conditions  in 
the  interval  ]0,  It  converse.  The  origin 
is  an  unstable  fixed  point.  The 

stability  of  a  fixed  point  can  be 
determined  from  the  slope  of  the  fca nge.it 
of  the  curve  at  that  point:  if  the 
absolute  value  of  the  slope  is  less  than 
one,  the  fixed  point  is  stable  *  )  , 
and  otherwise  it  is  unstable  (0). 


Fig .6  -  Behaviour  of  neighbouring  trajectories  in  phase  space.  On  the  left, 
the  two  trajectories  remain  neighbour  and  similar  when  time  runs  (non 
chaotic  regime)  but  they  diverge  rapidly  becoming  completely  dissimilar  in 
a  chaotic  regime. 


Fig ■ 7  -  The  first  step  of  the  construction  of  a  chaotic  (or  strange) 
attract":.  The  ensemcle  of  the  initial  conditions  lie  in  the  rectangle  ABCD 
which  13  contracted  along  XX'  (attraction)  and  stretched  along  YT 
(S.I.C.),  the  "mean"  trajectory  being  drawn  as  a  continuous  loop. 
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Ssser dally,  this  means  that  we  are  making  unpredictability  the  quality  which  defines 
chaos.  Aa  a  matter  of  fact,  prediction  is  based  on  the  possibility  to  extrapolate  the 
past  towards  the  future.  This  works  very  well  in  the  case  of  periodic  signals  because  of 
the  repetition  of  a  pattern  (permanence  of  the  self-similarity ) .  The  loss  of 
self-similarity  does  not  allow  this  extrapolation  to  be  done,  except  for  very  short  time 
intervals.  In  the  phase  space,  the  question  of  permanence  (periodic'  or  loss  (chaotic) 
of  the  self-similarity  has  a  particular  and  important  consequence.  In  the  case  of  a 
periodic  (or  multi  periodic)  signal,  two  neighbouring  trajectories  will  remain  so  when 
the  time  runs  (conservation  of  similitude)  .  On  the  contrary,  they  will  diverge  in  the 
case  of  a  chaotic  signal  (loss  of  similarity)  see  figure  6.  This  very  important 
property  of  the  trajectories  of  a  chaotic  regime  is  called  Sensitivity  on  Initial 
Conditions  or  S.I.C.  Once  more,  the  consequence  of  S.I.C.  is  the  following:  even  a  very 
small  (infinitesimal)  difference  on  the  knowledge  of  the  exact  condition  of  the  system 
will  be  (exponentially)  amplified  and,  as  such,,  has  dramatic  consequence  in  the 
subsequent,  behavior,  producing  impredictability .  Then,  it  suffices  that  a  system 
presents  the  property  of  S.I.C.  to  be  chaotic,  whatever  the  number  of  its  degrees  of 
freedom  way  be.  Indeed,  we  have  arrived  at  a  highly  nontrivial  result:  the  impossibility 
of  preuicting  the  behavior  of  certain  deterministic  flows  with  only  a  few  number  of 
degrees  of  freedom  [5][6]  ! 


III. 2.  The  key  of  chaos:  the  strange  attractor 

Returning  to  figure  3,,  we  have  yet  seen  that  all  the  points  corresponding  to 
different  initial  conditions  are  folded  back  to  the  limit  cycle,  the  attractor  of  the 
periodic  regime.  Let  us  see,  by  comparison,  how  it  is  possible  to  construct  the 

attractor  of  a  chaotic  regime.  We  take  the  simple  case  of  a  three-dimensional  phase 

space;  see  figure  7.  Let  us  start  with  initial  conditions  ( t= 0)  lying  the  rectangle 

ABCJ.  When  the  time  runs,  we  have  two  opposite  effects;  in  one  direction,  let  us  say 

X  X'  we  have  contraction  towards  the  attractor,  but  in  the  other  Y  Y'  we  have  divergence 
(S.I.C.).  So,  the  rectangle  is  at  the  same  time,,  contracted  (area  contraction  due  to 
dissipation)  and  stretched  (S.I.C.).  Then,  the  rectangle  becomes  narrow  and  elongated; 
but  in  order  to  remain  in  a  bounded  region  of  the  phase  space  it  has  to  fold.  So,,  after 
one  turn  (t=l),,  we  are  back  to  the  starting  plane  which  we  can  choose  as  the  Poincarfe 
plane  (in  the  following,,  we  will  not  consider  the  full  attractor  but  only  its  PoincarS 
section) .  Due  to  the  combined  effects  of  contraction,  stretching  and  folding,  the 
nitial  rectangle  has  been  transformed  into  some  kind  of  horseshoe.  With  time 
*  volution,,  contraction  stretching  and  folding  continue  to  act  on  this  horseshoe,,  giving 
some  kind  of  double  hairpin  after  two  turns  (t=2)  see  figure  8.  When  many  turns  will  be 
made,  one  obtain,,  in  the  PoincarG  plane,,  a  complicated  structure  with  an  infinite  number 
of  sheets.  One  can  see  on  figure  8  that  the  transverse  structure  of  the  Pomcar6  section 
is  formed  according  to  the  same  manner  than  a  Cantor  fractal  ensemble.  So,  a  chaotic 

attractor  is  a  fractal  object  with  a  non  integer  dimension  D  (here  2  <  D  <  3) .  Because 

of  the  very  particular  and  complex  topology  of  these  chaotic  attractors,,  they  were  named 
"strange  attractors". 

Among  the  conclusions  or  this  geometrical  reasoning,  one  can  point  out  the  fact 
that  a  strange  attractor  (i.e.  an  attractor  with  S.I.C.)  can  exist  in  a  low  dimensional 
phase  space  (minimum  3  dimensions).  That  means  that  chaos  may  appear  in  a  system  with 

only  3  variables  (or,,  in  this  context,  3  degrees  of  freedom).  In  other  words,  the  system 

of  3  differential  equations  (JI.l)  may  have  chaotic  solutions  m  spite  of  its 
deterministic  character.  This  is  the  reason  why  this  kind  of  chaos  has  been  named 
"deterministic  chaos"  (or  deterministic  turbulence  if  we  deal  with  an  hydrodynamical 
system) . 


III. 3.  Brief  introduction  to  bifurcations 


When  discussing  about  Rayleigh-Benard  convection,  we  have  seen  that  for  values  of 
Aa  <  Rac  the  fluid  remains  at  rest  when/for  Ra  >  Rac  j convective  velocity  is  present.  We 
observe  a  complete  change  in  behavior  upon  crossing  the  boundary  between  stable  and 
unstable  solutions.  One  says  that  at  Ra  =  Rac  ,  the  system  undergoes  a  bifurcation.  More 
generally,  whenever  the  solution  to  an  equation  or  system  of  equations  changes 
qualitatively  at  a  fixed  value  -  cal'ed  a  critical  value  -  of  a  parameter,  th:s  is 
called  a  bifurcation.  From  a  bifurcation  point  emerge  several  (two  or  more)  solution 
branches,  either  stable  or  unstable  [5]. 


I 


Fig. 8  -  First  steps  of  the  construction 
of  a  chaotic  attractor  in  the  ?oincar6 
plrne  with  the  corresponding  transverse 
structures . 

c=0  initial  rectangle 
t=l  horse  shoe 
t=  2  double  hairpin 

Compare  the  transverse  structures  with 
that  of  a  Cantor  set  (fig. 12a). 


Fig.9  -  Diagrams  of  simple  bifurcations 

a)  pitchfork  lor  normal  or  supercritical)  bifurcation 

b)  subcritical  (or  inverse)  bifurcation 

c)  saddle-node  bifurcation. 


Fig. 10  -  a)  Instability  of  a  limit 
cycle.  A  departure  $%  is  transformed. 

after  a  turn  into  M  8%  where  M  is  the 
Floquet  matrix. 

b)  The  3  generic  crossing  of 
the  unit  circle. 
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SOME  POINCARE  SECTIONS  OF  STRANGE  ATTRACTORS 


a,  b)  forced  pendulum  (angular  velocity,  angle) 
(numerical  model) 


c,  d,  e)  turbulent  R.B.  convection 
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Let  us  illustrate  some  different  bifurcations  through  their  bifurcation 
diagrams,  X  being  a  (real)  variable  characteristic  of  the  bifurcation  (for  example  the 
velocity  in  the  R.B.  case)  and  y.  the  bifurcation  parameter  (for  example  the  Rayleigh 
number).  In  figure  9a  one  can  see  a  pitchfork  (or  normal  or  supercritical)  bifurcation 
the  corresponding  equation  is 


OX 

dt 


-  m  x-  X’ 


for  n  <  0  the  only  stable  solution  is  X  =  0;  for  p.  >  0  this  solution  becomes  unstable 
and  the  two  stable  branches  are  X  *  *  '!/*•  Note  that  the  nonlinear  term  ~X 3  limits  the 
exponential  growing  due  to  the  linear  term. 

One  can  see  on  figure  9b  the  subcritical  bifurcation  (or  inverse  bifurcation) . 
The  equation  is 

OX  „ 

Ttm,tX*x 

Contrary  to  the  case  of  t*  «*  normal  bifurcation  the  nonlinear  term  +  X 3  hasylilso  a 
destabilizing  effect  on  the  solution. 


The 

4Z 

—  •  f-  -  X 
dt 

there  exists  m,  solution 


figure  9c  represents  a  saddle-node  bifurcation  whose  equation  is 
for  n  >  0  there  exists  2  branches,,  one  stable  and  one  unstable.  For  /i  <  0 
stable  or  unstable  . 


III. 4.  Wavs  in  which  chaos  appears,  main  routes  to  chaos 

What  are  the  routes  that  load  a  dynamical  system  from  regular  behavior  to  chaos  ? 
To  answer  this  question,  we  must  list  the  different  possible  transitions  between 
attractors,  a  task  as  indispensable  as  identifying  the  attractors  [7]. 

First,,  we  must  say  that,  very  generally,  the  first  step  after  the  steady  regime 
consists  in  a  periodic  behavior.  For  example,  in  a  small  oox,  the  increase  of  Ra  number 
produces  a  transition  fror  the  steady  regime  to  a  periodic  one.  X  natural  step  towards 
addressing  the  question  posed  above  is  to  examine  the  conditions  under  which  a  periodic 
regime  loses  its  stability. 

Consider  a  flow  in  »:>  m-dimensional  p)  ase  space  which  has  a  periodic  solution  of 
period  T  X(  t<-T)  =  5(C). 

To  find  out  if  this  solution  is  stable  or  not,  it  suffices  to  look  at  what 

happens  to  a  small  initial  displacement  SX  away  from  the  solution.  Linearizing  the  flow 

about  the  periodic  trajectory,  we  find  that  an  initial  condition  X  +  SX  (SX 

0 

infinitesimal)  is  mapped  at  the  end  of  the  period  T  into  X  +  MS;:,  where  M  is  an  m  x  m 

0 

matrix  called  the  Floquet  matrix. 

The  problem  of  the  linear  stability  of  a  periodic  solution  has  been  reduced  in 
this  way  to  the  study  of  the  eigenvalues  of  «.  We  first  note  that  this  matrix  always  has 
an  eigenvalue  equal  to  one;  this  corresponds  to  a  displacement  SX  along  the  trajectory. 
We  must  study  what  happens  in  the  directions  perpendicular  to  the  trajectory,  as  shown 
in  the  diagram  of  figure  10a.  We  see  intuitively  that,  while  the  eigenvalues  of  M  depend 
on  the  form  of  the  limit  cycle,  they  are  independent  of  the  reference  point  Xo  chosen 

along  it.  Since  over  one  period  Xa+  Sx  is  mapped  into  Xo+  M  SX,  the  solution  is  linearly 
stable  if  all  of  the  eigenvalues  of  M  are  located  inside  the  unit  circle  D  of  the 

complex  plane.  Then,  all  the  components  of  the  vector  Sx  which  tre  perpendicular  to  the 
limit  cycle  are  reduced  with  each  period.  On  the  other  hand,  if  (at  least)  one  of  the 
eigenvalues  o Z  M  is  outside  of  D,  SX  grows  continually  in  at  least  one  direction:  the 
trajectory  moves  further  and  further  away  from  the  limit  cycle,  which  is  therefore 
unstable. 

By  continuous  variation  of  a  parameter  n  ,  the  periodic  solution  gradually 
changes:  the  same  is  true  of  the  matrix  M  and  of  its  eigenvalues.  Each  of  the 
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eigenvalues  can  be  represented  in  the  complex  plane  by  a  curve  parametrized  by  y.  Loss 
of  stability  of  the  periodic  solution,  accompanied  by  a  bifurcation,,  occurs  when  one  of 
these  curves  exits  from  the  unit  circle  as  y  is  varied.  There  exist  three  generic  ways 
in  which  to  cross  the  unit  circle  D,  as  indicated  on  figure  10b:  at  (+1) ,  at  (-1)  and 
at  two  complex  conjugate  eigenvalues  {a  ±  i/3) .  Aside  from  the  loss  of  stability,  each  of 
these  crossing  types  has  different  consequences  on  the  later  behavior  of  the  system,, 
which  depend  on  the  nonlinearities  and  are  closely  related  to  the  bifurcations  involved. 

When  (+1)  is  crossed,  a  saddle-node  bifurcation  occurs.  The  periodic  solution 
does  not  merely  become  unstable:  it  disappears  entirely.  In  a  parameter  region  slightly 
above  the  bifurcation  threshold,  the  system  enters  a  regime  called  Type  I  intermittency. 
It  is  characterized  by  phases  of  regular,  almost  periodic  behavior  (laminar  phases) , 
interrupted  from  time  to  time  by  phases  of  apparently  anarchical  behavior  (turbulent 
bursts) . 


If  the  circle  is  traversed  at  (-1),,  the  bifurcation  is  called  subharmonic,,  and 
may  be  either  supercritical  (normal)  or  subcntical  (inverse) .  In  the  case  of  a 
supercritical  subharmonic  bifurcation,  a  new  stable  periodic  solution,  whose  period  is 
twice  as  long,  replaces  the  solution  which  has  become  unstable.  Period- ac ibling  is 
repeated  for  each  of  the  periodic  solutions  obtained,  resulting  in  an  infinite  sequence 
of  bifurcations  called  a  subharmonic  cascade  and  ending  in  chaos.  A  subcntical 
bifurcation,,  on  the  other  hand,,  leads  to  Type  fi  intermittency,  which  qualitatively 
resembles  Type  I  intermittency:  long  phases  of  almost  periodic  behavior  are  interrupted 
from  time  to  time  by  chaotic  bursts.  However,  Type  1  is  characterized  by  progressive 
increase  of  the  amplitude  of  the  subharmonic  during  the  almost  periodic  phase,  the 
reason  being  that,  here,  nonlinear  effects  amplify  the  subharmonic  instability  of  the 
limit  cycle.  The  amplitude  increases  with  each  successive  oscillation:  when  it  exceeds  a 
critical  value,,  the  laminar  phase  is  interrupted. 

Finally,  a  third  mode  of  instability  takes  place  when  two  complex  conjugate 
eigenvalues  (a  ±  u 3)  simultaneously  cross  the  unit  circle:  this  is  called  a  Hopf 
bifurcation.  If  the  Hopf  bifurcation  is  supercritical,,  it  leads  to  a  stable  attractor,, 
close  to  the  limit  cycle  which  is  now  unstable  (but  which  still  exists) .  This  attractor 
is  a  torus  T  2  on  the  surface  of  which  is  inscribed  the  new  solution  corresponding  to  a 
quasipenodic  regime.  A  second  instability  can  then  generate  a  transition  from  this 
quasiperiodic  regime  to  chaos.  If  the  bifurcation  is  subcntical,,  we  can  encounter 
another  phenomenon,  called  Type  II  intermittency. 

Some  of  this  routes  to  chaos  will  be  illustrated  later  in  more  details. 


IV  -  SOME  EXPERIMENTAL  ILLUSTRATIONS 
IV . 1.  The  method 


In  the  case  of  P.ayleigh-Benard  convection  at  room  temperature  and  with  high 
Prandtl  number  fluid  (silicone  oil)  many  optical  method  can  be  used.  The  advantage  is 
their  non-perturbative  character;  furthermore,,  they  are  local  or  semi-local  with  large 
facility  to  change  the  measurement  point.  Finally,  one  can  easily  visualize  the 
convective  arrangement  and,  then,,  have  a  permanent  overlook  on  the  structure.  Note  that, 
here,  we  are  only  concerned  with  the  "small  box”:  a  rectangular  plexiglass  frame 
(vertical  boundaries)  is  inserted  between  two  massive  copper  plates,  the  temperature  of 
which  is  regulated.  Horizontal  or  nearly  horizontal  ligh  beams  can  be  sent  through  the 
layer.  In  such  an  arrangement,  laser  Doppler  anemometry  seems  to  be  the  best  technique 
for  determining  a  fundamental  variable  of  the  convection,  namely  the  velocity.  Though 
used  whenever  possible,,  this  type  of  measurement  is  necessarily  contamined  by 
instrumental  noise;  this  noise  represents  a  serious  drawback  as  far  as  the  dynamical 
properties  are  concerned.  On  the  contrary,  one  can  use  another  optical  method  with  a 
much  higher  signal-t-noise  ratio.  The  method  uses  the  fact  that  a  temperature  gradient 
in  the  fluid  causes  a  gradient  in  the  ind-x  of  refraction.  One  then  measures  deflection 
of  a  light  ray  due  to  the  r.onunif ormity  of  the  refraction  index  [5] [8].  This  easily 
implemented  technique  provides  a  signal  corresponding  to  the  mean  teroperture  gradient 
traversed  by  the  light  ray  over  its  entire  path  through  the  fluid.  It  is  t..  ,*refore  only 
a  semi-local  measure,  not  related  in  a  simple  way  to  the  variable  6,  but  is  nonetheless 
used  successfully.  Use  of  the  light  deflection  technique  is  limited  to  transparent 
fluids  of  sufficiently  high  density,  since  it  is  only  in  such  fluids  that  appreciable 


Fig. 11  -  Scheme  of  the  experimental  arrangement. 
B  incoming  parallel  beam 
C  Rayleigh-Benard  cell  (small  box) 

L  converging  lens 

K  knife  edge  (in  the  focal  plane  of  b) 

S  screen  (real  image  of  C  by  L) 

P  photc diode 


Fiq.12  -  Principle  of  the  determination 
of  the  correlation  dimension. 

b)  one-dimensional  object 

c)  surface 

d)  fractal  object 
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gradients  of  temperature,  and  thus  of  the  index  of  refraction,  can  exist. 

In  practice,  one  make  a  Foucault  (or  Schlieren)  image  of  the  convecting  cell 
(knife-edge  method) .  The  intensity  on  this  image  is  rougr.ly  proportional  to  the 
horizontal  or  vertical  thermal  gradient,  depending  on  the  orientation  of  the  knife  edge. 
By  setting  a  photodiode  on  a  suitable  location  of  the  image,  one  obtains  a  photocurrent 
roughly  proportional  to  the  thermal  gradient  (see  figure  11) .  From  the  time  dependence 
of  this  photocurrent,  one  gets  relevant  informations  about  the  dynamical  regime  of  the 
convection  such  as  Fourier  spectra,  a  powerful  method  of  data  analysis  of  any  dynamical 
regime. 

IV. 2.  Reconstruction  of  the  phase  space 

Contrary  to  the  case  of  theoretical  dynamical  systems  for  which  we  know  the 
variables,  we  do  not  know  the  variables  in  a  convection  experiment  (as  in  any  real 
system).  Most  often  one  measures  the  variation  of  only  one  (or  two)  property,  related  m 
a  simple  or  complicated  way  to  one  cr  several  of  the  independent  variables  of  the 
system.  In  such  conditions  how  it  is  possible  to  have  access  to  the  attractors  of  the 
system  i.e.  how  it  is  possible  to  reconstruct  a  relevant  phase  space  ? 

In  the  case  of  a  periodic  regime,  if  X(  t)  is  the  periodic  signal  from  the 
photodiode,  one  can  obviously  construct  the  limit  cycle  -  the  attractor  of  this  regime  ■■ 
dXU) 

gust  by  plotting  -  as  a  function  of  X(t)  (i.e.  the  analog  of  plotting  the  velocity 

dt 

dX 

—  as  a  function  of  the  position  X  in  the  case  of  a  pendulum).  Equivalently,  one  can 
d  t 

consider  that  two  variables  of  the  system  in  a  periodic  regime  are  XI  t)  and  X(t+r),  t 
being  a  suitable  delay.  F.  Takens  has  shown  that  this  last  procedure  can  be  generalized 
to  phase  spaces  of  higher  dimension.  Starting  from  observations  of  only  the  signal  Xt  t) , 
it  should  be  possible  to  reconstruct  the  topology  of  the  attractor,  by  taking  as  the 
phase  space  X(  fc) ,  X(  t+r)  ,  X(  t+2r) , . . .  In  other  words,  we  can  consider  the  signal  X(  c) 
to  be  independent  of  the  same  signal  at  a  later  time  X( t+r >  where  r  is  an  arbitrary 
constant  called  the  delay.  This  does  not  mean  that  the  attractor  obtained  in  the  new 
space  is  identical  to  that  in  the  original  phase  space,  but  merely  that  the  new 
representation  of  the  attractor  retains  the  same  topological  properties,  which  may 
suffice  for  studying  its  essential  characteristics. 


IV. 3.  Measuring  of  the  dimension  of _the_attractors 

Let  us  recall  that  a  limit  cycle  being  a  curve  has  a  dimension  1,,  a  torus  T  2  ,,  a 
surface,  has  a  dimension  2;  on  the  other  hand,  strange  attractors  are  fractals  with  a 
non  integer  dimension. 

Without  entering  into  the  details,  let  us  describe  a  practical  method  which 
allows  a  measurement  of  a  fractal  dimension  (called  "correlation  dimension")  of  a  set  of 
points  [9 J . 

First,  to  illustrate  simply  this  method,  let  us  define  a  simple  fractal  set  the 
Cantor  set  (Remember  that  we  have  met  this  kind  of  set  in  the  transverse  structure  of  a 
strange  attractor).  This  set  is  obtained  by  an  iterative  process  from  the  unit  segment. 
First,  the  central  third  of  this  segment  is  removed.  Then,,  the  central  third  of  each  of 
the  two  remaining  segments  is  removed.  The  operation  is  repeated  indefinitely,  as 
illustrated  in  Figure  12a.  In  this  way  we  obtain  an  infinite  set  of  disconnected  points 
whose  dimension  is,  then,  between  C  and  1  (a  single  point  has  a  dimension  zero  and  a 
segment  has  a  dimension  1) .  One  can  calculate  easily  the  fractal  (Hausdorff )  dimension: 
D  =  0.63. . . 

Returning  to  the  correlation  dimension,  let  us  illustrate  this  approach  with 
examples  from  plane  geometry.  Consider  a  set  of  points  on  the  plane  and  let  W(r)  be  the 
number  of  points  of  the  set  located  inside  a  circle  of  radius  r.  The  correlation 
dimension  v  is  determined  from  the  variation  of  X(r)  with  r  .  For  a  discrete  set  of 
points  uniformly  distributed  on  a  curve  (dimension  one),  we  have,,  for  r  sufficiently 
small : 


W(r)  ~  r 


Fig.  13  -  Loq-log  plot  of  //(r)  for  white 
noise.  Note  that  the  slope  (which 
measures  the  exponent  v)  continues  to 
grow  as  the  dimension  p  of  the 
representation  space  is  increased. 


Fig. 14  -  heasurement  of  the  dimension  v  in  the  case  o*  a  deterministic 
turbulence  in  R.B.  convection 

a)  characteristics  logW(r),  logr 

b)  variation  of  the  exponent  v  as  a  function  of  the  dimension  p.  We 
deduce  v  from  the  slopes  of  the  characteristics  presented  in  Figures  1 3  and 
14a.  For  white  noise,  v  increases  linearly  with  p.  In  contrast  we  see  a 
distinct  saturation  of  v  when  the  data  is  taken  from  turbulent  R.B. 
convection. 
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that  is,  N\r)  ~  rv  with  v  -  1  (see  figure  12b) .  If,  on  the  other  hand,  the  points  are 
uniformly  distributed  on  a  surface  (dimension  two;  see  figure  12c) : 

//(r)  ~  r  *  ,  v  =  2  . 

We  can  now  consider  general  objects  of  arbitrary  dimension,  such  as  the  Cantor  set 
described  above  (see  figure  12d) .  The  number  of  points  /Hr)  located  inside  a  circle  will 
grow,  on  the  average,  more  slowly  than  the  .adirs  r.  Setting  N(r)  *v  ry ,  it  can  be 
calculated  that  v  X  0.63,  which  is  equal  the  Ilausdorff  dimension  mentioned  previously. 

The  method  is  generalized  to  p-dimensional  spaces  by  defining  N{r)  to  be  the 
number  of  points  contained  in  a  p-dimensional  hypersphere  of  radius  r.  From  this  method 
one  can  calculate  the  dimension  on  an  attractor.  Starting  from  a  time  series  Xit)  , 
through  the  method  of  time  delays  we  can  reconstruct  a  trajectory  in  a  p-dimensional 
phase  space  by  taking  as  coordinates  X(  t) ,  X{  t+r) ,  X{  t+2r) . . . X( t+ (p-1) t)  where  t  is  an 
appropriate  delay  time.  In  practice  the  time  t  is  discretized,  so  that  we  obtain  a 
series  of  p-dimensional  vectors  representing  the  phase  portrait  of  the  dynamical  system. 
Then,  the  method  described  above  is  applied  counting  up  the  points  in  hyperspheres 
centered  on  many  (eventually  on  every)  points  of  the  attractor.  If  a  law  such  as 
//(r)  r*  do  exist.’  then  v  is  the  dimension  of  the  attractor. 

Starting  from  the  discrete  values  X{  )  obtained  experimentally,  we  reconstruct 
the  trajectory  in  a  p  -dimensional  space,  as  described  above,  for  increasing  integer 
values  of  p: 

p  =  2, 3. 4, 5,  . . . 

For  each  value  of  p,  we  calculate  tf(r)  and  determine  the  slope  of  the  function  f  defined 
by  log//(r)  =  f(log  r) ,  arriving  at  an  exponent  v  .  For  a  periodic  regime,  whose  phase 
portrait  is  a  limit  cycle,  the  dependence  of  N{r)  on  r  is  strictly  linear  (up  to  si2e 
effects) .  Contrast  this  with  the  case  of  white  noise.  Ihe  signal  can  be  considered  to  be 
a  superposition  of  an  infinite  number  of  independent  oscillatory  modes  (or  system  with  a 
very  large  number  of  degrees  of  freedom) .  Such  a  regime  can  therefore  be  described  by  an 
attractor  T  a ,  with  n  very  large.  The  trajectories  will  densely  cover  any  phase  space  of 
dimension: 

p  ^  n  . 

Indeed,  Figt *e  13  shows  that  the  characteristic  functions  N{r)  obtained  from  a  white 
noise  have  s  .opes  on  a  log-log  plot  which  continue  to  increase  with  p:  we  find  v  ~  p. 
This  result  can  be  extended:  as  long  as  the  calculated  value  of  v  is  equal  to  p  (or 
continues  to  grow  with  p  ) ,  we  know  that  the  dimension  of  the  space  used  for  the 
calculation  is  smaller  than  (or  comparable  to)  that  of  the  corresponding  attractor.  If, 
on  the  other  hand,  the  dimension  v  calculated  for  a  chaotic  regime  becomes  independent 
of  p,  then  the  chaos  is  deterministic  ana  the  corresponding  attractor  strange. 

As  an  illustration,  one  can  consider  the  results  obtained  from  an  experimental 
time  series  corresponding  to  a  chaotic  regime  in  Rayleigh-Benard  convection  in  confined 
geometry  [10].  Figure  14a  shows  that  the  slopes  of  the  functions  N[r)  on  a  log-log  plot 
are  reasonably  well-defined  and  independent  of  the  dimension  p  of  the  phase  space  as 
soon  as  p  exceeds  3.  The  saturation  of  v  as  p  is  increased  is  better  illustrated  by 
Figure  14b,  and  contrasted  with  the  linear  dependence  of  v  on  p  for  white  noise  (or 
random  signal).  This  type  of  data  analysis  demonstrates  the  deterministic  nature  of  the 
chaotic  behavior  in  this  regime  and,  in  addition,  determines  a  lower  bound  on  the  number 
of  degrees  of  freedom  excited  [11].  For  many  other  illustrations  about  experimental 
strange  attractors  obtained  in  the  same  experiment  and  their  fractal  dimension,  see  the 
Lecture  of  M.  Dubois.  See  also  the  lecture  of  S.  Ciliberto. 

IV. 4.  Type  I  intermit tencies 

We  have  seen  in  section  III. 4  that  type  I  intermittencies  correspond  to  a 
destabilization  of  a  limit  cycle  when  the  unit  circle  is  traversed  at  +1.  In  the 
simplest  case,  we  can  illustrate  his  destabilization  m  the  Poincar6  plane  (see  figure 
15a) .  If  the  limit  cycle  is  represented  by  its  Poincar6  section  0,  a  small  departure 
from  this  cycle  will  be  multiplied,  at  each  period,  by  a  real  number  slightly  larger 
than  1,  and  the  successive  intersections  will  be  1,2,3  etc... 

As  ment3  5ned  previously,  many  dynamical  systems  can  be  described  by  *■  le 


FIGURE  15  TYPE  I INTERMITTENCIES 


15a)  successive  intersections  m  the 
Poincar6  plane;  0  corresponds  to  the 
(unstable)  limit  cycle. 


>5 b)  Mapping  ^jr*i=  +  c  +  a  A  *  for 

€  <  0-  There  exists  one 

stable  fixed  point  and  one  unstable 
fixed  point. 


15  c)  Happing  Ak>l  =  Ak  +  €  +  a  Al  for 
e  >  0.  The  fixed  pojnts  have  desappeared 
and  a  channel  is  now  open.  After  the 
crossing  of  the  channel,  the  point 
wanders  in  the  phase  space  and  is 
reinjected  somewhere  in  the  channel. 


J5d)  long  and  short  laminar  phase  with  a 
scheme  of  the  distril -tion  of  the 
lengths  of  laminar  phases. 


Ra  =  270  Rac 


t 


|5  e)  Behavior  of  the  velocity  near  the 
threshold  of  type  I  mtermittency  in 
R.fl.  convection. 

(a)  Periodic  regime  for  Ra  <  Raf  ,r 
where  Ra  =  295  Ra  is  the  threshold  for 

I  c 

onset  of  intermittency . 

(t>)  Intermittent  regime  for  Ra  >  Rat  . 
Notice  the  long  sequences  (of  unequal 
length)  of  barely  perturbed  oscillations 
(passage  through  the  channel) 
interrupted  by  sudden  brief  events. 


I 
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iteration,  of  a  one-dimensional  mapping. 


The  simplest  iteration  describing  type  I  mtermittencies  is 


A 


k  ♦  l 


€  + 


A 


2 

k 


where  e  is  the  control  parameter  measuring  the  departure  from  the  threshold  of 
intermittencies .  As  one  can  see  on  figure  15b#  for  e  <  0  there  exist  two  fixed  points*, 
one  stable,  the  other  one  unstable.  For  e  =  0  they  merge  into  one  another:  as  seen 
previously,,  this  corresponds  to  a  saddle-node  bifurcation.  Both  fixed  points  desappear 
for  f  >  0.  One  can  notice  that  for  e  positive  but  small,  a  narrow  channel  is  open 
between  the  parabola  and  the  bissector.  Under  that  condition,  the  representative  point 
travels  through  the  channel  very  slowly:  this  corresponds  to  a  dynamics  which  slowly 
evolves.  In  particular,  the  representative  point  spends  a  long  time  m  the  vecinity  of 
the  "ghost"  of  the  fixed  point.  Translated  in  the  full  phase  space,  this  means  that  the 
trajectory  remains  a  certain  time  near  the  (desappeared)  limit  cycle.  In  other  words, 
for  a  while  the  behavior  is  nearly  periodic:  one  says  that  the  system  is  in  a  laminar 
sequence.  After  that,  the  representative  point  escapes  out  of  the  mapping  and  wanders  m 
the  phase  space:  this  corresponds  to  a  "burst"  of  turbulence.  Then,  there  is  a 
reinjection  somewhere  in  the  channel  and  a  new  crossing  begins.  The  reinjection  being 
made  at  random,  the  iterations  can  start  anywhere  in  the  channel;  then  the  duration  of 
the  laminar  phase  are  distributed  at  random.  The  distribution  of  the  length  of  the 
laminar  phases  can  be  calculated.  One  can  see  in  figure  15d  that  the  general  shape  of 
this  distribution  is  qualitatively  characterized  by  a  value  of  the  most  represented  T ' 
not  too  far  from  the  maximum  duration.  On  the  other  hand,,  T '  is  expected  to  vary  like 

^  C12]. 


This  kind  of  mtermittencies  has  been  observed  in  Rayleigh-Benard  convection  in 
confined  geometry.  The  convective  structure  consisted  of  2  rolls  in  the  longer  size 
(L^=  2d)  and  1  roll  in  the  other  one  (L  =  1.2 d)  (Prandtl  number  of  the  oil  =  130)  [33J. 
The  dynamics  of  the  regime  was  studied  through  velocity  measurements  (laser  doppler 
velocimetry) .  At  Ra  =  250  Rac  ,  the  regime  is  monoperiodic;  the  thermal  oscillator 
responsible  for  this  regime  is  a  thermal  dropplet.  At  Ra  =  290  Rac  a  qualitatively 
different  regime  sets  in:  the  oscillations  are  still  present,  but,  from  time  to  time,, 
they  are  interrupted  by  a  short  burst  (see  figure  15o) .  As  expected,  near  the  threshold 
of  intermittencies  the  lengtn  of  the  laminar  sequences  is  long  and  the  bursts  are  rare; 
they  become  more  and  more  frequent  when  Ra  is  increased.  The  distribution  of  the 
duration  of  the  laminar  sequences  wat  found  in  qualitative  agreement  with  what 
theoretically  expected. 


IV.  5.  Type  81  intermittencies 

We  know  from  section  III. 4  that  this  kind  of  intermittencies  is  associated  with 
the  destabilization  of  a  limit  cycle  when  the  unit  circle  is  traversed  at  -1  through  a 
subcritical  (or  inverse)  bifurcation. 

A  departure  from  the  limit  cycle  is  thus  multiplied  at  each  period  by  a  negative 
real  number,  the  absolute  value  of  which  is  sligbly  larger  than  one.  In  the  Poincarfe 
plane,  this  means  that  the  representative  point  leaves  the  ancient  fixed  point  0, 
vacillating,  on  the  axis,  from  positive  to  negative  values:  the  system  returns  in 
(almost)  the  same  state  each  two  periods  (see  figure  16a).  This  is  the  phenomenon  of 
"period  doubling":  basically,,  this  kind  of  instability  produces  a  subharmonic  of 
increasing  amplitude  (in  a  subcritical  bifurcation  the  non  linear  term  does  not 
saturates  the  exponential  growth).  This  loss  of  stability  of  a  limit  cycle  through  the 
growing  of  the  subharmonic  mode  is  the  basic  mechanism  of  type  $  intermittencies  L5J. 


*  Note  that  the  term  "fixed  point"  has  to  be  understood  in  the  context  of  a  Poincar6 
section:  in  the  full  phase  space  it  corresponds  to  a  limit  cycle. 


16c)  Scheme  o£  the  distribution  of  the  ,6b)  Mappln0  =  <1+2 t)A„  +  a'A  * 

lengths  of  the  laminar  periods.  for  >  0<an<i  £/0  • 


16  d)  Time  dependence  of  the  horizontal  temperature  gradient  near  the 
threshold  of  type  fl  intermittency  in  R.B.  convection.  This  R.B.  experiment 
is  carried  out  with  a  ratio  Ra/Rac  c;  416.5.  Note  the  continuous  growth  and 
then  the  abrupt  increase  of  the  amplitude  of  the  subharmonic,  and  the 
concomitant  decrease  of  the  amplitude  of  the  fundamental. 


FIGURE  16jTYPE  HI  INTER MITTENCIES 


The  mapping  (or  iterated  map)  which  describes  type  I  intermittencies  is 

'  V1+e)  +  *  *  *  +  b  A  \  +  ... 

It  is  natural ,  from  what  we  have  seen  above  to  consider  the  second  iterate  A 

If*  2 

as  a  function  of  A  . 

* 

Neglecting  the  higher  order  terms: 

iV  =  ( 1+2 e)  ,1  +  a'A2+  b'A  ®  +  ... 

k  *  2  k  k  k 

with  b'  =  2 (a  !+  b)  and  a'  «  b' .  b‘  <0  would  correspond  to  a  normal  bifurcation,  a  case 
not  considered  in  this  section.  On  the  contrary,,  b'  >  0  describes  the  subcritical  case 
which  gives  rise  to  type  E  intermittencies.  bet  us  consider  in  figure  16b,  the  graph  of 
A  =  f(A  ).  For  e  >  0,  the  unique  fixed  point  (0,0)  is  unstable  (remember  that  it 

If  »  2  k 

represents  the  unstable  limit  cycle).  From  the  (0,0)  point,,  the  upper  branch  of  this 
cubic  curve  corresponds  to  the  growth  of  the  subharmonic  and  the  lower  branch  represents 
the  correlative  decrease  of  the  fundamental.  When  the  amplitude  of  the  subharmonic 
attains  a  certain  value,,  a  burst  appears  shattering  the  signal's  regularity.  Immediately 
afterwards,,  regular  behavior  reappears  due  to  a  reinjection  somewhere  m  the  channel.  As 
in  the  case  of  type  I  intermittencies,  this  reinjection  is  made  anywhere  in  the  channel 
with  equal  probability.  Then,  the  amplitude  for  the  subharmonic  at  the  begining  of  a  new 
laminar  sequence  is  at  random.  This  initial  amplitude  determines  the  length  of  the 
laminar  phase  until  the  next  turbulent,  burst.  One  can  calculate  the  distribution  of  the 
lengths  of  the  laminar  phase.  By  contrast  with  the  case  of  type  I  intermittencies,  this 
distribution  is  characterized  by  a  long  tail  towards  long  durations  (figure  16c).  This 
important  difference  can  be  understood  from  the  graphs  of  the  two  kinds  of 
intermittencies.  In  type  I  intermittencies  a  reinjection  at  the  begining  of  the  channel 
corresponds  to  the  maximum  of  the  duration  of  the  laminar  phase.  In  type  I 
intermittencies,  the  smaller  the  initial  amplitude  of  the  subharmonic,  the  longer  the 
laminar  phase  lasts.  Then,  by  opposition  with  the  case  of  type  I  intermittencies,  there 
is  not  a  strict  limit  for  the  maximum  of  the  length  of  a  laminar  phase:  in- principle,  a 
reinjection  exactly  at  the  point  (0,0)  would  produce  a  laminar  period  of  infinite 
length. 


Type  2  intermittencies  have  been  observed  in  Rayleigh-Benard  convection  in  the 
same  experimental  cell  as  for  type  I  intermittencies.  The  differences  consisted  m  the 
Prandtl  number  of  the  oil,  (36  instead  of  130)  and  the  kind  of  convective  structure  (3 
rolls  instead  of  2  rolls) .  Under  that  conditions  the  following  regimes  were  observed: 


33? 


377 


steady  regime 


377 


Ra 

<  -  <  416.7  monopenodic  regime 

Ra 


Ra 

-  >  416.7  growing  of 


the  subharmonic  mode  with  appearance  of  bursts.  This  last  behavior  is  well  illustrated 
in  figure  16d  which  represents  the  variation  of  semi  local  thermal  gradients  (detected 
through  optical  techniques).  One  can  note  the  growing  of  the  subharmonic,  the  decrease 
of  the  fundamental  and,  at  a  certain  level  of  subharmonic,,  the  appearance  of  a  short 
burst,  followed  by  a  relaminarization  etc...  One  can  clearly  check  that,,  as  expected, 
the  smaller  the  initial  amplitude  of  che  subharmonic,  the  longer  the  laminar  phase 
lasts. 


Figure  16e  shows  in  more  details  now  one  can  construct,  from  experimental  data, 
a  return  map  -  here,  a  second  return  map  J  =  f(J4)  -  in  order  to  compare  with  the 
mapping  described  above;  one  can  remark  a  very  good  agreement  between  theory  and 
experiment . 

Finally,,  figure  16f  shows  a  distribution  ol  the  lengths  of  the  laminar  phases; 
as  expected,  there  is  a  broad  distribution  of  times  with  a  pronounced  tail  towards  long 
durations . 
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FIGUHF.  16JTYPE  QI  INTERMITTENCIKS  (CONTINUED) 


16e)  a)  Sample  of  a  time  signal  from  the  same  regir e  as  Figure  lSd.  Expanding 
the  time  scale  provides  a  better  illustration  of  the  growth  of  the 
subharmonic  and  the  correlated  decay  of  the  fundamental.  To  the  left  are 
defined  the  quantities  Ik  used  in  graphing  the  second  return  map. 

b)  Graph  of  the  second  return  map  r  =  jf C ) .  Two  different  symbols 
are  used  to  construct  this  graph  from  the  experimental  results:  one  of  them 
(o)  corresponds  to  the  subharmonic  (increasing  amplitudes)  and  the  other 
(x)  to  the  fundamental  (decreasing  amplitudes).  The  continuous  curve  is  the 
graph  of  the  function: 

fill  =  (1  +  2«)  I  +  aJ*  +  W 

(  a  and  b  constants  with  a  «  b)  predicted  by  theory  to  be  the  functional 
form  of  the  second  return  map  near  the  intermittency  threshold.  We  note  the 
excellent  agreement  with  experimental  results  obtained  by  adjusting  the 
value  of  the  parameter  e  («  =  0.11). 


|6f)  Histogram  of  the  lengths  of  laminar  phases.  The  lengths  observed  vary 
from  eighteen  minutes  to  more  than  two  hours.  The  most  significant  feature 
is  the  lonj  tail  for  T  large,  characteristic  of  type  I  intermittency. 


IV. 6.  The  subharmonic  cascade  [15][16][17] 

We  have  studied  in  section  II. 3  the  iteration  of  a  quadratic  mapping  of  the 
interval  f(X) 

a;.,  =  *  /*  a;  (1  - 

For  y  *  0.7,,  we  pointed  out  the  existence  of  a  stable  fixed  point  at  X *  (see  fig. 5). 
(Remember,  once  again,  that  a  stable  fixed  point  in  a  mapping  corresponds  to  a  stable 
limit  cycle  in  the  real  phase  space).  However,  this  situation  for  which  we  find  a  single 
stable  fixed  point  is  far  to  be  the  unique  possibility.  Indeed ,„  the  results  depend  on 
the  value  of  y  which  plays  the  role  of  a  control  parameter.  For  example,,  let  us  consider 
the  situation  corresponding  to  y  =  0.8,  see  fig. 17. 


How  the  fixed  point  X  ‘  is  unstable,  for  the  slope  of  the  tangent  at  this  point 
is  greater  than  one  in  absolute  value.  The  graphical  construction  shows  that  the  mapping 
has  two  special  points  X  !  and  X\  such  that: 


fix:) 


and 


x\  =  fix: ) 


In  other  words,  the  iteration  alternates  between  one  point  and  the  other:,  starting  from 
one  of  these  points,  we  must  iterate  twice  to  return  to  it.  The  two  points  constitute  an 
attractor  of  period  two,,  also  called  a  2-cycle.  Given  that: 

X\  =  f<  X\)  «  m<  arp) 

X\  =  f!  x\)  =  x[)) 

these  two  points  -  which  are  not  fixed  points  of  £  -  are  fixed  points  of  the  function: 

gix )  =  fu<ar  '>  =  f 2  (x  > 

as  can  be  verified  on  Figure  18.  More  detailed  study  shows  that  we  pass  continuously 
from  the  situation  of  a  stable  fixed  point  to  that  of  an  attractor  of  period  two  by 
increasing  the  value  of  Transition  occurs  at  the  threshold  value  =  0.75.  At  this 
value,  the  stable  fixed  point  of  f  becomes  unstable,  and,  correspondingly,  there  appear 
two  stable  fixed  points  of  /  *  .  An  attractor  of  period  two  takes  the  place  of  the 
attractor  of  period  one:  the  period  has  doubled.  This  is  exactly  the  situation  expected 
when  the  unit  circle  is  traversed  at  -1  and  when  the  associated  bifurcation  is  normal. 
Let  us  return  to  the  iteration  cf  section  ]V.  5 


L  •  Z 


=  !l+2«)  A.  + 


+  b- 


but,  now.  with  b‘  <  0  (normal  bifurcation).  One  can  see  in  figure  19  the  graph  of  this 
iteration  for  «  >  0.  Clearly,  the  point  0  is  unstable  and  there  are  two  stable  fixed 
points  corresponding  to  the  attractor  of  period  two. 

Let  us  now  return  to  the  quadratic  map.  What  happens  when  we  continue  to 
increase  n  ?  The  graphs  of  f  and  f  *  gradually  change,  in  such  a  way  that  the  fixed 
points  of  f  1  also  end  up  losing  their  stability.  Another  simple  graphical  construction, 
helps  to  foretell  and  to  explain  the  sequence  of  events.  Consider  the  square  around  the 
fixed  point  X\  in  Figure  18.  Inside  the  square,  we  observe  a  locally  parabolic  curve 
containing  a  stable  fixed  point  -  i.e.  a  situation  just  like  that  of  Figure  5.  Therefore 
when  the  fixed  point  becomes  unstable  by  deformation  of  the  curve,  we  can  expect  the 
same  phenomenon  as  before:  the  fixed  point  of  g  will  be  replaced  by  two  points  which 
will  bt  the  fixed  points  of  the  function: 


This  conclusion  applies 
unstable  for  a  value  u  =  0.862. 


h(®  ■  g(g(£>  )  =  f  « <25 . 

equally  to  tne  fixed  points  X\ 


and  X  ‘  :  both  become 


For  ^  g  has  no  more  staole  fixed  point  but,  b.  has  now  four  fixed  points. 
Starting  from  any  one  of  these  points,  four  iterations  are  required  to  return  to  it:  we 
now  have  a  «-cycle.  Again,  the  period  has  doubled  via  a  subharmonic  bifurcation. 

By  continuing  to  increase  the  same  phenomenon  will  be  repeated  ad  infinitum. 
We  will  see  a  cascade  of  bifurcation,  each  accompanied  by  the  period  doubling  associated 


Fig.  17  -  Graph  of  =  4  M  3*  (1-5^)  for  ^  a  0-8  .  Both  fixed 
points  of  f  are  unstable  at  this  value  of  >x.  Any  initial  condition  in  ]0,, 
1[  has  as  its  asymptotic  limit  the  pair  of  points  X\  and  visited  in 
turn. 


=  f  *  UP  fir  n=0.8.  This 
napping  has  four  fixed  points,  of  which 
two,  X\  X\*  are  stable,  f  naps 
each  one  onto  the  other.  The  two  squares 
drawn  around  the  fixed  points  serve  to 
emphasize  the  structural  similarity  with 
the  graph  of  f{£)  in  Figure  5. 


Ak+2 


Fig. 19  -  Mapping  =  <1+2«)A 

a'A  *  +  b' A  ’  for  b’  <  0. 
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with  a  subharmonic  instability.  As  y  is  increased  we  observe  a  succession  of  attractors 
of  period  2( .  or  2e  -cycles,  t  an  integer  varying  between  0  (for  y  5  0.75)  up  till 
infinity.  The  values  of  y  at  which  the  bifurcation  in  the  cascade  occur  have  a 
remarkable  property:  they  form  an  increasing  series  converging  rapidly  towards  an 
accumulation  point  y^,  whose  value  can  only  be  obtained  numerically: 

yg)  =  0.892486418... 

The  following  tfble  gives  the  values  of  y  corresponding  to  the  first  few  bifurcations  of 
the  subharmonic  cascade. 


Periodicity  of  the  attractor 

y  value  at  the  bifurcation  point 

1.2°  =  1 

t .  2‘  =2 

S*yl  =  0.75 

1.2’  =  4 

y2  =  0.86237... 

CO 

II 

H 

y  =  0.88602... 

1 . 24  =16 

y4  =  0.89213..  . 

1.2®  =  oo 

ym  =  0.892486418... 

Examination  of  the  values  of  y  collected  above  reveals  that  the  convergence  towards  the 
accumulation  point  obeys  a  simple  and  rigorous  law:  the  difference  between  values  of  y 
associated  with  two  consecutive  bifurcations  is  reduced  each  time  by  an  almost  constant 
factor: 


i-»  ®  l*i  •  i  "  **< 

An  essential  result,  which  cannot  be  overemphasised,  is  that  the  scale  reduction  factor 
S  is  cnuniversal  constant,  independent  of  the  details  of  the  function  f  considered: 

S  =  4.6692016091029909... 

More  precisely,,  in  iterating  any  mapping  which  has  a  Quadratic  extremum  we  always  find 
the  same  period-doubling  cascade,  with  the  same  scaling  laws  as  above.  The  theory  is 
indeed  extremely  general,  which  justifies  in  retrospect  the  attention  we  have  devoted  to 
this  particular  function  f.  What  is  remarkable  is  that  quantitative  predictions  can  be 
made  provided  that  a  simple  qualitative  condition  is  satisfied. 

A  graph  of  the  X  values  of  the  points  on  each  attractor,  as  a  function  of  y. 
aids  in  visualizing  the  subharmonic  cascade  just  described  (see  Figure  20) .  The  first 
bifurcations,,  each  doubling  the  number  of  points  of  the  attractor,  appear  very  clearly. 
But  the  bifurcations  rapidly  become  so  close  to  one  another  that  they  can  no  longer  be 
distinguished  if  y  is  represented  on  a  linear  scale.  On  Figure  20,  the  attractor  of 
period  eight  is  the  last  that  can  be  discerned  without  difficulty.  What  happens  beyond 
the  accumulation  point  ? 

Numerical  simulations  shows  that  traversal  of  the  value  ya  marks  the  beginning 
of  a  very  complex  domain.  On  the  graph  of  Figure  20  different  zones  appear,  some  lighter 
and  others  more  shaded.  Detailed  analysis  reveals  that  m  this  region,  periodic 
attractors  alternate  with  chaos. 

In  the  latter  case,  iteration  of  I  yields  a  sequence  of  values  of  X  that: 

-  never  repeat  themselves 

-  depend  on  the  initial  condition  3^ ■ 

In  particular,  two  arbitrarily  close  initial  conditions  give  to  two  sequences  of 
iterates  -  or  trajectories  -  that  always  eventually  diverge  from  one  another  (S.I.C.). 
Take  in  mind  that  ym  is  the  threshold  for  chaos  in  the  period  doubling  scenario. 


Fig -20  -  Asymptotic  iterates  of  the  mapping  flJD  for  b  e  £0.5,1].  As  a 
function  of  the  paiameter  p  ,  we  have  plotted  the  value  or  values  of  3^ 
obtained  by  iteration  of  /(&)  as  k  tends  to  infinity.  From  left  to  right  we 
see: 

-  a  sequence  of  periodic  attractors,  separated  by  subharmonic  bifurcations 
each  of  which  doubles  the  number  of  points  on  the  attractor,  as  well  as  its 
period. 

-  beyond  a  region  where  aperiodic  and  periodic  attractors  alternate. 


Fig. 21  -  Cascade  of  period  doubling  in  pjq.22  -  Fourier  spectra  corresponding 

R.B.  convection  in  mercury.  The  changing  to  data  of  figure  21.  Starting  from  fx/2 

shape  of  the  signal  (temperature  of  the  (in  we  see  appear  the  subharmonics 

fluid  at  one  point  as  a  function  of  f  /4  (in  B  ) ,  /  /8  (in  C)  and  f  /16  (in 

tine)  clearly  shows  the  period-doubling  c>  as  well  as  t{,eir  oad  harmonics, 

process  that  takes  place  as  the  control  from  A.  Libchaber ,  S.  Fauve ,  C.  l^aroche. 

parameter  Ra/Ra^  is  increased.  The  line 
segments  indicate  the  length  of  one 
period,  defined  by  a  basic  pattern  which 
is  repeated  indefinitely. 

From  A.  Libchaber,  S.  Fauve,  C .  Laroche. 
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The  route  to  turbulence  via  subharmonic  cascade  (or  cascade  of  period  doubling) 
has  been  very  veil  illustrated  in  Rayleigh-Benard  convection.  The  most  precise 
experiments  have  been  done  with  liquid  mercury  stabilized  against  some  parasitic 
instabilities  with  a  magnetic  field  [18] [19].  Needless  to  say  that  the  experimental 
techniques  are  completely  different  from  that  describee  previously. 

Larger  aspects  ratios  than  for  the  ca3e  of  oil  are  used  (L^  =  4d  or  6 d)  and  two 
purposes  are  served  in  placing  a  magnetic  field.  First,  given  the  high  electrical 
conductivity  of  mercury,  the  convection  rolls  have  a  strong  tendency  to  align  themselves 
in  the  direction  parallel  to  the  magnetic  field.  This  fixes  the  spatial  order  and 
prevents  the  creation  of  defects  as  Ra  is  increased.  In  addition,,  the  magnetic  field 
damps  certain  modes  causing  oscillation  of  the  rolls;  it  intensifies  dissipation,  which 
favours  dynamical  behaviors  understandable  in  terms  of  one  dimensional  mappings. 


The  mercury  is  placed  between  two  thick  copper  plates.  The  convective  motions 
are  measured  using  bolometers,  since  optical  methods  cannot  be  used  in  an  opaque  medium. 
In  a  first  phase  of  the  experiment,  one  fixes  the  magnetic  field  strength  at  zero  and 
increase  the  temperature  difference  until  the  onset  of  convection  at  a  value  Rac  of  the 
Rayleigh  number.  Continuing  to  increase  Ra,  one  notices  at  a  value  close  to  2 Ra^,,  the 
onset  of  a  new  instability.  The  signal  recorded  by  the  bolometer  begins  to  oscillate  in 
time  with  a  frequency  f .  This  oscillary  instability  can  be  attributed  to  a  wave 
propagating  along  the  roll  axes.  As  Ra  is  further  increased,,  the  periodic  regime  in  turn 
becomes  unstable,,  and  there  appears  in  the  power  spectrum  of  the  signal  a  second 
frequency  f  close  to,  but  nonetheless  distinct  from  f,  / 2.  For  a  slightly  larger  value 
of  Ra,  the  frequencies  of  the  two  oscillators  lock  when  the  condition  of  3Ubharmonic 
resonance  f  =  f  /2  is  satisfied. 

This  frequency  locking  narks  the  beginning  of  the  second  phase  of  the 
experiment.  A  constant  and  uniform  magnetic  field  is  applied,  whose  intensify  is  such 
that  the  amplitudes  of  the  two  oscillators  become  comparable.  By  gradually  increasing 
the  Rayleigh  number,  one  notices  a  succession  of  well-defined  values  of  Ra  at  which  one 
periodic  regime  bifurcates  to  another  of  twice  the  period.  Figure  21  shows  recordings 
from  several  consecutive  periodic  regimes.  The  emergence  in  the  Fourier  spectrum  of  the 
sutharmonics  J^/4,  then  /  / 8,  f  /16,  the  signature  of  period  doubling  (see  fig. 22).  From 
these  results,  we  can  attempt  to  evaluate  the  convergence  ratio  of  the  successive 
bifurcations.  We  find  a  value  of  4.4,  extremely  clo..e  to  the  universal  asymptotic  limit 

4.669 _  predicted  by  theory.  Chaos  (or  turbulence)  appears  for  Ra  number  immediately 

above  that  corresponding  to  the  emergence  of  {  / 16- 

This  Rayleigh-Benard  convection  experiment  confirms  the  existence  of  the  route 
to  turbulence  via  the  subharmonic  cascade.  Let  us  also  mention  that  thermoconvection  in 
other  fluids  (liquid  helium,  water,  oil)  also  gives  rise  to  a  period-doubling  cascade., 
as  well  as  others  dynamical  systems  (20J. 


IV. 7 .  The  quasiperiodicity 

The  route  to  chaos  via  quasiperiodicity  is  developed  in  many  details  ’r.  e 
lectures  given  by  M. Dubois.  Let  us  just  describe  m  a  few  words  the  loss  of  stability  of 
the  limit  cycle  giving  rise  to  quasiperiodicity  by  comparison  with  what  happens  m  the 
case  of  intermittencies  or  period  doubling  cascade.  In  these  last  two  cases,  the  unit 
circle  is  traversed  either  at  -2  or  at  -1.  '’"his  means  that  the  eigenvalues  whose  modulus 
becomes  larger  than  1  is  real  in  both  cases.  Then,  in  the  poi.lC»r6  plane,  (see 
figure  23),  the  successive  vectors  representing  the  increasing  depa.ture  from  the  point 
0  -  section  of  the  limit  cycle  -  are  on  a  straight  line.  Cn  the  contrary,  when  the  unit 

circle  is  traversed  at  two  complex  conjugate  value  (a  ±  it>>  the  e.genvalue  whose  "Odulus 
becomes  larger  than  1  is  complex.  Then,  the  successive  vectors  are  amplified  and  rotate 
in  the  Poincarfe  plane.  If  this  loss  of  stability  is  associated  with  a  normal 
bifurcation,  the  non  linear  terms  saturate  th*  growth  ot  the  modulus  and,  after  a  short 
transient  the  points  of  the  Poincar6  section  rotate  on  a  circle  (see  figure  2.3).  That 
is  to  say.  the  corresponding  attractor  is  no’:  a  Torus  7*  whose  Pcincarfe  section  is  a 
circle  (see  figure  4-  !-  Returning  to  the  dynamics  itself,  the  periodic  regime  has  been 
replied  by  a  quasiperiodic  regime.  The  corresponding  transition  is  called  a  Hopf 
bifurcation.  Different  kind  of  instabilities  may  then  occur  giving  rise  to  chaos  via 
what  is  called,  generically.  "the  route  (or  scenario)  to  chaos  via  quasiperiodicity". 


Eig-23  ■  Successive  intersections  in  the 
Poincarfe  plane  when  the  unit  circle  is 
traversed: 
a)  at  +1 
bl  at  -1 

c)  at  a  t  ip 

d)  Hopf  bifurcation:  the  point  0  is  the 
Poincar*  section  of  the  (unstable:  limit 
cycle  and  the  points  P(  belong  to  the 

Poincarfe  section  of  the  Torus  T  2 . 
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1  General  setting 

As  discussed  in  the  lectures  given  by  P.  Bergi  and  M.  Dubois,  our  understanding  of  the  process  of 
transition  to  turbulence  has  made  a  great  advance  thanks  to  the  irruption  of  deep  mathematical 
concepts  from  dissipative  dynamical  systems  theory. 

However  it  shoi’td  be  stressed  immediately  that,  while  this  approach  is  fully  adapted  to  confined 
s<  stems  where  the  spatial  structure  remains  frozen,  the  situation  of  weakly  confined  systems  is 
much  less  settled.  Indeed,  in  continuous  media  where  instabilities  can  develop,  the  number  of 
■  •  jracting  me  ',es  is  linked  first  of  all  to  the  physical  processes  involved  but,  more  importantly,  to 
-onfinement  effects  measured  by  aspect  ratios.  In  confined  systems  (small  aspect  ratio  limit),  eigen- 
modes  associated  with  instability  mechanisms  have  markedly  different  critical  values  and  spatial 
structures;  one  can  easily  restrict  the  number  of  effective  excited  modes  to  a  small  value.  On  the 
other  hand  when  the  geometry  allows  a  large  number  of  equivalent  configurations  (large  aspect 
ratio  limit),  except  in  a  vanishingly  small  vicinity  of  the  threshold,  one  cannot  avoid  that  chao3 
then  gains  an  irreducible  spatial  component  linked  to  the  specific  position/orientation  degeneracy. 
In  this  lecture,  we  shall  be  interested  mainly  in  some  original  features  of  the  transition  to  turbulence 
at  the  limit  of  very  large  aspect  ratios. 

A  conceptually  simple  way  to  increase  the  number  of  degrees  of  freedom  consists  in  coupling 
identical  dynamical  systems  and  giving  a  spatial  meaning  to  this  coupling.  This  can  be  done  for 
example  by  assuming  interactions  between  systems  sitting  at  near-neighboring  nodes  of  a  regular 
lattice-  The  simplest  possible  such  coupled  systems  seem  to  be  the  so  called  cellular  automata 
which  are  discrete-time  discrete-space  systems  with  a  finite  number  of  accessible  states  per  site.  In 
spite  of  their  apparent  simplicity  they  can  display  a  particularly  rich  manifold  of  behaviors,  some 
simple,  others  quite  complicated  (see  [23j).  A  step  beyond  the  discrete  local  phase  space  of  cellular 
automata  is  performed  in  allowing  a  continuous  local  phase  space.  This  leads  to  the  level  of  coupled 
map  lattices-,  a  typical  governing  equation  reads: 

Xi+1  =  F(Xf)  +  D  (Xj+l  -  2Xj  +  XU) 

where  the  Xi’a  are  the  local  degrees  of  freedom, «  being  the  (discrete)  space  variable,  t  the  (discrete) 
time,  F(X)  the  local  evolution  law,  and  D  the  coupling  constant.  The  interaction  is  chosen  so  as 
to  look  like  a  discrete  approximation  to  the  Laplacian  characteristic  of  a  diffusive  process. 

In  principle,  there  is  no  difficulty  (except  practical)  to  pass  from  discrete  time  to  continuous 
time  by  performing  a  suspension  of  a  given  n-dimensional  invertible  map  to  get  a  flow  in  a  (n  + 1)- 
dimensional  phase  space,  i.e.  the  reverse  of  a  Poincari  section.  In  order  to  go  from  coupled  lattice 
maps  to  partial  differential  equations  which  are  the  actual  concern  of  turbulence  theory  we  have 
thus  to  perfom  nested  suspensions,  the  first  one  to  recover  continuous  time,  and  the  second  one 
for  continuous  space.  Needless  to  say  that  the  theoretical  status  of  this  procedure  is  yet  unclear, 
especially  because  the  reverse  of  the  reduction  to  a  center  manifold  [7]  or  more  generally  to  some 
inertial  manifold  (for  an  introduction  with  references  to  recent  work,  see  [16])  leads  not  to  a 
discretized  physical  space  but  to  an  abstract  low  dimensional  phase  space. 


•Swiss***, —  » 


Avoiding  r  thorough  discussion  of  this  delicate  topic,  we  shall  assume  that  the  information 
gained  in  the  study  of  coupled  map  lattices  will  be  meaningful  also  for  Sows  in  enclosures  (i.e.  not 
necessarily  for  open  flows  also  of  great  interest)  with  spatial  modulations  playing  the  major  role  in 
the  process  of  transition  to  turbulence  (this  will  be  justified  by  hand-waving  arguments  later). 

The  conventional  approach  to  the  problem  of  modulated  structures  involves  so  called  envelope 
equations  accounting  for  long  wavelength,  slow  modulations  of  cellular  structures  either  steady  or 
propagating.  These  envelope  equations  themselves  can  be  viewed  as  belonging  to  the  more  general 
class  of  reaction-diffusion  systems  of  the  form: 

dtX  =  G(X)  +  D  VtX 

where  the  second  term  on  the  right  hand  side  accounts  for  the  diffusion  of  chemical  species  reacting 
according  to  some  scheme  G.  In  turn  reaction-diffusion  equations  are  a  special  case  of  even  more 
general  hydrodynamic  equations  for  reacting  fluid  systems,  which  close  the  circle  sketched  in  fig.  1. 

Let  us  come  back  to  the  evaluation  of  the  number  of  degrees  of  freedom.  Confinement  effects 
are  illustrated  in  fig.2  in  the  standard  case  of  a  convection-like  instability.  The  marginal  stability 
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Figure  1:  From  hydrodynamic  equations  to  hydrodynamic  equations:  reduction  to  center  manifold 
dynamics,  Poincare  sections  and  maps,  coupled  map  lattices,  and  envelope  equations. 


Figure  2:  Effects  of  confinement  on  eigen-modes  of  a  convection-like  instability;  on  the  left  of  the 
minimum:  large  aspect  ratio  limit;  on  the  right:  small  aspect  ratio  limit. 
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curve  then  looks  parabolic  in  the  vicinity  of  its  minimum  ( kc ,  Re)'- 

£^  =  e=fSt|*|-*e)3 

where  (o  is  the  (naked)  coherence  length  of  the  structure  (it  may  be  convenient  to  choose  a  length 
unit  such  that  ke  =  1).  Using  periodic  boundary  conditions  at  a  distance  L  in  one  space  dimension 
leads  to  possible  wavevectors  which  are  integer  multiple  of  2it/L.  When  L  increases,  the  distance 
between  neighboring  allowed  wavevectors  gets  smaller  as  1/L,  the  reciprocal  of  the  aspect  ratio. 
At  the  same  time,  the  number  of  easily  excited  modes  in  the  vicinity  of  the  threshold  scales  as 
An  =  (£/ 2jt)v^.  At  threshold  the  coherence  of  the  unstable  mode  is  complete;  slightly  above 
the  threshold,  modulations  are  allowed  since  more  modes  can  participate.  The  width  of  the  wave- 
packet  varies  as  y/e,  the  corresponding  coherence  length  being  to/sfe.  Further  from  the  threshold, 
the  coherence  is  restricted  to  a  length  of  the  order  of  £o,  which  makes  the  nudeation  of  structural 
defects  much  easier;  a  large  manifold  of  imperfect  structures  or  textures  can  then  survive  in  a 
metastable  way. 

Usually,  the  study  of  the  transition  to  turbulence  involves  the  control  of  an  applied  stress, 
here  measured  by  e,  while  keeping  the  aspect  ratio  constant  (and  small).  In  order  to  understand 
the  specific  role  of  confinement  in  experiments  at  large  aspect  ratio,  it  may  be  useful  to  consider  a 
situation  where  stress  variations  are  irrelevant  while  the  aspect  ratio  is  the  actual  control  parameter. 
Let  us  have  a  look  at  the  bifurcation  diagram  — fig.3 —  of  the  Kuramoto-Sivashisky  equation: 

dt6  +  3**0  +  d„„0  +  -(3,0)*  =  0 

with  periodic  boundary  conditions  for  L  small  to  moderate  [8].  Stable  steady  cellular  structures 
(corresponding  to  rolls  in  a  convection  experiment)  with  an  increasing  number  of  cells  are  observed 
in  narrow  L-windows.  The  transition  between  solutions  with  different  numbers  of  cells  can  be  quite 
complicated  with  very  long  turbulent  transients  displaying  weakly  unstable  anomalous  cellular 
structures  with  defects,  etc.  up  to  the  large  L  limit  where  sustained  turbulence  prevails.  A  quite 
analogous  scenario  has  been  observed  in  convection  at  high  Prandtl  numbers  [1]. 

From  what  we  have  just  said,  it  seems  that  as  long  as  we  remain  with  only  one  parameter 
at  our  disposal,  either  e  or  L,  we  do  not  get  excitingly  new  things  that  do  not  closely  fit  the 
framework  of  dynamical  systems  theory  (this  conclusion  would  not  be  changed  by  the  presence  of 
several  physically  different  unstable  modes  in  competition  controlled  by  a  whole  set  of  parameters 


Figure  3:  Bifurcation  diagram  of  the  Kuramoto-Sivashinsky  equation  for  L  moderate;  stable  cellular 
solutions  are  labelled  by  their  number  of  cells  and  windows  of  persistent  turbulence  by  the  letter 
“T”;  stable  steady  states  for  L  large  are  reached  only  after  very  long  transients. 
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ti,  ej, . . — multiple  codimension  problem —  plus  the  aspect  ratio  L).  In  fact,  as  soon  as  the  aspect 
ratio  is  sufficiently  large,  the  number  of  effective  degrees  of  freedom  is  also  large.  This  is  attested 
by  estimates  of  the  dimensions  of  attractors  [15,1]  and  of  course  by  the  existence  of  long  transients 
exploring  regions  of  phase  space  of  increasing  complexity.  Assuming  from  the  start  that  the  aspect 
ratio  is  large  thus  leads  to  accept  the  idea  that  even  if  we  are  observing  a  laminar  state,  this  state 
can  be  stable  with  respect  to  infinitesimal  fluctuations  but  not  globally  stable  (i.e.  with  respect  to 
pertubations  of  any  kind,  which  can  be  proven  only  close  to  thermodynamic  equilibrium)  and  that 
the  global  structure  of  the  phase  space  can  be  sufficiently  complicated  to  afford  several  attractors, 
among  which  some  can  be  turbulent  and  possibly  also  turbulent  quasi-attractors  (finite  life-time 
attractors  [6])  explaining  the  presence  of  long-lived  transients. 

Considering  from  a  general  point  of  view  the  cases  where  the  process  of  transition  to  turbulence 
is  well  understood  in  low  dimensional  dynamical  systems  we  arrive  at  the  conclusion  tbat  this  is 
mainly  because  everything  can  be  made  local  both  in  parameter  space  and  in  phase  space.  The 
two  best  known  examples  are  the  sub-harmonic  route  and  the  Ruelle-Takens  scenario.  When  these 
two  conditions  are  not  fulfilled,  we  have  to  face  more  or  less  important  difficulties,  the  signature  of 
which  turns  out  to  be  intermittency,  often  associated  with  crises.  The  three  types  of  intermittency 
arising  from  subcritical  bifurcations  of  a  limit  cycle  have  been  presented  in  P.  Berge’s  lecture;  for 
a  recent  illustration  of  intermittency  occurring  in  a  crisis  context  see  [2].  In  such  cases,  the  main 
problem  come  from  the  fact  that  one  already  needs  a  detailed  knowledge  of  properties  of  regions 
in  phase  space  which  are  not  close  to  the  attractor  which  looses  its  stability  (turbulent  burst)  and 
more  generally  of  the  global  structure  of  phase  space  (relaminarization  problem). 

What  is  implied  in  the  previous  two  paragraphs  is  that,  in  order  to  get  something  which  has 
a  chance  of  going  beyond  the  standard  approach  in  terms  of  dynamical  systems,  we  must  consider 
subcriticaliy  unstable  laminar  regimes.  If  we  remember  that  sufficiently  far  from  the  threshold  the 
coherence  length  is  short  enough,  we  can  thus  consider  the  total  system  as  an  assembly  of  weakly 
interacting  units  of  individual  size  0(&>)-  Then  we  can  assume  that  the  system  can  be  locally  in 
one  or  another  of  the  states  tbat  can  exist  at  the  global  scale  as  attractors  or  quasi-attractors.  This 
determines  a  partition  of  the  physical  space  into  domains  that  can  fluctuate  in  size  and  shape.  This 
kind  of  weak  turbulence  is  called  spatio-temporal  intermittency. 

The  transition  to  turbulence  via  spatio-temporal  intermittency  presents  itself  as  a  scenario  spe¬ 
cific  to  large  aspect  ratio  systems.  As  a  natural  frame  for  this  type  of  transition  in  which  a  laminar 
regime  is  progressively  contaminated  by  spatially  localized  turbulent  bursts  above  some  thresh¬ 
old  while  bursts  recede  below  it,  Y.  Pomeau  [19]  has  proposed  a  process  introduced  in  statistical 
physics  under  the  name  of  directed  percolation.  In  the  following  we  shall  present  (§2)  numerical 
results  obtained  on  a  one-dimensional  convection  model  displaying  a  transition  to  turbulence  via 
spatio-temporal  intermittency.  Then  we  shall  shift  to  an  analysis  of  the  same  phenomenon  in  cou¬ 
pled  lattice  m».ps  (§3)  and  introduce  measuring  tools  from  the  field  of  directed  percolation  (§4;  in 
order  to  characterize  the  critical  behavior  observed.  Concluding  remarks  and  perspectives  will  be 
gathered  in  §5. 


2  A  case  study:  Model-(b) 

Here  we  consider  a  variant  of  the  Swift-Hohenberg  model  of  convection 

dtw=  (e- (Vs +  «*)*)  «-«(«) 

The  field  w  accounts  for  perturbations  to  the  pure  conduction  regime  “to  =  0”  and  can  be  under¬ 
stood  as  the  either  the  temperature  modulation  or  the  vertical  velocity  component  evaluated  in 
the  horizontal  plane  at  mid-height  in  the  cell.  The  linear  term  can  be  shown  to  derive  from  the 
Boussniesq  equations  close  to  the  convection  threshold.  It  works  as  a  “roll-mill’’:  the  growth  rate 
<7  of  infinitesimal  fluctuations  with  wave-vector  k  is  given  by 

a  =  e  -  (fc*  -  it*)1 


a 


ill 
b 

Figure  4:  Marginal  stability  curve  (a)  and  growth  rate  of  infinitesimal  perturbations  (b)  for  the 
Swift-Hohenberg  model 


with  a  maximum  for  k  =  ke,  positive  when  e  >  0  (fig.4).  In  the  following  we  shall  choose  a  length 
unit  such  that  kt  =  1  which  makes  a  critical  wavelength  Ae  =  Ir.  At  t  =  0  modes  with  |fc)  =  1 
become  unstable  and  for  f-  slightly  larger,  a  ring  of  width  0(\/t)  with  radius  1  is  destabilized. 
Nonlinear  interactions  described  by  g(w)  should  then  insure  the  saturation  of  the  unstable  modes. 
In  the  original  model,  g  was  taken  as  g(w)  —  IVs;  in  that  case,  the  bifurcation  is  supercritical  and 
one  can  show  that  the  global  dynamics  derives  form  a  potential.  Though  this  property  does  not 
forbid  the  existence  of  metastable  complicated  textures  in  2-dimensions,  the  asymptotic  temporal 
behavior  must  remain  trivial,  which  is  reasonable  only  for  fluids  with  a  large  Prandtl  number  (Pr). 
Extensions  required  to  get  a  more  realistic  behavior  at  intermediate  or  small  Pr  include  both  non- 
potential  contributions  to  g{ui)  and  the  coupling  to  large  scale  secondary  flows  induced  by  curvature 
effects.  Numerical  simulations  in  the  2-dimensional  case  remain  out  of  our  present  reach  for  aspect 
ratios  of  real  interest.  On  the  other  hand  in  1-dimension  one  can  handle  systems  with  hundreds  of 
rolls  either  by  spectral  methods  (fast  Fourier  transform)  or  by  efficient  finite  difference  methods. 

In  the  following  we  shall  consider  a  model  with  $(tv)  =  wdzw,  i.e.  a  nonlinear  coupling  through 
the  classl-il  advection  term  of  Navier-Stokes  equations  (the  Burgers  equation  in  1-dimension).  This 
new  model,  called  Model-(b)  [17],  no  longer  derives  from  a  potential  and,  as  such,  can  display  a 
nontrivial  time  dependance.  The  control  parameter  e  is  not  allowed  to  become  larger  than  1  for, 
above  this  li.r:iL''<?  value,  the  (k  =  0)-mode  is  no  longer  damped  from  both  linear  and  nonlinear 
point  of  views.  At  e  =  1,  one  can  cast  Model-(b)  under  the  form  of  a  Kuramoto-Sivashinsky 
equation  for  the  space  derivative  of  8:  <f>  =  dt6.  For  e  <  1,  Model-(b)  is  equivalent  to  a  Kuramoto- 
Sivashinsky  equation  with  damping  introduced  earlier  by  LaQuey  et  ol.  in  the  context  of  plasma 
instabilities  [14]: 

dt</>  +  <f>dt<l>  =  -  dxz<f>  -  dXzzz<f> 

In  order  to  allow  the  comparison  with  results  quoted  in  fig. 3  for  the  Kuramoto-Sivasinsky  equation 
we  give  here  the  explicit  correspondence:  x  — *  x/y/2,  t  -*  t/4,  tv  — ♦  2\/2  <f>  with  »}  =  (1  -  e)/4  > 
0.  Obviously,  the  term  (e  -  l)tu  in  Model-(b)  breaks  the  Galilean  invariance  displayed  by  the 
equivalent  Kuramoto-Sivashinsky  equation.  In  order  to  break  also  the  translational  invariance,  we 
shall  supplement  the  partial  differential  equation  by  so  called  rigid  boundary  conditions: 

tv  =  dtw  =  0 


at  the  two  ends  of  an  interval  of  length  L. 

As  discussed  in  the  introduction  we  have  now  two  control  parameters  at  our  disposal  and  we  can 
examine  the  qualitative  changes  of  the  bifurcation  diagram  when  L  increases.  Numerical  simulation 
have  been  performed  using  a  finite  difference  code,  second  order  in  space  and  second  order  in  time 
(Crank-Nicolson  scheme  for  the  linear  part,  Adams-Bashford  scheme  for  the  nonlinear  term).  The 
algorithm  was  designed  to  take  advantage  of  vectorization  capabilities  of  the  Cray-lS.  The  spatio- 
temporal  resolution  has  been  varied  in  order  to  check  the  reliability  of  the  phenomena  observed  (up 
to  70  points  per  Ae  and  a  time  step  adapted  to  the  asymptotic  dynamics  of  the  solution,  steady, 
periodic,  . ..). 
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Figure  5:  Qualitative  aspect  of  the  bifurcation  diagram  of  Model-(b):  e  =  1  corresponds  to  the 
Kuramoto-Sivashinsky  limit;  the  length  L  is  given  in  units  of  Ac  (logarithmic  scale). 


The  complete  bifurcation  diagram  has  not  been  studied  as  thoroughfully  as  that  of  the 
Kuramoto-Sivashinsky  equation  with  periodic  boundary  conditions  sketched  in  fig.3.  Only  the 
most  important  qualitative  features  have  been  recognized.  From  a  numerical  point  of  view  it  is 
easier  to  keep  L  constant  and  to  vary  e.  As  expected  one  can  distinguish  mainly  three  domains  in 
L  (fig-5). 

In  the  small  L  domain,  with  L  up  to  about  4  —  5Ae,  Model-(b)  is  typically  a  confined  system, 
subjected  to  crises  and  bifurcating  according  to  the  classical  scenarios.  The  envelope  equation 
formalism  is  hardly  applicable.  We  shall  discard  this  domain  and  concentrate  our  interest  on  the 
range  L  >  10.  All  the  results  to  be  presented  from  now  on  have  been  obtained  in  collaboration  with 
H.  Chate  (SPSRM,  Saclay)  and  make  a  part  of  his  PhD  Thesis,  some  have  already  been  published 
(3,4),  others  not. 

For  L  in  the  range  10  -  50  Ac,  typical  solutions  to  the  Kuramoto-Sivashinsky  (f  =  1)  are 
turbulent.  On  the  other  hand,  the  theoretical  approach  to  Model-(b)  close  to  the  threshold  (e  =  0) 
is  easier  since  it  begins  to  make  sense  to  try  to  approximate  the  solution  by  modulating  a  perfect 
roll  solution.  Wavelength  selection  by  nonlinear  end-effects  turns  out  to  be  non-trivial  [5,18]. 
Fig.6  displays  steady  solutions  obtained  numerically  with  L  =  11.25  for  e  =  0.04  close  to  the 
threshold  (the  coherence  length  fo/\/e  is  large  and  for  e  =  0.44  slightly  below  the  threshold  of  time 
dependence.  These  steady  solutions,  odd  with  respect  to  the  middle  point,  turn  out  to  be  unstable 
to  oscillatory  perturbations  which  involve  the  i/2-subharmonic  of  the  basic  wavevector  selected  by 
boundary  effects,  and  their  harmonics  (3/2  and  2  principally).  The  bifurcation  is  subcritical,  with 
a  linear  threshold  at  about  e  =  0.544  and  hysteresis  down  t'  e  =  0,537  as  sketched  in  fig.7.  Next,  a 
supercritical  bifurcation  towards  a  quasi-periodic  state  take  place,  with  a  second  frequency  related 
to  the  propagation  of  a  phase  perturbation  well  synchronized  over  the  width  of  the  system.  The 
transition  to  turbulence  then  takes  place  through  a  loss  of  spatial  coherence  of  these  propagating 
waves.  The  main  process  at  the  origin  of  this  behavior  seems  to  be  a  strong  local  instability  of 
the  oscillatory  state  immediately  followed  by  a  reinforcement  of  coherence  of  that  segment  of  the 
solution  that  becomes  messy,  i.e.  the  birth  of  a  coherent  siruetures  in  which  waves  come  and  die.  In 
fact,  a  whole  manifold  asymptotic  states  can  be  observed  at  the  same  value  of  e.  Typical  samples  for 
L  =  11.25  and  L  =  22.50  given  in  fig.8  and  fig.9  respectively  (time  Sows  downwards,  visualization 
of  the  solutions  by  the  position  of  maxima  and  minima). 

When  L  becomes  much  larger  than  50,  confinement  effects,  now  quite  weak,  do  not  seem  to 
play  a  direct  role  in  controlling  the  appearance  of  time  dependance  rnd  the  transition  process  looks 
much  like  a  bulk  phenomenon.  A  severe  compression  of  the  data  is  needed  in  order  to  visualize  the 
dynamical  regime  reached  by  the  system  in  this  large  L,  long  time  limit.  What  seems  important 
is  the  occurrence  of  coherent  structures  and  it  turns  out  that  in  these  regions  the  peak  to  peak 
amplitude  is  larger  than  in  turbulent  regions.  As  illustrated  in  fig.10,  choosing  some  cut-off  and 
setting  to  black  regions  where  the  peak  to  peak  amplitude  is  larger  than  the  cut-off  allows  us  to 
clearly  discriminate  domains  remaining  laminar  from  turbulent  patches. 
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Figure  7:  Qualitative  sketch  of  a  subcritical  bifurcation 


Fig.ll  displays  the  solution  for  L  =  180  (about  350  rolls  involved)  and  e  =  0.692.  It  can  be 
viewed  as  made  of  a  mixture  of  small  islands  of  laminar  domains  of  various  size  scattered  amidst 
a  large  ocean  of  turbulence.  Such  a  dynamical  regime  is  called  spatio-temporal  intermittency.  The 
main  problem  is  to  understand  its  birth  and  to  predict  its  statistical  characteristics  as  a  function 
of  the  control  parameter.  Increasing  e  one  observes  that  the  size  of  the  largest  laminar  domains 
decreases  rapidly  (see  fig.12  for  £  =  0.84).  On  the  other  hand,  when  £  decreases  the  largest  laminar 
domains  reach  sizes  of  the  order  of  magnitude  of  L  itself.  Then,  they  can  merge  and  completely 
invade  the  system  (see  fig.13  for  e  =  0.68). 


Figure  13:  Below  t  =  0.^8,  spatio-temporal  imermittency  recedes  more  or  less  regularly,  leaving  a 
quiescent  state;  around  this  value  the  situation  is  confused,  with  neither  a  marked  recession  nor  a 
steady  invasion;  this  defines  the  threshold. 


Numerical  experiments  suggest  the  existence  of  a  well  defined  threshold  above  which  the  system 
is  intermittent,  while  it  remains  laminar  below.  As  shown  in  fig-5,  this  threshold  does  not  seem 
to  vary  with  L  in  the  large  L  limit,  hence  the  bulk  character  of  the  phenomenon.  We  shall  come 
back  to  the  statistical  signature  of  this  transition  later,  after  having  examined  the  simpler  case  of 
coupled  map  lattices. 


3  Spatio-temporal  intermittency  in  coupled  map  lattices 


In  view  of  applications,  rather  than  the  form  chosen  in  the  introduction,  it  is  more  convenient  to 
consider  a  coupled  map  evolution  rule  given  by  [9]: 

*r+1  =  £  Wi  F(x‘i+j) 

}=-p 


where  the  Wj  are  well  chosen  weights  shuch  that  Wj  <  0  and  Wj  =  1  (this  has  the  advantage 
of  avoiding  spurious  instabilities  of  the  type  found  in  numerical  simulation  of  partial  differential 
evolution  equations  using  explicit  schemes).  Spatio-temporal  properties  of  such  systems  have  been 
studied  mostly  because  of  their  ability  to  mimic  certain  aspects  of  nonlinear  pattern  formation  with 
a  great  economy  of  numerical  resources  (for  a  review  see  chapter  7  of  [10]).  Taking  F  as  the  so 
called  logistic  map:  F{X)  =  RX(  1  -  X)  or  equivalently  F(X)  =  1  -  AX1  one  can  observe  spatial 
structures  that  develop  for  B  or  A  in  the  direct  cascade,  or  at  the  beginning  of  the  inverse  cascade 
(see  P.  Bergd’s  lecture).  Consider  for  example  step  k  of  the  period  doubling  cascade  at  the  limit 
of  zero  coupling.  Time  translational  invariance  is  broken  and  one  out  of  2k  equivalent  possible 
phases  is  chosen  by  each  site  independently.  Switching  the  coupling  on,  one  obliges  the  sites  to 
take  the  phase  of  their  neighbors  into  account.  The  result  is  a  splitting  of  the  system  in  domains  of 
identical  phase,  separated  by  walls.  In  practice,  it  is  quite  difficult  to  detect  more  than  a  few  period 
doublings.  In  the  inverse  cascade  one  gets  a  similar  situation  except  that  the  dynamics  is  chaotic 
instead  of  regular  inside  the  domains.  Of  greater  interest  to  us  here  is  the  occurrence  of  temporal 
intermittency  close  to  the  lower  end  of  the  Period-3  window  [11].  Well  inside  the  Period-3  window, 
when  the  coupling  is  weak  one  gets  the  same  regime  as  above,  with  domains  and  walls.  But  closer 
to  the  intermittency  threshold,  when  the  coupling  is  increased,  the  walls  are  seen  to  “explode”  and 
spatio-temporal  intermittency  sets  in  (fig.14). 
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Figure  14:  Sample  of  spatio-temporal  intermittency  at  threshold  for  the  logistic  map  close  to  the 
Period-3  onset 


The  connection  between  spatio-temporal  intermittency  observed  in  coupled  maps  and  that  in 
Model-(b)  seems  relatively  obvious,  but  should  be  proven  rigorously.  As  discussed  earlier,  one  can 
consider  the  whole  system  of  length  L  as  made  of  weakly  coupled  sub-units  with  lengths  of  the 
order  of  the  coherence  length  of  the  oscillations  that  were  seen  to  decay  as  they  penetrated  into 
the  coherent  structures.  This  ‘‘renormalization”  of  lengths  would  allow  to  define  more  precisely  the 
coupled  local  systems.  Note  that  the  status  of  the  invariance  properties  of  the  continuous  model 
becomes  unclear  since  one  arrives  at  a  lattice,  which  breaks  translation  invariance;  however  one 
can  reasonably  think  that  their  “macroscopic”  consequences  — on  distances  of  the  order  of  L  and 
on  a  corresponding  phase  diffusion  time  scale —  can  be  averaged  out  by  the  small  scale  fluctuations 
which  could  take  them  into  account  as  a  dynamical  source  among  others  (“renormalisation”  of 
mechanisms). 

The  discrete  model  we  are  supposed  to  derive  from  first  principles  should  read: 

X‘i+1  =  F(X!)  +  \  (F(Xf+1)  -  2 F(Xf)  +  F(Xf_1)) 

In  order  to  describe  in  a  realistic  way  the  spatio-tempcrally  intermittent  state  we  must  ask  the 
local  iterations  to  split  the  local  phase  space  in  2  different  re,  .ons:  a)  the  vicinity  of  a  stable  fixed 
point  where  the  dynamics  is  reduced  to  a  relaxation  towards  the  fixed  point  and  b)  a  chaotic  region 
“far”  from  the  fixed  point.  This  two  regions  should  be  connected  most  probably  intrinsically  by 
the  iteration  itself  but  an  extrinsic  connection  through  the  coupling  force  is  also  conceivable.  The 
demonstration  will  be  performed  here  using  a  local  model  of  type  I  intermittency  (fig.  15  [11])  but 
the  vicinity  of  a  crisis  phenomenon  could  have  been  used.  Take: 

F(X)=  -o-f  X  +  X2  for  X<e 
F(X)  =  -2{X  -  c)  + 1  -  o  for  X  >  c 


Figure  15:  Local  form  of  the  iteration  used  for  the  coupled  map  lattice:  A  is  the  cut-off  value  which 
discriminate  between  laminar  and  turbulent  states 
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with  c  =  (v/5  -  l)/2.  Parameter  a  which  controls  the  distance  to  the  intermittency  threshold  will 
be  kept  constant:  a  =  0.01,  the  coupling  constant  e  will  control  the  transition. 

Sites  «  for  which  Xi  will  be  close  enough  to  the  stable  fixed  poinf  X,  =  -y/a  =  -0.1  will  be 

\  considered  as  laminar,  otherwise  they  will  be  turbulent: 

I  Xi<X,  +  A  -  L 

f 

Xi  >  X.  +  A  -+  T 

■  A  starting  state  which  is  laminar  everywhere  stays  laminar  since  no  infinitesimal  perturbation 

can  bring  a  site  outside  the  attraction  basic  of  the  stable  fixed  point.  On  the  other  hand  a  finite 
amplitude  localized  perturbation  that  bring  a  single  site  Xj  outside  the  attraction  basinb  of  X„ 
i.e.  Xj+S  >  Xu  =  +%/o  =  +0.1  can  grow  and  even  destabilize  its  neighbors  if  the  coupling  is  large 
enough.  As  illustrated  in  fig.16,  the  expected  change  of  behavior  takes  place  at  e  =  0.0618  with 
finite  duration  turbulent  transients  below  and  sustained  spatio-temporal  intermittency  above. 


Figure  16:  Spatio-temporal  intermittency  in  coupled  map  lattice:  a)  close  to  the  threshold 
(e  =  0.0618);  b)  slightly  above  the  threshold  (<  =  0.0630) 
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4  The  directed  percolation  approach 

Let  us  now  consider  a  fully  stochastic  approach  in  terms  of  probabilistic  cellular  automata.  Such 
systems  are  defined  by  transition  probabilities  which  control  the  transfer  of  some  information 
through  the  system.  Tcr  be  specific  consider  a  chain  of  sites  labelled  by  an  index  ».  At  each  site  the 
local  state  X,  can  be  either  A  or  B,  0  or  1  and  the  future  state  at  site  t  depends  on  the  states  at 
2n  + 1  sites  j,  — ($  +  n)  <  j  <  +  (» +  n)  with  moat  often  n  =  1,  i.e.  three  consecutive  sites  (fig.l7a). 
The  most  general  process  depends  on  2Jn+1  free  parameters  but  this  number  can  be  reduced  by 
symmetry  considerations  or  other  requirements  (totalistic  rules  that  depend  only  on  the  number 
of  sites  in  a  given  state  among  the  interacting  neighbors). 

A  simpler  process  can  be  defined  with  a  coupling  between  only  two  sites.  Take  a  square  lattice 
and  look  at  it  diagonally  (fig.l7b)  then  assume  transition  probabilities  of  the  form:  p(01|l)  = 
p(10|l)  =  pt,  p(ll|l)  =  1  -  (X  -  pi)*.  In  addition  one  takes  p(00|l)  =  0  so  that  no  spontaneous 
creation  of  information  can  occur.  This  defines  a  process  which  can  be  understood  a8  the  transfer  in 
a  well  defined  direction  of  the  information  X  =  1  through  a  lattice  from  which  some  bonds  (hence 
the  index  6)  have  been  removed  at  random.  This  can  model  for  example  the  infiltration  of  a  liquid 
in  a  porous  medium  with  sites  at  the  end  of  pores  that  can  be  randomly  open  or  occluded,  the  sites 
being  either  wet  (1)  or  dry  (0);  a  site  being  connected  to  two  dry  sites  cannot  be  wet,  hence  the 
last  condition.  It  is  said  that  we  have  an  absorbing  state,  from  which  no  escape  is  pi  ssible. 
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Figure  17:  One-dimensional  probabilistic  cellular  automata:  a)  with  3  neighbors;  b)  with  2  neigh¬ 
bors 


Assuming  that  the  information  is  introduced  at  some  place  in  the  lattice  (the  root  of  the  process, 
level  0)  one  has  to  determine  the  probability  of  transfer  to  some  level  k  as  a  function  of  pt.  This 
is  equivalent  to  say  that  the  percolation  cluster  to  which  the  root  belongs  can  reach  sites  at  level 
k  (directed  bond  percolation).  It  is  known  that  when  pj  >  0.6445  the  information  is  transferred 
to  infinity  with  probability  >  0.  A  slightly  more  general  process  allows  for  additional  loss  of 
information  at  each  site  according  to  some  site  probability  p,.  Transition  probabilities  are  then 
given  by  p(01|l)  =  p(10|l)  =  pjp,,  p(Il|l)  =  p#(l  -  (1  - pj)J),  still  forbidding  spontaneous  creation 
of  information  (p(00|l)  =  0).  Even  more  general  processes  can  be  defined  (see  [12,13]  for  a  review). 

In  the  present  context  the  correspondance  is  fixed  by  the  condition  that  the  laminar  state 
“L”  should  be  absorbing.  Moreover  the  definition  of  the  deterministic  process  suggest  rather  a 
probabilistic  automaton  with  3  sites  coupled.  In  addition  to  p(LLL\T)  =  0  which  account  for 
the  local  stability  of  the  laminar  state  we  can  impose  a  priori  left-right  symmetry:  p(LLT\T)  = 
p(TLL\T)  and  p(TTL\T)  =  p(LTT\T).  This  leaves  5  free  parameters  which  can  be  determined 
empirically  from  simulation  on  the  initial  model. 

At  the  intermittency  threshold  for  model  the  studied  here,  e  —  0.0618,  we  have  found 
p(LLL\T)  =  0  as  expected,  p{TTL\T)  =  0.9903  close  to  p(LTT|T)  =  0  9906,  and  p(TLL\T)  = 
0.0115  close  to  p(LLT\T)  =  0.0116.  However  p(TLT\T)  =  0.0522  and  p[LTL\T)  =  0.6036  are 
different  from  the  two  previous  sets  of  values  so  that  the  equivalent  probabilistic  automaton  is 
certainly  not  governed  by  totalistic  rules.  At  a  qualitative  level,  simulations  on  the  original  cou¬ 
pled  map  lattice  and  the  probabilistic  system  with  empirically  found  probabilities  are  practically 
undistinguishable  (fig. 18). 
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Figure  18:  Qualitative  comparison  between  simulation  results  from  the  coupled  map  lattice  (a)  and 
the  prbabilistic  cellular  automaton  (b)  is  quite  conclusive 


Let  us  sketch  the  beginning  of  a  theory  connecting  coupled  map  lattices  and  probabilistic  cellular 
automata.  For  simplicity,  we  shall  consider  the  case  of  the  transition  ( LLT\T )  which  correspond  in 
general  to  the  growth  of  a  turbulent  patch.  Assume  the  laminar  sites  at i  =  -1,0  and  the  turbulent 
site  at  i  —  1.  The  future  state  at «  =  0  is  given  by: 


Xlo  =  Xg  +  6  =  (1  -  e)  F(X0°)  +  I  (f(X°+1  +  F(*°,)) 

In  order  to  simplify  the  problem  we  shall  assume  that  laminar  sites  at  t  =  0  sit  exactly  at  the  fixed 
point.  Using  the  fact  that  F(X,)  =  X,  we  get: 

S  =  l{F(X°+l)-X.) 

The  site  »  =  0  will  be  turbulent  at  time  t  =  1  if  6  >  A,  that  is  to  say  if  F(X+i)  belongs  to  the 
interval  (X&;Xm)  where  X&  =  X,  +  2  A/e  and  Xm  is  the  upper  bound  of  the  interval  invariant 
by  F  (Xm  =  1  +  o),  see  fig.15.  Assuming  further  that  the  the  probability  of  the  turbulent  state 
is  uniformly  distributed  on  the  interval  (X,  +  A,  Xm)  so  that  the  probability  of  having  F(^+i)  in 
the  interval  (Xa, Xm)  is  simply  proportional  to  the  length  of  the  interval,  one  gets: 


p(LLT\T)~  (xm-X,-^ 


The  variation  of  this  probability  is  in  reasonable  agreement  with  experimental  data.  Other  cases 
where  the  central  site  is  laminar  can  be  handled  in  the  same  way.  The  cases  where  the  central 
site  is  turbulent  are  more  delicate  since  one  has  to  take  into  account  the  fact  that  it  has  already  a 
nontrivial  dynamics  for  its  own  (turbulent  transient  subjected  to  noise  from  neighbors) 


The  main  interest  of  pointing  out  an  analogy  between  the  transition  to  turbulence  via  spatio- 
temporal  intermittency  and  directed  percolation  is  that  one  can  borrow  tools  and  concepts  of 
statistical  theory,  especially  the  notion  of  critical  behavior  and  critical  exponents.  Their  use  has  not 
yet  been  extensively  developed  in  the  present  problem  since  the  practical  implementation  requires 
a  huge  amount  of  computation  to  get  reliable  results.  Up  to  now  only  the  statistics  of  the  lengths  of 
coherent  structures  have  been  examined  both  for  the  coupled  map  lattices  and  for  Model-(b).  The 
comparison  between  statistics  for  the  coupled  maps  and  the  probabilistic  automaton  shows  that 
the  analogy  goes  beyond  the  qualitative  level  (fig.19)  while  calculations  for  Model-(b)  exemplify 
the  distinction  between  the  vicinity  of  the  threshold  where  the  distribution  of  lengths  of  coherent 
structures  decays  as  a  pow;  'iw,  as  opposed  to  the  exponential  decay  observed  far  from  the 
threshold,  thus  supporting  the  idea  of  a  critical  domain  in  the  sense  of  critical  phenomena  (fig. 20). 
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Figure  19:  Statistics  of  the  lengths  of  coherent  structures  for  the  coupled  map  lattice  (o)  and  the 
probabilistic  cellular  automaton  (*)  are  practically  identical  up  to  lengths  of  the  order  of  80  above 
which  end  effects  are  sizable  (simulation  on  500  sites) 


Figure  20:  Distribution  of  the  lengths  of  coherent  structures  in  the  intermittent  phase  for  Model-(b): 
a)  log-log  plot  at  threshold  c  =  0.688:  algebraic  decay;  b)  lin-log  plot  above  threshold,  €  =  0.84: 
exponential  decay. 
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5  Summary,  conclusion,  and  perspectives 

In  this  lecture  we  have  presented  a  scenario  of  transition  to  turbulence  specific  to  large  aspect  ratio 
systems.  Starting  with  simulations  on  a  model  chosen  for  its  relevance  to  the  field  of  convective 
instabilities  we  have  characterized  the  spatio-temporal  intermittent  “phase” .  Then  we  have  exam¬ 
ined  the  transition  process  having  recourse  to  simpler-systems:  coupled  maps  lattices.  This  process 
appeared  to  involve  the  propagation  of  an  information,  laminar/turbulent  which  seemed  stochastic 
though  it  was  generated  by  a  deterministic  dynamics.  Concepts  first  introduced  in  the  statistical 
physics  of  critical  phenomena  applied  to  directed  percolation  allowed  to  account  for  most  features 
of  spatio-temporal  intermittency,  and  especially  the  change  of  behavior  at  what  turned  out  to  be 
a  true  threshold. 

The  implications  of  this  approch  are  important  because  in  large  aspect  ratio  systems  we  have 
to  face  the  possibility  that  what  we  think  is  turbulence  may  be  simply  a  finite  life-time  but  very 
long  turbulent  transient.  If  the  percolation  analogy  is  valid,  then  a  threshold  exists  above  which 
the  turbulent  state  percolates  through  the  system  and  turbulence  as  virtually  no  chance  to  decay. 
At  a  more  conceptual  level  one  can  say  that  the  described  process  can  help  us  reconcile  local,  short¬ 
term  determinism  with  turbulence  for  weakly  confined  systems  in  much  the  same  way  as  strange 
attractors  allow  to  reconcile  determinism  and  temporal  chaos  for  systems  with  a  small  number  of 
degrees  of  freedom. 

Now,  a  question:  is  this  scenario  only  a  nice  theoretical  view  which  works  in  model  systems 
built  on  purpose?  The  answer  seems  to  be:  No!  In  a  recent  experiment  briefly  sketched  in  fig. 21,  P 
Berge  and  M.  Dubois  [lj  have  observed  a  transition  to  turbulence  which  may  follow  the  theoretical 
scenario.  Indeed,  as  indicated  in  fig.22,  the  loss  of  spatial  coherence  involves  the  alternation  of 
coherent  structure  a  few  rolls  long,  and  messy  regions  with  the  possible  breakdown  of  a  messy 
patch  into  a  coherent  structure. 

Intermittency  has  a  spatio-temporal  meaning  in  many  other  contexts  of  fluid  dynamics  (see 
[21]  for  a  general  review).  First,  one  can  think  of  small  scale  active  structures  in  the  dissipation 
range  of  fully  developed  turbulence,  though  the  connection  could  be  only  visual  (fig. 12).  Second, 
the  present  approch  could  help  understand  the  growth/decay  of  turbulent  plugs  in  pipe  flows. 
Finally,  one  could  also  try  to  introduce  analogous  percolation  concepts  for  the  description  of  the 
intermittent  structure  of  the  frontier  of  turbulent  boundary  layers  like  that  in  fig. 23. 


Figure  21:  Annular  cell  used  by  P.  Berg6  and  M.  Dubois:  coherent  domains  are  separated  by  messy 
regions;  the  whole  evolves  chaotically  in  the  long  term. 


i 


Figure  22:  Exemple  of  spatio-temporally  intemittent  signal  with  the  birth  of  a  laminar  domain 
comparable  to  coherent  structures  appearing  in  the  model;  time  is  running  downwards,  the  hatched 
region  is  laminar. 


Figure  23:  Illustration  of  the  intermittent  nature  of  the  outer  part  of  a  turbulent  boundary  layer 
from  ref.22  plate  157 
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I  -  INTRODUCTION 

In  the  last  decade  many  experiments  have  demonstrated  that  the  transition  to  chaos 
is  a  low  dimensional  phenomenum  even  in  hydrodynamic  instabilities  governed  by  an 
infinite  number  of  degrees  of  freedom  / I / . 

However  in  fluid  systems  the  physical  origin  of  the  chaotic  regimes  is  not  very 
well  understood.  Mathematical  models  that  incorporate  the  correct  dynamics  and  allow  a 
prediction  of  the  behavior  as  a  function  of  the  control  parameter  are  not  generally 
available.  Very  often  experimental  observations  can  be  just  correlated  with  the  behavior 
of  simple  maps,  as  in  the  case,  for  example,  of  the  Feigenbaum  cascade  /2/,  and  quasi 
periodicity  /3/. 

Besides  an  other  problem  remains  open:  is  low  dimensional  chaos  a  precursor  of 
fully  developped  turbulence,  where  the  fluid  flow  exibits  chaotic  states  both  in  space 
and  time?  To  give  new  insight  into  tnis  problem  there  is  nowaday  a  growing  interest  in 
the  study  of  the  relatioship  between  spatial  order  and  temporal  chaos. 

For  example  it  has  been  observed  in  numerical  studies  of  certain  partial 
differential  equations  (P.D.E.)  /4,S/,  and  of  coupled  maps  /6/  that  coherent  spatial 
structures  coexist  with  temporal  chaos.  From  an  experimental  point  of  view  spatial 
patterns  have  been  quantitatively  analysed  in  time  dependent  chaotic  regimes  only  in  few 
experiments  /7-10/.  We  describe  here  two  of  these  experiments,  where  the  chaotic  states 
have  been  also  quantitatively  characterized  in  terms  of  fractal  dimension,  metric 
entropy  and  lyapunov  exponents.  The  method  to  compute  these  quantities  are  briefly 
summarized  in  the  appendix. 

In  Section  II  we  report  experiments  on  surface  waves  instabilities  /9/,  where  the 
competition  between  two  spatial  patterns  produces  time  dependent  behavior  and  chaos.  The 
<esults  of  this  experiment  are  in  good  agreement  with  a  low  dimensions'  model  obtained 
from  Navier-Stokes  equations  /ll/. 

In  Section  III  we  describe  experiments  on  time  dependent  behavior  /10/  of  a 
horizontal  fluid  layer,  heated  from  below,  that  is  Rayleigh-Benard  convection  (R-B).  We 
show  that  time  dependent  regimes  are  characterized  by  the  presence  of  either  traveling 
waves  or  localized  oscillations.  These  spatio  temporal  regimes  turn  out  to  be  similar  to 
those  observed  in  numerical  simulations  /4/  of  Kuramoto-Shivanshlsky  (K-S)  /12/  and 
Kuramoto-Velarde  (K-V)  /13/  partial  differential  equations.  At  the  end  of  section  III  we 
report  experimental  evidence  that  the  properties  of  the  chaotic  regimes  depend  on  space 
coordinates. 


II  -  SURFACF  WAVFR  TNCTanrt tttvc 


The  system  of  interest  is  a  cylindrical  fluid  layer  in  a  container  that  is 
subjected  to  a  small  vertical  oscillation  of  amplitude  A  and  frequency  fe  .  It  is  well 
known  that,  if  the  driving  amplitude  exceeds  a  critical  value  Ae  (i^),  which  is  a 
function  of  frequency,  the  free  surface  develops  a  pattern  of  standing  waves.  The 
surface  deformation  S(r,9  ,t)  can  then  be  written  as  a  superposition  of  normal  modes: 


S(r,  &  ,t)  =^E.  aem<t)J,  (ke„,  r)cos , 

where  Jjj,  are  Bessel  functions  of  order  ^  and  the  allowed  wave  numbers  k.,,,  are 
determined  by  the  boundary  condition  that  the  derivative  (ktm  R)=0,  where  R^  is  the 
radius  of  the  cylinder.  The  modes  may  be  labeled  by  the  indices  L  (giving  the  number  of 
angular  maxima)  and  m  (related  to  the  number  of  nodal  circles).  The  mode  amplitude  a(t) 
develo"  ji  instability  when  the  corresponding  eigenfrequency  (given  by  the  dispersion 
law  for  capillary  gravity  waves)  is  approximately  in  resonance  with  half  the  driving 
frequency  f0  and  A  exceeds  kc  (f0). 

This  parametric  instability  leads  to  standing  waves  in  which  the  mode  amplitude 
oscillates  at  f,  /2.  To  take  into  account  the  possibility  of  a  further  slow  modulation  of 
the  mode  amplitudes,  which,  in  fact,  occurs  due  to  mode  competition,  we  write  each 
amplitude  in  terms  of  fast  oscillations  at  f  /2  and  slow  envelopes  C^(t)  and  Bg(t): 


a?  (t)=Cj,  (t)cos(ri  f.  t)+B?(t)sin(  <fitt). 
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FIGURE  1 

Optical  intensity  patterns  for  the  (4,3)  and  (7,2)  modes.  The  first  index  gives  the 
number  of  angular  maxima. 

We  omit  the  second  subscript  because,  in  practice,  only  a  single  value  of  m  is 
significant  for  a  given  value  of  1/  .In  our  experiment  the  working  fluid  was  water  of 
depth  of  1  cm,  and  the  radius  of  the  tank  was  6.35  cm.  Examples  of  stable  patterns 
involving  a  single  mode  (and  possibly  harmonics)  are  shown  in  Fig.  1  for  the  (7,2)  and 
(4,3)  modes.  The  index  I//  is  obvious  from  the  simmetry  while  m  was  determined  by 
matching  the  frequency  to  known  dispersion  law.  The  white  areas  correspond  to  surface 
depressions  (tipically  0.5  mm)  and  the  black  ones  to  surface  elevations.  The  driving 
amplitude  A  was  about  1.1.  A  and  the  frequency  was  at  the  minimlm  of  the  stability 
curve  in  each  case.  The  two  figure  have  been  obtained  with  a  focallsatlon  technique. 


FIGURE  2 

Phase  diagram  as  a  function  of  driving  amplitude  A  and  frequency  fe  .  The  crosses  are 
experimentally  determined  points  on  the  stability  boundaries.  Stable  patterns  occur  m 
me  regions  labeled  (4,3)  and  (7,2).  Slow  periodic  and  chaotic  oscillations  involving 
competition  between  these  modes  occur  in  the  shaded  regions. 

The  behavior  of  the  system  as  a  function  of  A  and  fe  is  shown  in  Fig.  2,  where  a 
small  part  of  the  phase  diagram  is  reported.  Below  the  parabolic  stability  boundaries, 
the  surface  is  essentially  flat.  Above  the  stability  boundaries,  the  fluid  surface 
oscillates  at  half  the  driving  frequency  m  a  single  stable  mode,  Cg  and  Bg  are 
constant  as  function  of  times.  The  shaded  areas  are  regions  of  mode  competition,  in 
which  the  surface  can  be  described  as  a  superposition  of  the  (4,3)  and  (7,2)  modes  with 
amplitudes  having  a  slowly  varying  envelope  in  addition  to  the  fast  oscillation  at  f0/2. 
They  oscillate  periodically  or  chaotically  at  a  mean  frequency  that  is  two  order  of 
magnitude  smaller  than  t,  . 

Our  experimental  apparatus,  described  in  Ref.  9,  allows  us  to  study  a  fixed  linear 
combination  of  the  slow  coefficients  Cg(t)  and  Bj(t),  which  we  denote  by  a0  (t).  In  Fig. 
3  is  shown  the  time  dependence  of  a£  and  a' 

The  slow  oscillation  resulting  from  mode  competition  is  periodic  in  this  case  and 
ei.  leads  a^  by  about  90°.  This  phase  relationship  is  significant  it  implies  that  the 
mode  (7,2)  pump  (4,3).  The  dynamic  of  the  slow  oscillation  was  explored  by  varying  A  and 
f  separately  inside  of  the  interaction  region.  In  Fig.  4  time  series  and  corresponding 
power  spectra  of  the  slow  oscillation  are  shown  for  three  different  driving  amplitudes 
but  fixed  driving  frequency  of  16.05  Hz. 

As  the  driving  amplitude  is  increased,  a  chactic  state  with  a  broad  power  spectrum 
is  obtained.  We  characterize  the  chaotic  behavior  quantitatively  by  computing  from  the 
experimental  data  the  correlation  dimension  of  the  attractor  and  a  lower  bound  Kj, 
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for  the  Kolmogorov  entropy  K.  When  the  oscillation  is  periodic  (A=121  /im),  we  find 
=1.0  ^0.04  and  Kj,  =(0.0li  0.01 )  sec-1  .  On  the  other  hand  when  the  slow  oscillation  iS 
Chaotic  (A=19GyUm) ,  ))  =2.22.i0.04  and  ^=(0. 1  £  0.01  )s“  -  .  These  measurements  clearly 
demonstrate  that  the  attractor  has  a  low  (and  fractional)  dimension  and  that  there  is  at 
least  one  positive  lyapunov  exponent. 


FIGURE  3 

The  slowly  varying  amplitudes  a'  and  a^ 


ocillate  periodically. 
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FIGURE  4 

The  transition  from  periodic  to  chaotic  oscillation.  Time  series  and  corresponding  power 
spectra  of  the  slow  oscillation  are  shown  for  f,  =16.05  Hz  and  three  different  driving 
amplitudes.  Broad-band  noise  is  associated  with  the  appearance  of  a  subharmonic  f*/2  of 
the  dominant  oscillation. 

This  result  can  seem  in  contrast  with  the  fact  that  time  resolved  spaliai  Fourier 
spectra  show  the  presence  of  many  other  modes  with  0,  =3,8,11,14  besides  the  mode  (7,2) 
and  (4,3).  However  this  has  been  explained  by  a  theory  of  E.  Meron,  I.  Procarcia  /IS/. 
They  start  from  Navier-Stokes  equations  with  suitable  boundary  conditions.  They  can 
prove  rigorously,  using  center-manifold  and  normal  form  theories  that  the  dynamics  is 
governed  by  the  modes  (7,2)  and  (4,3)  ana  all  the  other  modes  are  enslaved  by  these  two. 
Finally  they  obtained  a  system  of  four  coupled  ordinary  differential  equations  for  the 
amplitude  of  the  mode  (7,2)  and  (4,3).  The  phase  diagram  of  this  system  is  in  very  good 
agreement  with  the  experimental  one.  Time  dependent  behaviors  either  chaotic  or  periodic 
are  indeed  reproduced  at  the  Intersection  of  the  stability  curves  of  the  two  modes. 

This  experiment  and  the  associated  theory  have  shown  how  the  incredible  reduction 
from  a  large  to  a  very  small  number  of  degrees  of  freedom  occurs  in  practice.  They  have 
also  shown  that  temporal  chaotic  behavior  is  produced  by  che  interaction  of  spatial 
modes  and  that  spatial  order  can  be  preserved  in  time  dependent  aperiodic  regimes.  This 
result  was  made  possible  by  a  time  resolved  analysis  of  the  spatial  patterns  which 
allows  a  more  direct  c r.iparison  with  thi  theory. 

In  other  instabilities,  such  as  (R-B  convection)  a  time  resolved  analysis  of 
spatial  patterns  in  temporal  chaotic  regimes  has  been  carried  out  only  in  few 
experiments  and  we  will  show  in  the  next  paragraph  that  also  in  this  case  the  study  of 
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spatial  patterns  is  very  useful  to  compare  the  observed  behavior  with  that  of  a 
realistic  model. 

Ill  -  RAYLEIGH-BENARD  CONVECTION 
Ilia  Experimental  apparatus. 

We  remind  very  briefly  the  properties  of  thermal  convection  in  a  fluid  layer  heated 
from  below,  that  is  Rayleigh-Benard  instability  /l/.  When  the  temperature  difference 
between  the  two  horizontal  plates,  confining  the  fluid  exceeds  a  critical  value  A  Tc 
convection  begins  and  the  fluid  motion  forms  a  periodic  structure,,  a  set  of  parallel 
rolls,  with  a  wave  number  q-H7d,  where  d  is  the  depth  of  the  layer.  The  most  relevant 
parameters  are  the  Rayleigh  number  R  =  o(  A.  T /]f  K,  and  the  Prandtl  number 

P  =  ( /X.  Here  o(.  ,g,  !f,K  are  respectively  the  volumetric  expansion  coefficient,  the 
acceleration  of  gravity,  the  kinematic  viscosity  and  the  heat  diffusion  constant.  It  has 
been  computed  that  for  an  infinitely  extended  horizontal  layer  the  critical  Rayleigh 
number  at  which  convection  sets  in  is  Rc  =1708. 

Increasing  R  above  Ri  another  threshold  R,.  is  reached  where  the  fluid  motion 
becomes  time  dependent.  The  value  of  RT  and  the  behavior  of  the  fluid  strongly  depend 
on  and  on  the  aspect  ratio  ^  ,  that  is  the  ratio  between  the  horizontal  Ungth  and 
depth  of  the  layer. 

Rayleigh-Benard  convection  has  been  widely  used  to  study  the  transition  from  a 
regular  to  a  chaotic  motion.  Nevertheless  spatial  patterns  in  R-B  have  been  studied  just 
near  the  threshold  of  the  Instability  in  large  aspect  ratio  cells  ami  a  good  agreement 
with  theories  has  been  found  /14/.  On  the  contrary  convective  patterns  in  time  dependent 
states  has  been  investigated  just  in  a  few  experiments  /7-8/  leaving  open  many  question 
on  the  role  that  the  spatial  degrees  of  freedom  play  in  the  transition  into  these 
regimes. 

Thus  to  have  a  better  insight  into  the  mechanisms  leading  to  chaos  in  thermal 
convection  end  to  allow  a  more  direct  comparison  with  numerical  models  we  have 
experimentally  /10/  studied  the  evolution  of  the  temperature  field  in  time  dependent 
regimes  of  R-B  convection. 

In  our  set  up  the  fluid  layer  has  horizontal  size  1*=4  cm,  ly=l  cm  and  height 
d=l  cm.  The  x  and  y  axis  of  the  coordinate  reference  frame  are  respectively 
perpendicular  and  parallel  to  the  rolls  axis,  (Fig.  5).  The  z  axis  is  the  vertical  one. 


Schematic  diagram  of  the  ceil:  T.TH^,  IH^  thermistors,  W  water  circulation,  DTC 
temperature  different  controller,  Krf  electric  heater. 

The  fluid  is  silicon  oil  with  Prandtl  number  =  30.  The  botton  and  top  plates  are 
•cade  of  copper  and  the  long  term  stability  of  the  temperature  difference  is  better  than 
4  m',C.  This  stability  has  been  obtained  with  three  independent  temperature  regulators. 
The  first  one  is  a  water  bath  with  a  stability  of  about  0.05°C.  The  water  circulates  in 
the  bottom  and  top  plates  where  a  electrical  resistor  is  inserted  in  each  cf  them.  The 
two  heating  resistors  are  connected  with  othe"  two  stages  of  regulation.  One  stabilizes 
the  temperature  of  the  upper  plate,  the  other  controls  temperature  difference  between 
the  two  plates.  The  last  regulator  is  connected  to  a  micro-computer  that  allows  a 
complete  automatization  of  the  measurement. 

The  lateral  walls  of  the  cell  are  made  of  glass  to  allow  for  optical  inspection. 
The  detection  system  consists  of  a  lase”  beam  that  crosses  the  silicon  oil  perpendicular 
to  the  (x,z'-plane  and  is  deflected  by  the  thermal  gradients  inside  the  fluid.  The  laser 
beam  sweeps  the  (x.z)-plane  and  we  can  measure  the  temperature  gradient  averaged  along  y 
in  1024  points  of  the  (x.z)-plane  by  a  method  described  elsewhere  /15/.  The  1024  points 
are  in  an  array  with  16  rows  of  64  points  each.  Precisely,  for  each  position  of  the 
Impinging  beam,  the  unperturbed  zero  gradient  is  measured  by  a  position-sensitive 
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detector  and  recorded  In  a  computer.  Later  upon  application  of  temperature  gradients  we 
can  measure  the  horizontal-and  vertical-shift  components,  respectively  proportional  to 
the  horizontal  and  vertical  refractive  Index  gradients  Jn/  3  *  and  Jn/  3  z  averaged 
along  the  y-axis,  that  la  along  the  optical  path  of  the  laser  beam.  From  these  gradients 
one  Infers  the  temperature  through  the  relation  3T/i?Xs  (  ?  n/IJT'-3T/'<?  x)  and  similar  for 
z.  The  temperature  field  is  then  easily  recovered  by  numerical  integration  of  the  two 
recorded  gradients.  The  sweeping  time  is  fast  compared  to  the  time  scales  of  the 
phenomena  under  study.  Therefore,  by  this  method  we  can  study  the  time  evolution  of  the 
temperature  field. 

We  perform  the  experiment  in  the  following  way.  We  start  from  zero  temperature 
difference  between  the  two  plates  and  then  we  increase  the  temperature  of  the  bottom 
plate  till  the  maximum  allowed  in  our  apparatus  corresponding  to  about  R=400  R  .  The 
steps  in  which  the  temperature  has  been  increased  are  separated  by  sufficient  amount  of 
time  to  allow  the  system  to  relax  to  a  stable  state.  This  type  of  run  has  been  repeated 
several  times  to  check  the  dependence  of  the  found  regimes  on  the  way  in  which  the 
control  parameter  has  been  varied. 

Illb  Spatial  Patterns. 

Analysing  the  fluid  behavior  as  1  function  of  r=R/R£  we  find  a  stable  four  rolls 


structures  at  r 
table  I 

80.  Above  this  threshold 

the 

regimes  of  the  system  are 

outlined 

TAB 

L  E 

I 

Interval 

1  r  1 

regime 

i 

_ l_ 

Spatial  structure 

. 

11 

1  80-90  | 

TD 

i 

R4  +  LO 

i 

12 

1  90-95  | 

S 

1 

R4 

i 

13 

|  95-130  | 

TD 

1 

R4  +  LO+TW 

i 

14 

1  131-150  | 

S 

1 

R4 

i 

15 

1  150-182  | 

TD 

l 

R4  +  LO 

i 

16 

|  182-186  | 

SHO 

1 

R4  +  TW 

i 

17 

!  186-200  | 

+  * 

l 

*# 

i 

18 

|  200-300  | 

TD 

l 

R4  +  LO+TW 

i 

TW  =  Traveling  waves 

TD  =  Time  dependent 

S  =  Stationary 

LO  =  Localized  oscillations 

SHO=  Shilnikov  type  homoclinic  orbit 

R4  =  4  rolls 

*  The  interval  II  is  not  observed  in  all  of  the  runs 

**  the  interval  17  presents  a  stationary  regime  in  some  runs  and  localized 
oscillations  of  very  small  amplitude  in  others. 


From  a  run  to  another  the  interval  initial  positions  are  reproducible  within  10#, 
whereas  the  length  of  the  interval  does  not  change  sensitively.  Instead  the  behavior  of 
the  system  in  the  time  dependent  regimes  can  be  different  from  a  run  tc  another.  For 
example,  in  the  interval  15  we  can  find  other  subintervals  of  periodic,  biperiodic  and 
chaotic  behavior,  but  their  existance  is  related  on  the  speed  with  which  the  temperature 
gradient  is  increased  and  on  the  previous  story  of  the  system. 

So  we  focus  Just  on  the  general  features  that  we  always  observe.  In  particular  ve 
see  in  Table  I  that  the  time  dependent  regimes  are  associated  with  two  different  spatial 
patterns  one  characterized  by  localized  oscillations  the  other  by  traveling  waves. 

After  verifying  that  the  dynamics  does  not  depend  sensitively  on  the  z  coordinate, 
except  for  the  amplitude  of  T  ,  we  focus  our  attention  Just  on  the  evolution  of  the 
horizontal  component  of  the  gradient  u(x,t)  =  &'”/£><  measured  at  a  fixed  z.  The 
horizontal  gradient  is  infact  a  direct  result  of  the  measurement  and  furthermore  it  does 
not  contain  the  amplitude  of  the  stationary  gradient  imposed  between  the  two  plates. 

In  what  follows  w(x,t)  =  u(x, tj-ufx)^  and  u(x)  is  the  time  average  of  u(x,t).  The 
"energy"  E(t)  is  the  spatial  average  of  w  (x,t). 

[.  Besides  the  study  of  u  just  in  one  direction  allows,  a  more  direct  comparison  with 

j  numerical  simulations  done  in  unidimensional  partial  differential  equations  (P.D.E.). 

^  As  an  example  we  show  in  Figure  6  the  evolution  of  w  as  a  function  of  x  and  time  t. 

;  We  see  here  that  the  oscillations  are  localized  <n  space  both  in  the  periodic  regime 

Fig.  6a  at  r  =  83  and  in  the  chaotic  one  Fig.  6b)  at  r  =  87.5.  The  localization  can  be 
also  quantitatively  measured  by  making  the  Fourier  spectrum  S(f,x)  of  time  series  w(x,t) 
recorded  in  different  position  of  the  cell.  The  spectrum  S(f,x),  with  x  =  1.5  cm  is 
shown  in  Fig.  7a)  at  r=86.5  biperiodic  regime  and  Fig.  7b)  chaotic  regime  at  r«87.5.  The 
amplitude  of  S(f,x)  at  f ^ ,  f^  as  a  function  of  x  at  r=86.5  and  at  r=87.5  is  shown  in 
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Figure  8a-b)  respectively. 

The  amplitude  of  S(f  ,x)  changes  of  about  3  order  of  magnitude  by  moving  the 
measuring  point  of  only  4  mm.  We  see  the  high  degree  of  localization  of  the 
oscillations.  We  also  observe  in  Fig.  8b)  that  the  maximum  amplitude  of  the  two 
frequencies  tends  to  become  equal  at  the  onset  of  chaos. 

This  spatio  temporal  regime  with  localized  oscillations  is  not  the  only  one  that  we 
observe.  Increasing  R  we  find  other  windows  of  time  dependent  regimes  that  were 
characterized  by  the  presence  of  traveling  waves.  As  an  example  we  report  in  Fig.  9b) 
the  evolution  of  w  (x,t)  at  r=230  where  a  biperiodic  regime  was  present.  We  see  that 
there  are  waves  starting  in  the  center  of  the  cell  that  propagate  toward  the  sides  of 
the  cell.  This  traveling  structure  is  more  evident  in  Fig.  9c)  where  the  spatio  temporal 
correlation  function  )«\\w  (x+lb. , t+  „  )w(x, t )dx  dt  is  reported.  We  see  that  the 
extrema  (Fig.  9d)  of  C  propagates  with  a  velocity  of  about  0.06  cm/sec.  This  velocity  is 
consistent  with  the  velocity  scale  constructed  with  /d=0.03cm/sec  for  our  fluid, 
w  (x,t)  the  time  evolution  of  the  maxima  of  C(Xi  , ^ )  measured  in  the  chaotic  regimes  at 
r=268  are  reported  in  Fig.  10.  We  see  that  the  spatial  behavior  does  not  change 
sensitively  when  the  system  is  driven  from  a  periodic  to  a  chaotic  time  dependent 
regime . 


FIGURE  6 

Evolution  of  the  time  dependent  component  of  the  horizontal  temperature  gradient  w  (x,t) 
recorded  at  r  =  83.5  a)  and  r  =  87.5  b).  The  corresponding  horizontal  gradients  u  (x,t) 
are  instead  reported  in  c)  and  d)  respectively. 

The  transition  between  localized  oscillations  and  traveling  waves  occurs  at  r  Of  180 
with  a  regime  that  has  an  evolution  like  that  shown  in  Fig.  11a).  This  evolution  is 
characterized  by  the  presence  of  quasi  laminar  oscillations  that  are  interrupted  by  very 
large  oursts.  This  regime  is  produced  by  a  sort  of  competition  between  two  spatial 

structures,  one  associated  with  the  laminar  period,  the  other  with  the  fast  transient 
This  is  shown  in  Figure  lib  where  the  temporal  evolution  of  u(x,t),  averaged  over  4 
periods  of  the  fast  oscillation  of  Figure  11a,  is  reported.  We  see  that  during  the  fast 
transient  of  Figure  11a,  the  time  averaged  structure  of  the  convective  motion  shifts  in 
an  appreciable  way  the  position  cf  the  rolls  boundaries  (points  where 

This  change  corresponds  to  a  switch  of  energy  (the  energy  in  a  mode  is  the 
amplitude  of  the  spatial  Fourier  spectrum)  between  the  odd  and  even  modes  of  the  spatial 
Fourier  transform  of  w  (x,t).  The^ period  of  time  T  between  two  bursts  diverges  with 
the  following  law  T„  =850(r-r  )  '  sec  when  the  bifurcation  point  for  this  regime 

r0  =  182.5  is  approached. 

It  is  important  to  note  that  the  presence  of  two  different  time  dependent  spatial 
patterns,  one  characterized  by  localized  states  and  the  other  by  traveling  waves  are 
»  also  observed  in  numerical  simulations  of  some  partial  differential  equations  /4/  and  in 

^  particular  in  the  Spiegel  model  /4b/  written  Just  to  describe  buoyancy  driven  convection 

£  in  astrophysics  contest. 

'a  The  transition  between  localized  oscillation  and  traveling  in  this  equation  takes 

F  places  via  a  Shilnikov  type  homoclinic  bifurcation.  This  bifurcation  is  characterized  by 

g  a  time  evolution  like  that  shown  in  Fig.  11a  and  is  related  with  big  changes  of  the 

§f  scatial  structure  during  the  burst  as  indeed  happens  in  our  experiment. 
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FIGURE  7 

Fourier  Spe< trum  S(f,x)  of  the  time 
series  of  u(x,t)  recorded  in  the 
point  x=1.5  at  r=86.49  biperiodic 
regime  a)  a.  d  at  r  =  87.49  b)  chaotic 
regime . 


FIGURE  8 

Amplitude  S(f,x)  at  frequency  f  ,f 
as  a  function  of  the  x  coordinate 
in  the  biperiodic  regime  a)  and 
in  the  chaotic  regimes  r  =  87.5  b). 


FIGURE  9 

Traveling  waves.  Time  evolution  of  u(x,t)  a)  and  w(x,t)  b)  recorded  at  r=230.C(^  ,’5’)  is 
reported  in  el  Tn  a!  the  time  '.’tier,  of  the  position  of  the  maxima  of  C  (crosses)  is 
shown. 


FIGURE  10 

Traveling  waves,  a)  time  evolution  at  w  (x,t)  recorded  at  r-<268,  b)  time  evolution  of 
the  maxima  positions  of  the  spatio  temporal  correlation  functions  0(^,3"). 


IIIc  Fractal  dimension  and  metric  entropy 

Several  methods  have  beer,  proposed  /16/  to  compute  fractal  dimension  D  and  metric 
entropy  (M.E.)  from  experimental  time  series.  These  two  quantities  are  indeed  very 
useful  to  characterize  the  chaotic  dynamics.  To  compute  1  and  M.E.  the  dynamics  of  the 
system  in  phase  space  has  to  be  reconstracted  from  experimental  time  series. 


FIGURE  11 

Transition  between  localized  oscillations  and  traveling  waves. 

a)  temporal  evolution  of  the  energy. 

b)  temporal  evolution  of  the  spatial  structure  u(x,t)  averaged  over  4  periods  of  the 
fast  oscillation. 

In  many  experiments  only  a  single  scalar  signal  V(t)  is  monitored.  In  this  case  the 
attractor  can  be  reconstructed  invoking  the  embedding  theorem  /I /  (see  Appendix). 
However  in  extended  systems  the  use  of  a  single  scalar  signal  cannot  always  describe  the 
global  behavior  of  the  system.  In  several  experiments  done  in  fluid  systems  /17/  the 
scalar  signal  V(t),  used  to  reconstruct  the  attractor  and  to  compute  F.D.,  is  often 
obtained  by  the  local  measurement  of  a  variable  (e.g.  horizontal  temperature  gradient, 
vertical  component  of  the  velocity).  On  the  basis  of  the  results  described  in  the 
previous  section  some  questions  arise  naturally.  Does  F.D.  depend  on  the  point  where  the 
measurement  has  been  taken?  Do  we  get  different  results  using  a  spatially  averaged 
measurement  instead  of  a  local  one?  Furthermore  with  our  experimental  apparatus  there 
are  other  ways  of  constructing  the  phase  space.  Suitable  m-dlmensional  phase  spaces  can 
be  generated  by  using  as  coordinates  either  the  mode  amplitudes  of  the  spatial  Fourier 
transform  of  u(x,t)  or  simply  the  u(x„,t)  measured  in  m  different  points  x^  i  A  .  In 
what  is  following  the  first  one  will  be  called  Fourier  space  (F.S.)  and  the  second  one 
space  shifted  coordinate  phase  SDace  (S.C.S.). 

To  estimate  D  the  correlation  dimension  p  /16a/  (see  appendix)  is  computed  with  a 
number  of  data  points  N  ranging  from  4000  to  8000. 

The  correlation  dimension  obtained  using^the  embedding  technique,  the  F.S.  and 
S.C.S.  will  be  indicated  respectively  with  P  ,  ,  V  .  Using  the  method  proposed  in  Ref. 

18  we  have  also  computed  the  quantity  ,  (see  appendix)  that  is  a  lower  bound  for  the 
metric  entropy.  We  checked  the  dependence  of  )’’  and  k£  on  the  point  of  the  cell  where 
the  time  series  have  been  recorded.  The  results  are  reported  in  rigs.  12a  and  12b 
respectively  at  r=267  and  r=270.  In  Figs.  12c  and  12d  the  corresponding  Kj_  is  shown.  We 
see  that  V  and  K  slightly  depend  on  the  point  of  measurement  in  both  cases. 

We  point  out  that  this  result  is  not  correlated  with  the  local  signal  -to-noise 
ratio  whose  reduction  normally  produces  an  increasing  in  the  extimation  of  D/19/. 

For  a  constant  instrumental  noise,  the  above  ratio  is  proportional  to  the  local 
time  dependent  amplitude  whose  rms  value  is  shown  in  Figs.  12e  and  12^.  (The  maximum  in 
the  vertical  scale  corresponds  to  a  signal  to  noise  ratio  of  about  10  .)  Comparing  Figs. 
12r  nd  12b  respectively  with  Figs.  12e  and  12f,  we  see  that  an  increasing  of  fractal 
dim<  ,ion  does  not  necesserely  correspond  to  a  decreasing  of  the  signal  amplitude.  More 
specifically  there  are  points  where  V  is  large  and  the  amplitude  of  the  signal  is 
large.  This  fact  clearly  demonstrates  that  the  spatial  dependence  of  is  intrisic  of 
the  fluid  behavior.  Indeed  it  is  related  to  neither  to  signal  to  noise  ratio  nor  to  the 
delay  time  used  to  reconstruct  the  attractor.  _  ^  _ 

The  values  of  )-  have  been  compared  with  1?  and  y  .  We  find  that  )’  is  very 
close  to  the  value  obtained  by  averaging  the  p  computed  in  different  positions  of  the 
cell.  p  is  is  equal  ,  within  error  bars, to  p  . 

The  results  of  y  .T’  and  K-,  at  different  r  are  summarised  in  Table  2.  The 
results  of  p  reported  are  those  obtained  from  the  time  series  u(x,t)  measured  in 
x=2  cm.  In  the  periodic  and  quasiperiodic  case  )’  does  not  change  as  a  function  of  the 
position  within  error  bars. 


TABLE  2 


R/R 

c 

V 

P 

K2 

220 

:.02±  o.ooi 

1.04+  0.02 

0.0320.01 

252 

2.14  +  0.01 

2.317  0.06 

0.06  20.01 

268 

2.45  to. 05 

2.6110.06 

0.08  10.01 

270 

3.68  *  0.08 

4.1410.05 

0.15  m  0.01 

271 

3.89  2  0.1 

4.20+0.1 

0.18  10.01 
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FIGURE  12 

Tne  spatial  dependence  of  the  correlation  dimension  (a)  K^fc)  and  the  signal  amplitude 
of  w(x,t)  measured  at  r=267.  The  same  quantities  measured  at  r=^,j 10  are  respectively 
shown  in  b),  d),  f).  The  errors  of  are  about  3 %  and  those  of  about  5%. 

IV  -  CONCLUSION 

The  main  result  of  this  investigation  is  that  the  study  of  the  spatial  feature  of 
temporal  chaotic  regime  is  very  Important  to  understand  the  physical  mechanism  leading 
to  chaos. 

Besides,  the  results  described  in  section  IIIc  on  the  calculation  of  fractal 
dimension  and  metric  ^entropy  open  some  Interrogatives  on  the  reason  why  v>  depends  on 
the  position  and  ^ are  equal  to  the  averaged  value  of 

Much  more  theoretical  and  experimental  work  will  be  necessary  to  better  understand 
this  problem  and  the  role  of  spatial  pattern  in  time  dependent  reclines.  We  believe  that 
our  approach  can  be  very  useful  in  the  study  of  the  transition  from  low  dimensional 
chaos  to  turbulence  where  the  system  exibit  a  chaotic  behavior  both  in  space  and  time. 
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APPENDIX 

Many  phenomena  exlbit  chaotic  ".tates  that  can  be  described  by  a  low  dimensional 
strange  attractor  in  phase  space  /l/.  Such  an  object  is  characterized  by  fractal 
dimension  and  metric  entropy  and  several  methods  have  been  proposed  to  compute  them  from 
experimental  time  series  /16/.  The  former  roughly  estimates  the  number  of  Independent 
variables  involved  in  the  process.  The  latter  measures  the  average  rate  of  information 
loss  per  unit  time.  Fractal  dimension  and  metric  entropy  can  be  advantageously  used  to 
discriminate  in  an  experiment  between  a  purely  stochastic  phenomenon  and  low  dimensional 
chaos  /19/.  Also  the  direct  measure  of  the  Lyapunov  exponents  is  useful  to  characterize 
the  chaotic  motion.  They  measure  the  average  divergences  of  the  trajectory  in  phase 
space.  These  three  quantities  are  indeed  related.  The  metric  entropy  is  the  sum  of  the 
Lyapunov  exponents  and  fractal  dimension  is  related  to  the  Lyapunov  exponents  by  the 
Kaplan-York  formula. 

A1  Phase  Space 

In  many  systems  only  a  single  variable  V(t)  is  monitored  the  phase  space  of  the 
system  has  to  be  reconstructed  invoking  the  embedding  theorem,  V(t)  that  is  constructing 

avector  x(t)  of  coordinates  y  V(t),  V(t  +  J5  ) . V(  t  +(m  -  1)1:')^,  where  m  is  the 

dimension  of  the  space  and  £  an  arbitrary  delay.  (In  practice  Z  can  be  varied  only 
within  a  certain  range  to  have  a  reliable  estimation  of  fractal  dimension  /20/.  In  Ref. 
21  a  method  to  find  the  optimum  value  of  o  has  been  recently  proposed). 

Examples  of  the  projection  of  the  phase  space  on  the  plane  (v(t)  V(t+£  )  )  for  the 
experiment  described  in  section  I  are  shown  in  Fig.  Ala,  b,  c  for  the  driving  amplitudes 
reported  in  Fig.  4  .  The  delay  'J  is  3  sec. 
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Figure  A1  * 

Phase  portrait  for  the  data  of  Figure  4.  Divergence  4 

of  nearby  orbits  can  be  seen  quantitatively  in  the  phase  portrait.  ! 

» 

1 


A2  Fractal  dimension 

A  strange  attractor  is  in  general  an  object  of  fractional  dimension.  This  means 
that  the  number  of  cells  of  size  £  needed  to  cover  the  attractor  scales  as  ~  ,  where 
D  is  the  fractal  dimension.  The  calculation  of  D  is  a  useful  way  to  characterize  the 
degree  of  chaos  but  it  needs  a  very  big  memory  and  it  consumes  a  lot  of  computer  time. 
However  several  other  definitions  of  dimension  lead  to  more  practical  algorithims. 

To  estimate  fractal  dimension  D  we  use  the  correlation  dimension  that  is  smaller 
than  D.  However  in  practical  cases  the  difference  D-l>  turns  out  to  be  very  small.  The 
correlation  dimension  is  defined  in  terms  of  C(£  ),  number  of  data  points  whose 
separation  in  phase  space  is  less  than  t  (divided  by  n).  For  N  this  quantity 

scales  as  therefore:  ,  \ 

V,  h«f) 

try  a : 


i 

5 


1 


ft  ^ 


/ 


An  example  of  C(£  )  for  the  chaotic  attractor  of  Fig.  4c  is  shown  in  Fig.  A2  for 
different  embedding  dimensions.  The  local  derivative  of  C(£  )  is  shown  in  Fig.  A3a.  The 
slope  can  be  seen  to  reach  a  limit  value  in  the  scaling  region  -1.5  <  0  and  does 
not  increase  once  m  is  larger  than  about  4. 
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Figure  A2 

The  correlation  function  C(  Z  )  for  various  values  of  the  embedding  dimension  m.  The 
limiting  slope  for  large  m  is  the  correlation  dimension  l)  of  the  attractor. 

The  height  of  the  plateau  is  2.20±0.04  that  is  the  correlation  dimension  of  the 
attractor  at  A  =  190/um. 

For  values  of  £  smaller  than  those  in  the  scaling  region  that  is  comparable  with 
the  noise  level  the  slope  has  about  the  same  value  of  the  embedding  dimension  /19/ . 

A3  Kolmogorov  Entropy 

The  Kolmogorov  entropy  measures  the  average  rate  of  information  lost  per  unit  time 
and  it  the  sum  of  the  positive  Lyapunov  exponents.  'rrom  the  measurement  of  C(£  )  is  also 
possible  to  determine  K?  that  is  a  lower  bound  of  the  Kolmogorov  entropy.  It  is  defined 

as  U,  -  %r 

«,  =  urn A  - 

"  c  -rc  m  -><*•  g- 

Here  C,„  (£  )  indicates  the  correlation  function  C(/.  )  computed  for  the  embedding 
dimension  m.  An  example  is  shown  in  Fig.  A4  for  the  chaotic  data  at  A  =  190,/um  reported 
in  fig.  1  of  section  1.  We  see  that  K,,  reaches  a  limiting  value  of  (0.1  ±  0.01  )sec 
this  means  that  at  least  1  Lyapunov  expdnents  is  positive. 
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Figure  A3 

Measurements  of  correlation  dimension  5>  .  the  derivative  (local  slope)  of  the 
function  log  C(£  )  with  respect  log  £  reaches  a  limiting  value  in  the  scaling  range  of 
d=  2. 20+0. 04  for  m  >  4. 
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Figure  A4 

Dependence  on  embedding  dimension  of  the  function  K2  (defined  in  (5.3)),  which  is  less 
than  or  equal  to  the  sum  of  the  positive  Lyapunov  exponents.  The  curves  are  fits  to  the 
data  for  the  chaotic  state  (upper  points)  and  periodic  state  (lower  points),  for  log 
=  -1.  the  positive  limit  of  the  upper  curve  for  large  m  demonstrates  that  at  least  one 
Lyapunov  exponent  must  be  positive,  so  that  the  trajectories  exhibit  exponential 
divergence. 


A4  Lyapunov  exponents 

We  analyze  now  the  algorithm  proposed  in  Ref.  lb  for  computing  Lyapunov  exponents 
from  an  experimental  time  series.  We  first  describe  the  method  and  then  we  apply  it  to 
an  experiment  of  Raylelgh-Benard  convection  /22/. 

The  discussion  below  deals  with  scalar  signal  but  the  method  can  be  easily  extended 
to  multidimensional  signal. 

Conceptually,  the  algorithm  to  be  discussed  involves  the  following  steps: 

a)  reconstructing  the  dynamics  in  a  finite  dimensional  space, 

b)  obtaining  the  tangent  maps  to  this  reconstructed  dynamics  by  a  least  squares  fit, 

c)  deducing  the  Lyapunov  exponents  from  the  tangent  maps. 

We  now  consider  these  different  steps  in  detail. 

(a)  In  general  the  variable  experimental  V(t)  is  sampled  at  fixed  time  interval  so  we 

define  x^VliAt)  for  i  *  1 .  N  where  N  and  At  are  respectively  the  number  of  data 

points  and  A t  the  sampling  time.  We  choose  an  embedding  dimension  d_  and  construct  a 
dg-dlmensional  orbit  representing  the  time  evolution  of  the  system  6y  the  time-delay 
method.  This  means  that  we  define 


=  <x.  ,x 


i+1 . xi+d  -1 


(1) 


for  1  =  1,...,  N-dE+l. 

(b)  Having  embedded  our  dynamical  system  in  d  dimension,  we  want  to  determine  the  d^xd 
matrix  T^  which  describes  how  the  time  evolution  sends  small  vectors  around  xt  to  small 
vectors  around  x  The  matrix  T  is  obtained  by  looking  for  neighbors  x  of  x  and 
imposing  +  ^ 


Ti(xj  -  xi>  -  xj+rxi+r 


(2). 


the  matrix  T^  is  determined  by  a  least  square  fit  with  the  condition  |x  -  x^lcg.. 
Note  that,  in  view  of  (1),  (2),  the  matrix  T^  has  the  form  1 


Ti  = 


0  1  0  ...  0 

0  0  1  ...  0 


0  0  0 


(c)  Step  Co)  glve3  a  sequence  of  matrices  T  ,  T  ,  T  ,  ...  One  determines 
successively  orthogonal  matrices  Q.  .  and  upper  triangular  matrices  R.  .  with  positive 
diagonal  elements  such  that  °(q)=  utn't  matrix  and  ^ 


Tl°(0)  =  °(i)R(i) 
T2Q(1);  =  °(2)R(2)* 


Tl+JQ((j), =  °<J+1)R(J+1)' 


Then  the  Lyapunov  exponents  A  n  are  given  by 


k-l 

\  -  ±,2.  ^ 
~  KAt 


where  K  ^  (N-dg  -1)  is  t*ie  available  number  of  matrices.  As  an  example  we  present  in 
Fig.  A5  the  Lyapunov  exponents  for  the  Lorenz  model  as  a  function  of  d  .  The  horizontal 
dashed  lines  represent  the  correct  values.  To  reduce  the  dimension  ox  the  matrix  T  , 
without  spoiling  the  calculation  of  the  first  positive  Lyapunov  exponents,  that  can  fee 
useful  when  d„.  becomes  very  large,  we  define  a  d„  such  that 


useful  when  d_.  becomes  very  large,  we  define  a  d„ 
£  M 

dE  =  (dM-1)  “+1 


and  the  associate  vector  is 


i  =  (x  ,x  ,  . . . , 
1  i+m 


Xl+(bM-l)m) 


To  mantaln  the  same  form  of  T^ ,  providing  of  changing  dg  with  dM  the  (2),  is  replaced  by 
the  condition 

T.  (x.  -  x.)  i*  x.  -  x  , 

11  j  i+m  j+m 

However  this  does  not  means  that  the  number  of  used  points  are  reduced  by  a  factor  m  but 
all  the  data  points  are  used  to  find  the  nearest  neighbours. 

We  have  applied  the  method  to  the  R-B  experiment  described  in  setion  3. 
Specifically  we  have  studied  the  chaotic  regime  in  the  interval  170  R/R  185  where 

the  system  exhibited  a  transition  to  chaos  via  lntermittency .  The  main1"  frequency  was 
about  75  mHz.  To  have  a  sufficient  number  of  neighbours  in  the  calculation  of  T_^ 

points  with  a  sampling  frequency  of  5  Hz,  have  been  recorded  for  each  measurement.  This 
way,  the  time  evolution  of  the  system  is  followed  for  about  600  periods  of  the  main 
oscillation.  Many  tests  have  been  done  to  verify  how  Lyapunov  exponents  depend  on  d£  and 
d  .  It  has  been  found  that  the  value  of  A  is  sufficiently  stable  in  the  internal 
20<  d  <  25  and  5<dM<8.  The  results  are  reported  in  Figure  A6,  where  the  values  of  the 
positive  Lyapunov  exponents  are  shown  as  a  function  of  R  for  different  3g  and  dm-  We  see 
that  the  quantitative  behavior  of  the  curves  is  similar  and  the  difference  between  them 
is  about  10%.  the  measurements  where  done  for  R/R„  =  171.41,  174,08,  175.75,  182.10, 
183.44,  184.79.  Tigs.  A7  show  details  for  R/R  =  182.10.  By  moving  the  detection  point 
inside  the  cell  of  about  1cm  and  keeping  R  at  ?he  last  value  shown  in  figure  A7  we  find 
that  the  Lyapunov  exponents  charge  by  less  than  5%.  As  a  conclusion,  the  positive 
Lyapunov  exponents  in  the  chaotic  regime  of  a  R-B  convection  experiment  have  been 
determined  using  the  method  proposed  in  Ref.  lb.  Even  though  the  error  of  the 
measurement  is  not  small  (about  10%)  it  is  still  possible  to  follow  how  the  number  of 
the  Lyapunov  exponents  and  their  values  change  as  a  function  either  of  the  control 
parameter  R  or  of  the  position  where  the  measurement  has  been  recorded  inside  the  fluid. 


i  i  *  > 


Figure  A5 

Lyapunov  exponents  for  the  Lorenz  model  as  a  function  of  d 
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Figure  A6 

The  three  largest  Lyapunov  exponents  as  a  function  of  the  Rayleigh  number  for  different 
dM  and  dE. 


Figure  A 7 

The  largest  3  Lyapunov  exponents  as  a  function  of  d£  at  R/R  =182.5, 
0f  dM. 


for  different  values 
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1.  MULTI-SCALE  FLUID  DYNAMICS 

A  fluid  is  a  multi-scale  system  whose  dynamics  cannot  be  described  uniquely*  At 
the  microscopic  level  such  a  description  involves  the  virtually  infinite  complexity 
of  the  many-body  problem,  which  can  be  bypassed  by  statistical  mechanical  methods. 
At  large  scale  -  that  is  for  wavelengths  large  compared  to  the  molecular  size  -  the 
fluid  can  be  treated  as  a  continuous  medium  and  is  therefore  adequately  described  by 
classical  hydrodynamics.  Now,  complexity  is  also  reflected  at  large  scale  by  the 
non-linearities  iu  the  hydrodynamical  equations,  which,  except  for  particular  (usual¬ 
ly  oversimplified)  cases,  cannot  be  solved  explicitly.  The  connection  between 
microscopic  level  -  the  domain  of  molecular  dynamics  -  and  macroscopic  level  -  the 
domain  of  hydrodynamics  -  is  established  by  Liouville-Boltzmann  kinetic  theory  / 1  /  • 
Correspondingly,  three  computational  approaches  have  been  developped  for  the  numeri¬ 
cal  study  of  fluid  dynamics. 

(i)  The  approach  via  continuous  medium  description  is  to  solve  numerically  the 
Navier-Stokes  equations  / 2/,  which  raises  the  usual  difficulties  associated  with  the 
numerical  treatment  of  partial  differential  equations.  In  practice,  feasibility  is 
achieved  by  finite  elements  methods  and  finite  difference  equations;  these  methods, 
which  use  quite  involved  numerical  techniques,  have  produced  spectacular  results. 
However,  they  require  considerable  computational  power  and  so  turn  out  to  be  very 
expensive . 

(ii)  The  molecular  dynamics  approach  starts  from  a  microscopic  modeling  of  the  fluid, 
simulating  a  real  system  of  Interacting  particles.  This  method  has  been  used  exten¬ 
sively  for  studying  thermoaynamic  and  transport  properties  as  well  as  small  scale 
dynamical  behavior  of  fluid  systems  / X , 3 / .  Recently  it  has  been  extended  to  investi¬ 
gate  systems  suoject  to  external  constraints  /4/.  The  major  difficulty  here  arises 
from  the  ratio  of  time  scales  and  spatial  scales,  i.e.  the  ratio  of  the  characteris¬ 
tic  hydrodynamic  time  versus  the  molecular  interaction  time,  and  the  ratio  of  hydro- 
dynamic  wavelength  versus  intermolecular  potential  range.  Both  quantities  assume 
large  values;  as  a  result  molecular  dynamics  simulations  require  long  computation 
times  and  large  systems  (i.e.  large  number  of  particles),  and  consequently  costly 
computational  means. 

(iii)  Quite  recently,  the  development  of  a  "poor  man  version"  of  the  molecular  dyna¬ 
mics  approach  has  been  stimulated  by  progress  and  perspectives  in  parallel  computers. 
Similarly  as  for  molecular  dynamics  simulations,  the  prediction  of  flows  in  fluids 
will  follow  from  a  microscopic  description  of  interacting  particles,  hut  here  the 
particles  are  confined  to  points  moving  along  the  links  of  a  regular  lattice,  and 
Interactions  reduce  to  simple  mathematical  rules.  The  motivation  for  using  a  lattice 
gas  (in  fact,  a  well  known  model  system  in  Statistical  Physics)  to  simulate  hydrody¬ 
namics  stems  from  the  idea  that  the  details  of  the  microscopic  properties  should  be 


4 
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unimportant  to  the  macroscopic  behavior  of  the  fluid.  So  whether  the  fictitious 
microworld  one  uses  is  a  caricature  of  a  real  fluid  does  not  matter  as  long  as  it 
produces  correct  hydrodynamics*  To  what  extent  does  lattice  gas  hydrodynamics  meet 
this  goal?  In  order  to  answer  this  question,  we  shall  first  build  up  the  constituti¬ 
ve  elements  to  construct  a  lattice  gas;  then  we  shall  put  a  model  system  to  work  and 
present  the  results  of  hydrodynamic  simulations;  finally  the  computational  aspects  of 
present  and  future  realizations  will  be  reviewed.' 


2.  THE  LATTICE  GAS 

In  a  s°nse,  the  lattice  gas  approach  to  hydrodynamics  simulation  appears  as 
intermediate  between  the  two  other  numerica*  methods  ((i)  and  (ii)  in  section  1)  m 
the  way  kinetic  theory  establishes  the  connection  between  molecular  dynamics  and 
hydrodynamics.  Indeed  the  hydrodynamic  equations  can  be  obtained  from  kinetic  theory 
by  multi-scale  expansion,  i.e.-  with  the  expansion  parameters  :A/L(A*a.ean  free  path; 
L«hydrodynamic  length)  and  'Z't  /  2^  (^“molecular  interaction  Lime;  'Ey  --hydrodynamic 
time).  At  low  (and  up  to  moderate)  densities,  the  Boltzmann  approximation  combined 
with  the  Chapran-Enskog  method  yields  the  hydrodynamic  equations  and  the  transport 
coefficients  /5/.  Ac  high  densities,  there  is  no  natural  scale  separation,  and  smal¬ 
lness  parameter  expansion  breaks  down;  one  Chen  uses  the  Gr een-Kubo-Zwan^ \g  autocor¬ 
relation  formalism  to  obtain  the  dynamical  properties  /!/.  However,  these  methods 
are  unable  to  treat  non-linear  hydrodynamics.  So,  the  question  arises  as  to  how  a 
kinetic  model  can  be  constructed  to  simulate  hydrodynamics?  Such  a  program  will 
require  to  define  (i)  proper  mathematical  objects  (e.g.  in  classical  hydrodynamics, 
density,  momentum,  and  energy),  and  (ii)  appropriate  rules  governing  them  (e.g.  the 
hydrodynamic  equations). 

Tn  constructing  the  lattice  gas  model,  one  introduces  a  primery  simplification 
(of  considerable  computational  convenience)  by  discretizing  space  (point  particles  on 
a  lattice),  time,  and  velocity.  Each  node  on  -he  lattice  will  behave  is  a  Eoolean 
processor  updated  at  each  time  step  according  to  the  rules  "i’onnea*ng"  neighboring 
nodes  (via  the  lattice  links),  which  rules  must  satisfy  conservation  laws  (mass, 
i.e.  particule  number;  momentum;  an.’  energy).  Such  a  system  appears  as  a  Cellular 
Automaton  / 6 /  with  interactions  restricted  to  first  neighbors  according  to  a  set  of 
collision  rules  to  be  specified  . 


3.  THE  HPP  .10 DEL 

A  2-D  «qcare  lattice  model  was  first  proposed  by  Hardy,  de  Paxzis,  and  Pomeau 
ill  in  tne  mid-seventies  to  investigate  the  ergodic  problem  and  was  reactivated  about 
ten  years  later  foi  attempting  to  simulate  nydrodynamics  / 8 / -  Consider  a  plane  squa¬ 
re  lattice  where  each  node  nas  i is  state  defined  by  a  4-bit  word  to  represent  the 
presence  (or  the  absence)  of  particles  with  discrete  velocities  (1*  particle  with 
unit  velocity;  0*no  parties)  on  e?ch  of  the  four  links  connecting  to  the  four  neigh¬ 
boring  noces  (sec  Fig.l).  Co  each  node  has  2^  possible  input  configurations  and  as 
many  possible  outout  configurations,  which  yields  16^  possible  rules,  only  a  limited 
number  of  t.iera  being  acceptable  according  to  conservation  laws.  The  collision  rules 
are  shown  in  Fig. 2;  note  that  the  convention  of  outgoing  arrows  is  usually  adopted  to 
indicate  to  which  node  particles  are  associated.  The  model  is  referred  to  as  HPP. 


B 


I  0100  I 


4  th  BIT 


Fig.l.  b-bit  word  representation  of  node  state  (here  b*4) 


Fig. 2.  Collisions  for  HPF  model.  Note  that  only  collisions  of  the  first 
type  are  efficient  (i.e.  produce  momentum  transfer). 


An  exclusion  principle  is  introduced  in  that  no  two  particles  with  same  velocity 
C*  can  occupy  simultaneously  the  same  link  (or  site  i*0, 1,2,3).  Obviously,  colli* 
s^on  d'les  must  be  constructed  so  as  to  satisfy  conservation  laws,  i.e.  number  of 
pnrti  and  momentum.  Note  that  energy  conservation  is  degenerate  here  (0^*1), 

whi  .  unimportant  for  incompressible  or  isothermal  flows.  (Such  a  lattice  gas  is 
a  model  fluid  wxth  equal  specific  heats,  CP*CV,  and  equal  compressi  bilities  ,£•“£) . 
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4.  THE  MICRODYNAMICAL  EQUATIONS 

One  defines  the  state  of  a  node  at  time  t>*  and  position  T*  on  the  lattice 
by  the  Boolean  field  where  i  denotes  the  site  bit 

(direction,  defined  mod. 4)  and  *  indicates  discrete  variables.  The  updating  rule 
for  the  cellular  automaton  follows  from  a  2-step  process  :  collision,  followed  by 
propagation . 

(1)  Collision  :  the  state  of  site  I  after  collision  is  given  by  its  state  before  col¬ 
lision  minus  the  depopulating  contribution  plus  the  populating  contribution,  i.e. 


n'i  =  -  nintt2  (i~  nlfl)  (i-nti.j)  +  »,>,  n,+3  (i-";  )(t-  ntf2  )  (U 


(2)  Propagation  :  after  collision,  particles  are  shifted  one  unit  lattice  length  over 
one  unit  time  step,  so  that  the  complete  evolution  equation  reaos 


n,-  (tx  *i  >  r*  t-  Ci)  -  rti  (t*.  ,  r„  )  -f-  hi 

A*  *  "<>,  ”<  +  3  "i  *"2  "  nc  nifi  »t+,  "i  +  3 


evaluated  at  t*  and  7*,  and  where  np-l-nt*  An  ex-licit  example  is  shown  in  Fig. 3 
and  a  global  example  of  updating  is  given  in  Fig. 4.  Note  that  this  lattice  gas  model 
is  deterministic  (a  given  configuration  at  time  t*  yields  the  (t*+l)  configura¬ 
tion  uniquely). 


Fig.  3.  Example  of  updating  rule  according  to  Eq.(2)  : 

l>i  (t*  *i  ,  rt  +  C. ;  ;  is  I )  r  o  +  /  -  o  =  / 
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Fig.  A.  Global  example  of  evolution  of  cellular  automaton  from  time  t» 
(single  arrows)  to  time  t*+l  (double  arrows). 


5.  THE  MACRO DYNAMICAL  EQUATIONS 

The  average  population  is  defined  as  the  occupancy  probability  of  site  1  at  node 
r*  at  time  t*,  that  is  / 9 / 


^  (  tjf  i  F*  )  > 


(A) 


where  the 
tion  8). 


brackets  denote  an  ensemble  average  over  initial  co  gurations  (see 

It  then  follows  from  conservation,  i.e.  2?  A  :  =  0  and  4.  C 'A :*Ot  that 

c  ‘  c  1  1 


sec- 


2  [  r#  i-C;)  _  N ,•  (  t»  >r„  )  3  =  °  <5) 

51  Cj  [N.  ~  0  (6) 

t 


Next  one  defines  the  density  and  the  mass  current  respectively  by 


J  J  =  Z  C,H;  Ct,,7u)  (7) 
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or  equivalently  the  density  per  site  :  d  =  P  / 4r  ,  and  the  mean  velocity  u"j/p,  where 
we  have  introduced  the  generalization  to  a  set  of  b  vectors  C*(i»0,...,  b-1)  with 
components  (of*l , . • • , D)  and  modulus  C,  for  a  b-neares t-neighbor  D-dimensional  lat¬ 
tice.  (For  the  HPP  model,  b*4,  D-2,  and  C»l). 

Most  important  is  that  p  and  j  (or  d  and  u)  are  slow  variables,  that  is  they 
vary  over  a  spatial  range  and  on  a  time  scale  which  are  large  compared  to  the  micros¬ 
copic  space  and  time  scales.  Now  the  dynamical  behavior  of  the  system  involves 
characteristic  times  related  to  (1)  relaxation  to  local  equilibrium  (Z"0);  (ii)  sound 
propagation  (t^)»  and  (ii)  dissipation  ( ,  with  H Considering  the  spa¬ 
tial  scale  expansion  parameter  >  Z*s  and  'C ^  will  scale  as  and  respecti¬ 

vely,  whereas  local  equilibrium  relaxation  is  independent  of  scaling  (i.e. 

sv  6°)*  So  a  multi-scaling  follows  with  time  variables  t #  >  1 1  =  &  }  tz  ~  £*  t+ 

and  space  variables  ^  ^  r  £  .  Consequently,  not  too  far  from  equilibrium  the 

population  distribution  function  may  be  expanded  as 

N.t  =  N(£#>(t,r)  +  SN-’ct.F)  h  0(€a) 


with  ,  the  equilibrium  distribution  function  / 1 0 / 

Ni )  =  [i  t  exp  (t  +  tj.  c-  )  3"' 


(8) 


where  the  Lagrange  multipliers  h  and  q  can  be  expressed  in  terms  of p  and J .  Conside¬ 
ring  the  physical  nature  of  the  lattfct  gas  model,  it  is  quite  logical  that  a  system 
with  built-in  exclusion  principle  has  a  Fermi-Dirac  equilibrium  distribution  function 
(8).  Now  for  loo  velocities,  C,  expansion  of  (8)  op  to  second  order  In  u 

yields  /10/ 

N(;*  (<=!,«)=  d  li  +  (  */c*)  CU  h  <*&)%,".  «,«,  + 

‘  1  (S') 

wrtli- *)!('-*)  ,  a,^.  c_clf 


*  ft /r  is  independent  of  i.  Starting  from  the 
conservation  equations  (5)  and  (6),  one  performs  a  multi-scale  expansion,  ^2).  — *■  £ 

A  /si  /.»  *  ^ 


Note  that  at  zero  velocity,  N*  (d,0) 

an 
,(o) 


+  6*0, 


9r 


£9f 


fj.  -  N-%- £  To  first  significant  order,  0(Z)t  one  obtains  / 9 / 


0.  Z.  N 

w  < 


(*) 


V? 


C. 

‘  P 


(10) 


0.  £  c  /v 

i  <<*  ‘ 


(°) 


c. 

Id 


c.  N 
‘Z1 


0>) 


-  o 


(ii) 


with  the  notation  =  "3^  =  J  ®id  1  ’  Substitution  of  the  equilibrium  distribution 

(8)  into  (10)  and  (11)  yields  Che  mac rodynamlcal  Euler  Equations 


®t,  e  +  vr  (f  if )  *  0 


(12) 


\ 
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*t,(fun)  *  7rl  = 


where  the  leading  order  contribution  to  the  momentum-flux  tensor  is  given  by 

%  =  (cJ/p)/’  K?  +  /  G(p)\ss  V<r  +  *(u*>  (l4) 

with  6(f>)-G(d)/4  and  TdfiyS  =  £ c/«  c  ,fl  Q.  i  g  5  •  0ne  chus  finds  that  the 

hydrostatic  pressure  is  p  =  p  ( C */t>)  »  a**d  as  a  result  the  sound  velocity  is 

given  by 


CS  -  l  Vp/Vf) 


'/*  C 


(c,  -  2  1  for  the  HPP  Model)  (15) 


To  next  order,  ,  the  first  equation  obtained  is/3^p  =  o  ,  which  means 

that  a  single  species  model  yields  no  mass  diffusion,  and  the  second  equation 
+ ...  ■=  o  describes  momentum  diffusion  over  long  range  *)•  Contracting  the  O(E) 

and  &(£*)  equations,  one  obtains  the  macrodynamical  equations  (for  details  see 

/10/) 


^  f  + 


,  continuity  equation 


/3  (fu)  +  V.  P  -  V,  S  +  fl.o.t.  ,  momentum  equation 


where  oc  and  *'*°*t‘  denotes  higher  order  terms  u1)  >  0(£u). 

This  result  is  important  because  Eq.(17)  now  bears  striking  resemblance  to  the 


Navier-Stokes  equation. 


6.  ISOTROPY  CONSIDERATIONS 


The  question  now  arises  as  to  whether,  the  HPP  lattice  gas  constitutes  a  model 
fluid  that  produces  correct  hydrodynamic  behavior;  put  as  a  straightforward  question, 
are  the  macrodynamical  equations  for  the  HPP  model  Navier-Stokes? 

Consider  the  stress  tensor  for  an  isotropic  medium  in  classical  hydrodynamics. 
Isotropy  Implies  rotational  invariance,  as  a  consequence  of  which  the  momentum  flux 
tensor  (less  the  hyd*ostatic  contribution)  has  the  form  /II/ 


07  (V  U  +  0  «,  )  +  V  ( Q  U  )  S 

l,  d  r  p  s  >  li 1  t  r } 


The  square  lattice  HPP  model  has  11/ 2  rotational  invariance,  which  is  a  subgroup  of 

the  continuous  rotational  invariance  group;  as  a  result,  P,„  is  not  isotropic  for  the 

"P 

square  lattice  gas  /10/.  So  the  HPP  model  produces  correct  sound  propagation  /8/, 


UVWjMn 
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but  v 1 s cou 8  dissipation  Is  anisotropic. 

Besides  the  square  lattice,  the  only  basic  regular  two-dimensional  tiling  geome¬ 
tries  are  the  triangular  lattice  and  the  hexagonal  lattice  (which,  in  fact,  are  reci¬ 
procal  to  each  other).  Frisch,  Has3lacher,  and  Pomeau  / 9 /  proposed  to  use  a  triangu¬ 
lar  lattice  with  hexagonal  symetry  which  has  ft/3  rotational  Invariance;  in  this  geo¬ 
metry,  £  has  the  form  /10/ 


*  s*is?r 


^  t 


which  is  isotropic,  and  so  ensures  isotropy  in  the  momentum  equation.  This  model 
will  be  refered  to  hereafter  as  the  FHP  model  (see  section  7). 

Extension  to  3-D  systems  faces  the  problem  that  the  tensors  T  and  S^,  Eq.(17),may 
not  be  Isotropic,  i.e.  invariant  under  arbitrary  rotations.  Indeed  none  of  the  four¬ 
teen  3-D  Bravais  lattices  has  sufficient  symetry  to  produce  the  required  isotropy  of 
fourth  order  pairwise  symetric  tensors.  Solutions  to  bypass  this  difficulty,  have 
been  proposed  by  d'Humi&res,  Lallemand,  and  Frisch  /12/.  The  first  solution  is  a 
multispeed  model  on  a  cubic  lattice,  where  particles  can  have  three  different  veloci¬ 
ties  :  0,1,  \f  2;  zero  for  particles  at  rest,  one  for  particles  moving  along  latcice 
links  to  nearest  neighbor,  and  r  2  for  particles  moving  along  the  diagonal  to  next- 
nearest  neighbor.  As  represented  in  Fig. 5a,  the  state  at  one  node  is  then  given  by  a 
19-bit  word.  This  model  is  shown  / 1 2 /  to  yield,  under  appropriate  condit"'  >,  the 
proper  form  for  the  tensor  T  (whereas  a  slight  anisotropy  persists  in  S)  and  so  pro¬ 
duces  correct  lnviscid  isotropic  hydrodynamics. 


Fig.  5.  3-D  models  for  lattice  gas  hydrodynamics.  (a)  multispeed  model  on 

cubic  lattice;  (b)  3-D  projection  of  4-D  FCHC. 


«***»«■ 
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A  second  model,  proposed  by  Che  same  authors  1121,  Is  based  on  the  observation  that 
in  4-0,  there  exists  a  regular  Bravais  lattice  with  all  the  required  symetrles. 
Indeed  the  24-hedron,  with  24  vertices  represented  by  the  SchlHfll  symbol  £3,4,3] 
can  be  used  to  tile  regularly  the  4-0  space  with  a  4-0  f ace-centered-hypercubic  lat¬ 
tice  (FCHC).  A  3-0  projection  of  the  4-P  FCHC  (i.e.  one  lattice  site  wide  in  the  4th 
dimension)  produces  a  3-0  lattice  with  the  required  symetrles,  A  representation  c.f 
the  3-0  projected  FCUC  is  given  in  Fig. 5b.  This  is  a  single-speed  model,  with  all 
lattice  nodes  connected  via  links  with  unit  length  c-  2. 

The  state  at  each  rode  is  given  by  a  24-(or  25-  if  particles  at  rest  are  included) 
bit  word.  Note  that  an  additional  momentum  equation  follows  from  the  existence  of  a 
4th  momentum  component;  this  component  however  is  a  passive  scalar  because  its  gover¬ 
ning  equation  decouples  from  the  others  (at  least  in  the  low  Mach  number  limit)  and 
is  therefore  unimportant.  This  model,  refered  to  as  FCHC,  has  been  put  to  work  very 
recently  by  Rivet  to  produce  the  first  three-dimensional  cellular  automaton  simula¬ 
tion  of  hydrodynamic  flow  1121. 

An  alternative  possible  realization  of  3-D  cellular  automata  for  hydrodynamic 
simulation  should  be  mentioned.  It  was  indeed  suggested  by  Hasslacher  that  3-D  iso¬ 
tropy  could  be  achieved  on  a  quasi-lattice  with  icosahedral  symetry  by  projection  of 
an  "oblique"  slice  out  of  a  6-D  cubic  lattice  / 1 4 / . 


7.  THE  FHP  MODEL 

Consider  a  triangular  lattice  with  hexagonal  symetry  (see  Fig. 6);  each  node  has 
regular  hexagonal  neighborhood  (i.e.  6  links  and  6  first  neighbors).  So  the  state  of 
a  node  will  be  given  by  a  6-(or  7-,  if  one  allows  for  rest  particles  at  the  node)  bit 
word,  and  the  number  of  configurations  associated  to  one  node  is  2&,  which  yields 
64*>4  possible  rules.  Restriction  to  a  limited  number  follows  from  conservation  laws; 
in  addition  the  exclusion  principle  and  efficiency  of  collisions  are  to  be  taken  into 
account.  The  collision  rules  are  illustrated  in  Fig. 7. 


Fig. 6.  Triangular  lattice  with  hexagonal  symetry  for  FHP  model.  The  unit  area 
around  each  node  is  f 3/2  (for  link  length-l). 


BINARY  COLLISIONS 
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Fig. 7.  Collision  rules  for  FHP  model 


Although  the  probability  of  actual  triple  collisions  in  a  real  gas  is  quite 
small  compared  to  the  probability  of  binary  collision,  triple  collisions  are  very 
important  here.  Indeed  head-on  collisional  processes  conserve  particle  number  and 
momentum,  but  also  difference  in  particle  number  in  opposite  directions,  which  yields 
a  total  of  4  conservation  laws  in  a  2-D  system!  Therefore  triple  collisions  are  cru¬ 
cial  in  that  they  remove  the  spurious  invariant.  On  the  other  hand,  head-on  colli- 


I 


slons  exhibit  an  interesting  feature  because  they  have  two  possible  output  channels 
(see  Fig. 7).  So  by  making  a  random  choice  of  output  configuration,  mirror-symetry  is 
preserved,  and  furthermore  the  model  is  non-deterministic . 

Microdynamicai  equations.  For  simplicity  we  consider  the  case  with  binary  and 
triple  collisions  (without  particles  at  rest;  the  generalization  is  straightforward). 
As  described  in  section  i,  updating  the  cellular  automaton  proceeds  in  a  two-step 
sequence  (with  collisions  followed  by  propagation)  which  is  expressed  by  the  opera- 


ni  (Ct  ti  ,  r»  t  C:  )  -  nc(t*,r,)  +  A( 


where  1-0,. ..,5  denotes  the  site  number  (or  link  direction)  as  shown  in  Fig. 6.  Here 
A  j  is  the  sum  of  the  positive  (populating)  contributions  and  of  the  negative  (depo¬ 
pulating)  contributions  from  binary  and  triple  colllsio  s,  l.e. 

=  **  +  i>.  "Os 

-  ni  nH }  \>/  ~*LtX  ”'■*>,  *i*s  (21) 

+■  W,',,  n  t-f  3  ‘i-t  S  **  l’  n  t  V  S  n  i  +  l  n'*<t  n  0  +  S 

all  quantities  being  evaluated  at  t*,  r*,  and  where  and  (£)c  denote  the 

probabilities  for  output  channel  selection  in  head-on  collisions  (corresponding  to 
TW3  rotation  in  configuration);  usually  l"(4)"l/2.  An  example  of  evolution 

after  one  time  step  is  shown  in  Pig. 8. 


Fig. 8.  Example  of  evolution  from  time  l*(single  arrow)  to  time  t*+l(double 
arrow)  on  the  hexagonal  lattice  gas. 

(Note  the  convention  of  outgoing  arrows  in  the  collision  representation) 
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8.  MACRODYNAMICS  FOR  NON-DETERMINI  STIC  MODELS 

As  usual  In  Statistical  Mechanics,  we  now  switch  to  a  probabilistic  description 
/ 1 0/ ,  and  define  the  phase  space  P  as  the  set  of  all  possible  assignments 
(i  =  of  the  Boolean  field  n^Cr*).  Then  S(«)/  is  the  probability,  at 

time  t*,  for  asslgnement  s(.)  (which  can  also  be  called  a  configuration)  with 
£  P^ta,  S^.))  -  I  )  (  5  (.)  £  P  )  .  Starting  from  an  ensemble  of  initial 

conditions,  each  configuration  evolves  according  to  the  updating  rules  of  the  automa¬ 
ton.  This  is  formally  expressed  by  the  "Liouviiie  equation" 


2(t*  1-1,  &  S(.))  =  j?  (  £„  ,  s(.)) 


with  £  ,  the  evolution  operator,  which  can  be  written  as  £■  =  o  ,  where  is  the 
streaming  operator  and  C  ,  the  collision  operator.  In  order  to  indicate  explicitly 
the  two-step  sequence  of  the  automaton  evolution,  one  can  rewrite  £q.(22)  as 


,?$(.))  =  p  ( t» ,  e" s(.)) 


Now,  for  non-deterministic  systems,  the  description  must  be  generalized  so  as  to 
include  all  possible  choices  of  the  Boolean  variables  ^  ss'  >  8ivlng  bh®  transition 
selection  from  state  s  to  state  s'.  Each  transition  being  assigned  a  probability 
A(a-»s'),  one  has  <'^^,)«A(s  — *  s'),  V  s,s’,  in  accordance  with  the  "semi-detailed 
balance"  assumption 


Z  A  (s  —  s') 

5 


which  expresses  that,  if  all  states  have  equal  probabilities  before  collision,  they 
also  have  equal  probabilities  after  collision.  Given  that  the  £  's  take  values 
independent  of  each  ocher  at  each  time,  defining  in  this  way  a  Karkov  process,  and 
given  that  the  £  values  may  be  assumed  to  be  independently  chosen  at  each  node, 
Eq.(23)  becomes 

T(t*  -M,  =  £  n.  A(s(r.)  -  sV?*))  ,  &(■)) 

$(.)  /; 


This  Master  Equation  describes  the  evolution  of  a  probabilistic  cellular  automaton  by 
expressing  the  probability  for  a  (propagated)  configuration  s'(.)  in  terms  of  all 
possible  Initial  configurations  s(.)  weighted  by  the  transition  probabilities.  Note 
that  in  the  deterministic  case,  A(s-*s')  reduces  to  <?-*s'(.),  and  Eq.(25)  becomes 
simply  the  Liouviiie  equation  (23). 

Lattice  properties  being  translation  -  invariant,  equilibrium  solutions  should 
be  the  same  at  each  node;  so  steady-state  solutions  to  Eq.(23)  should  be  of  the  form 


P  (s(.))  =  Tl  pfsc?,)) 


1  . 


where  the  probabilities  p(s)  of  s  given  state  are  node  Independent,  and  can  therefore 
be  factorized  over  all  cells,  i.e. 


p  (s)  =  TL(siNi  +  0-  Si)Ci~  M.O) 


By  substitution  of  the  above  expressions  into  (25),  one  obtains  a  Master  Equation 
expressed  in  terms  of  the  N^'s,  and  it  can  be  shown  /10/  that  its  steady  state  solu¬ 
tions  are  given  hy  the  Fermi-Dirac  distribution  introduced  in  section  5* 

Macrodynamics  describes  the  evolution  of  the  observables.  A*  observable  X  is 
defined  by  the  mean  value 

X(t»)  =•  <x(n.(U))  >  =  Z  *  (s(.))  P(t,  ,  s(.)) 

S0 )  (26) 


which  yields  the  explicit  definition,  for  non-deterministlc  systems,  of  the  quanti¬ 
ties  introduced  In  section  5.  Following  the  scheme  outlined  in  that  section  (for 
details  see  ref./10/),  one  obtains  the  macrodyamlcal  equations,  (16)  and  (17),  which 
now,  provided  isotropy  Is  satisfied,  can  be  cast  Into  a  form  stressing  their  analogy 
with  the  equations  of  classical  hydrodynamics 


f  +  %  (f“p  >  *  ° 
^  (f U*  )  +  ~  < 


=  S*fi  + 


i  P 
?  <Xfi 


cs  ('-  $-Cd)  u*/cl)  Su/}  +  $  ( d )  Ufl  (29) 

^(f)  L®c<  (fufi  )  +  (PUf)  1  (30) 


-t 2T>  *  "  d 

$  Lti  i  -  d 


The  factor  g(d)  is  specific  of  the  lattice  gas  description  and  is  related  to  particle 
-  hole  duality.  In  particular  it  vanishes  when  the  particle  density  and  the  hole 
density  are  equal  (d«l/2).  At  any  rate,  since  the  coefficient  g  ,d)  weights  quadratic 
terms.  It  should  be  of  minor  importance  at  low  speeds.  However  it  raises  a  more 
serious  problem  that  will  be  discused  later. 

In  (29),  c8-C/  (  I)  ij  the  sound  velocity  (ignoring  corrections  <*c  U.ljc,1  <K  O »  and  in 
(30),  1 8  the  kinematic  viscosity  which  contains  a  positive  contribution,  0C  , 
the  colli8ional  viscosity,  and  a  negative  contribution,  'Op  ,  the  propagation  visco¬ 
sity  (with  j  <  ■0C  ,  so  that  *}((*)  ">  0  )>  The  existence  of  the  latter  is  a 
consequence  of  the  discrete  nature  of  the  system  :  there  is  a  collisionless  step  in 
the  dynamics  (propagation)  during  which  fluctuations  do  not  regress  /IS/. 


f  zsQn&xKn******-' 
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Lii;eavlzed  hydrodynamics  :  To  first  order  in  the  perturbations,  u,  and  g  a  f  - 
(where  f>  is  the  mean  equilibrium  density),  the  linearized  hydrodynamic  equations 
read 


S"  +  f.  v-  s  =  ° 

0  u  +  f  ^p'  =  r  1  > 


(32) 


v33) 


Measurements  of  sound  propagation  and  drraping  /lb/  were  performed  on  a  FHP  lattice 
gas  by  applying  an  initial  perturbation  to  the  velocity  field  :  (uy+uj_)  cos  £•£» 
where  k  is  the  wave  vector  of  the  perturbation;  u ^ *k . u  corresponds  to  the  longitudi¬ 
nal  current,  and  u  *  |kxu  1  to  the  trarsverse  current-  The  results  of  the  lattice  gas 
experiment  / 1 6 /  are  shown  in  Fig. 9. 


Fig. 9*  Sound  propagation  and  damping  in  FHP  lattice  gas  (10^  nodes).  Time 

evolution  (unit  time  is  time  step)  of  normalized  density  fluctuations 
and  velocity  fields  (d’Humieres,  Lallemand,  and  Shimocura;  1935). 


Viscosities  :  we  rewrite  the  hydrodynamic  equations  for  the  hexagonal  lattice 
gas  as 


%?  *  £  Vw  =  ° 

+  7  (?)  7  s  *  %  (f)  *  v. « 


(35; 
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with  g(d)«(  £  -d)/(l-d)  •  Here  and  arc  the  coefficients  of  shear  and  bulk  vic- 
cosity  respectively,  for  which  explicit  expressions  have  been  obtained  by  Rivet  and 
Frisch,  either  from  the  Boltzmann  approximation  / 1 7 /  or  from  the  Green-Kubo  autocor¬ 
relation  formalism  / 1 8 /  •  A  comparison  of  theoretical  results  with  lattice  gas  simu¬ 
lation  data  / 1 9 /  ic  given  in  Pig.10.  The  basic  model  is  the  FHP  lattice  with  binary 
and  triple  collisions  (five  collision  rules,  see  Fig.7);  this  model  is  noted  1  in 
Fig. 10.  The  model  noted  II  includes  collisions  with  particles  at  rest  (see  Fig. 7; 
twenty-two  collision  rules).  In  the  model  noted  III,  all  possible  collisions  satis¬ 
fying  cox servation  laws  have  been  used  (seventy-six  collision  rules).  It  should  be 
noted  that  the  agreement  between  theory  and  experiment  is  Improved  (in  particular, 
negative  values  are  eliminated)  when  model  III  is  restricted  to  sixty-four  collision 
rules  / 20/.  Host  important  is  the  observation  that  viscosities  decrease  when  more 
collision  rules  are  used,  a  fact  of  considerable  interest  for  achievable  Reynolds 
number  values,  as  discussed  below. 


Fig.10.  Shear  and  bulk  viscosities  for  FHP  lattice  gas.  Curves  are  for 

theoretical  results,  dots  for  cellular  automata  simulations  (256^ 
nodes).  1,11,111  refer  to  the  models  described  in  text.  (d'HumiSres 
and  Lallemand,  1986) 


Incompressible  Fluid  :  The  incompressible  hydrodynamics 
setting  £  ~  f  ("frozen  density")  except  in  the  pressure  term 
tion,  i.e. 


U  +  ^  U.Vu 


+  (?.'  Vl  « 


limit  is  obtained  by 
of  the  momentum  equa- 


V.  M  =  s 


(36) 


where  ^  ^  This  set  of  equations  differs  from  the  classical  incompressible 
fluid  equations  (obtained  by  a  low  Mach  number,  U  / ,  expansion  of  the  hydrodyns-  ic 
equations)  by  the  presence  of  the  factor  g„.  However  appropriate  scaling 

r  *  )  P'*  (C*/A)  f '/*.  <3-> 


yields  the  correct  form  cf  the  hydrodynamic  equations  In  the  incompressible  fluid 
limit  (except  for  the  particular  value  d“l/2,  which  is  a  peculiarity  cf  the  lattice 
gas  duality  invariance,.  Note  that  the  factor  g(0  raises  a  difficulty  in  the 
compressible  case,  since  time  scaling  is  different  for  the  momentum  equation  and  for 
the  continuity  equation,  and  therefore  mass  propagation  would  not  occur  on  correct 
time  scale. 

Reynolds  Number  :  An  Important  consequence  of  the  scaling  is  felt  through  the 
Reynolds  number  which  now  reads 

Re  -  /*)  (38) 

Hero  4. 0  is  the  characteristic  length  (measured  in  lattice  length  unit),  u  is  the 
characteristic  velocity  (with  velocity  unit  C),  and  V  is  the  rescaled  kinematic  vis¬ 
cosity,  (37).  Obviously,  higher  Reynolds  number  simulations  will  be  more  easily  per¬ 
formed  with  systems  with  lower  viscosityi  An  illustration  is  given  in  Flg.li  ror  the 
models  FHP  I, II, III  for  uhxch  the  viscosities  are  shown  in  Fig. 10.  So  the  optimiza¬ 
tion  of  tic  Reynolds  numoer  should  be  viewed  not  only  in  terms  of  large  systems  and 
high  speeds,  but  also  of  those  factors  that  minimize  the  kinematic  viscosity,  l.e. 
via  an  optimization  of  the  collision  rules.  For  instance,  the  nighest  achievable 
Reynolds  number  with  FHP  III  is  six  times  the  value  obtained  with  FHP  1,  isee  Fig. 
11);  and  the  gain  factor  should  be  at  least  sixteen  for  the  pseudo  4-D  FCHC  model 
(see  section  6)  /10/. 


Fig. 11.  Reynolds  number  optimization  for  models  FHP  1,11,111,  as  a  function  of 
densii'y  per  link,  d  .  ( d  ’  HumiSres  and  Lallemand;  1986) 


9.  CELLULAR  AUTOMATA  SIMULATIONS 


Most  of  the  hydrodynamics  simulations  performed  to  date  have  been  realized  on 
2-D  hexagonal  lattices,  i.e.  with  the  FHP  model,  using  collision  rules  including 
centers  (particles  at  rest).  The  state  ot  the  system  at  time  t*  Is  given  by  a 
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L1XL2  matrix  (size  of  the  CA  universe)  of  6-(or  7-)  bit  words  assigned  to  each  node. 
The  bit  value  1  or  0  reflects  the  presence  or  the  absence  of  a  particle  at  site 
1(*0»...,5  or  6)  with  velocity  Cf.  Updating  the  universe  is  performed  by  ’’solving'4 
the  microdynaraical  equations  (collisions  +  propagation)  by  a  sequence  of  logical 
operations  (CompntAt lonal  aspects  are  presented  in  Appendix).  Boundary  conditions 
and  initial  conditions  are  set  according  to  the  problem  studied.  For  instance,  in 
the  sound  piopagation  experiment  illustrated  in  Fig. 9,  a  uniformly  random  distribu¬ 
tion  of  particles  and  velocities  is  realized  as  initial  condition,  and  periodic  boun¬ 
dary  conditions  are  imposed,  which  confine  the  system  on  a  torus( part icles  escaping 
the  universe  at  one  boundary  are  reinjected  symetrically  at  the  opposite  boundary). 
On  the  other  hand,  a  directed  flow  simulation  experiment  requires  an  initially  biased 
velocity  distribution  along  a  given  direction,  with  boundary  conditions  ensuring 
steady  incoming  flow  of  particles  at  the  input  side  and  “sink*4  condition  at  the  out¬ 
put  boundary.  In  experiments  such  as  channel  flow  and  flow  behind  obtacles,  their 
shape  is  designed  according  to  the  lattice  geometry  by  specific  collision  rules,  with 
reflection  conditions  corresponding  to  free-slip  boundaries  (specular  reflection; 
Fig. 12a),  no-slip  boundaries  (bounce-back  reflection,  Fig. 12b),  or  rough  surfaces 
(combination  of  specular  and  bounce-back  reflections  with  equal  probabilities.  Fig. 
12c)«  The  obstacle  size  10  must  be  small  compared  to  the  size  L  of  the  CA  Universe 
in  order  to  avoid  artefacts.  In  turn  large  L  implies  large  numbers  of  particles, 
i.e.  large  lattices. 


Fig. 12.  Boundary  reflections  :  (a)  free-slip;  (b)  no-slip;  (c)  combination  of 
(a)  and  (b). 


Presently  typical  2-D  lattices  are  of  the  order  of  3x10^  nodes  (e.g.  1024x3072)  popu¬ 
lated  with  6x10^  particles,  i.e.  with  a  density  dw  0.2  (p'vi.4).  Streamline  maps  are 
obtained  by  representing  the  velocity  field  vectors  associated  to  the  fluid  elements, 
i.e.  by  averaging  the  particle  velocities  over  a  number  of  nodes  (e.g.  8x8, 
32x32, ...  depending  on  the  problem  under  investigation).  Tech  *.ical  restrictions  as  to 
the  universe  size,  the  minimal  kinematic  viscosity,  and  the  velocity  u  (vhic'i  must  be 
small  c >mpared  to  the  upper  limit  C)  are  determinant;  within  these  limits  presently 
achievable  flows  are  for  Reynolds  numbers  not  exceeding  I0-*.  It  is  to  be  expected 
that  fastly  progressing  developments  will  overcome  these  limitations  in  the  near 
future . 
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Poiseuille  flow  in  a  enamel.  Flow  at  the  Inlet  of  a  2-0  duct  was  simulated  by 
d'Humieres  and  Lallemand  / 2 1 /  on  a  512x3072  FHP  II  lattice  gas  with  d*.22  and  average 
velocity  u-.30.  Velocity  profiles  so  obtained  are  presented  in  Fig. 13  for  the  region 
close  to  the  input  boundary  (Fig. 13a)  and  for  a  region  located  about  ten  times  fur¬ 
ther  downstream  (Fig. 13b)  where  a  characteristic  Poiseuille  profile  has  developped. 
Fig. 13  shows  good  agreement  between  the  CA  simulation  and  the  profiles  computed  by 
the  Slichting  method.  This  is  the  first  example  of  qaantative  comparison  between 
lattice  gas  flow  and  classical  fluid  mechanics  for  a  hydrodynamic  system  involving 
both  viscous  dissipation  and  non-linear  behavior. 


Fig. 13.  Velocity  component  profile  m  a  channel  (a)  close  to  the  inlet,  and  (b) 
further  downstream  (relative  distances  from  inlet  are  .  5  (a)  and  6. 
(b))  (d'Humieres  and  Lallemand;  1986). 


von  Karinan  streets.  The  first  hydrodynamic  flow  "experiments''  on  a  lattice  gas 
were  performed  in  1985  by  d'Humieres,  Lallemand,  Shimomura,  and  Pomeau  /lb, 22/,  then 
by  Salem  and  Wolfram  / 2  3 / ,  to  simulate  wakes  behind  a  plate.  More  accurate  results 
for  this  and  related  problems  are  now  available  /19,24 /.  An  example  of  von  Karraan 
street  developping  behind  a  flat  plate  at  Re*300  is  given  in  Fig. 14,  where  two  suc¬ 
cessive  velocity  maps  are  shown,  indicating  the  unsteady  nature  of  the  flow.  Similar 
experiments  have  also  been  performed  to  simulate  flow  «round  a  stationary  cylinder 
/  24,25/ 

Flow  around  a  wing  profile.  The  example  in  Fig. 15  shoving  streamlines  around  an 
airplane  wing  profile  at  various  inclinations  with  respect  to  the  mean  flow  direction 
/2o/  illustrates  the  ability  of  the  method  to  conveniently  realize  mor \  complex  obs¬ 
tacle  shapes  and  modify  their  orientation  without  computational  difficulty. 
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Fig. 14.  von  Karraan  street  formation  behind  a  "bounce-back"  (see  fig. 12)  flat 

plate  in  512x1024  CA  wind  tunnel  experiment  at  Re«70;  time  (b)  «  time 
(a)+J500  time  steps.  (o'HumlSres  and  lallemand;  1986) 
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Fig. 15.  Flow  around  an  airplane  wing  at  various  inclinations  with  respect  to 
the  direction  of  average  Input  flow.  (Lallemand  and  d'HumiSres;  1986) 


Channel  flow  in  expanded  geometry.  This  phenomenon  was  studied  by  simulating 
flow  in  a  channel  with  sudden  expansion  (Fig. 16)  where  recirculation  (back  flow) 
takes  place  behind  the  step  profile  / 2 6 / •  Isomach  curves  map  the  velocity  field  at 
Reynolds  numbers  Re-50  (Fig.lba)  and  Re*150  (Fig. 16b);  the  latter  is  also  shown  on  an 
expanded  scale  (Fig. 16c)  along  with  the  corresponding  isodensity  curves  (Fig.l6d). 
The  arrow  in  Fig. 16b  indicates  the  location  of  the  reat tachraent  point  as  evaluated 
from  Navier-Stokes  finite  e lemen t s-f in i te  differences  computations;  as  seen,  good 
agreement  is  obtained. 


Fig. 16.  Channel  flow  with  sudden  expansion.  Isomach  curves  for  velocity  compo¬ 
nent  along  the  average  input  flow  direction  at  Re-50  (a)  and  ke-150 

(b,c);  All  Isodensity  curves  (at  p  -.95  f nax)  at  Re*150  (d). 

(Note  2x  expanded  spatial  scale  in  c  and  d).  Arrow  (in  b)  indicates 
reattachment  point  (Noullez,  Lalleraar.d,  and  d'Humieres,  1966) 


10.  FURTHER  DEVELOPMENTS 


Important  progress  has  been  realized  recently  in  CA  simulations  of  hydrodynamic 
flows  to  study  problems  like  jets  in  periodic  channels,  flame  fronts,  and  the  Kelvin- 
Helmoltz  and  Ray le igh-Taylor  instabilities  / 2 7 / •  Such  problems  involve  the  introduc¬ 
tion  of  two-species  particles.  In  this  respect,  current  research  activity  on  lattice 
gas  hydrodynamics  has  led  to  interesting  variations  of  the  FHP  model.  One  of  the 
most  promising  versions  is  a  two-species  model  where  a  ’color*'  bit  is  added  to  the 
particles.  The  automaton  is  then  a  14-bit  model  which  uses  the  FHP  collision  rules 
between  identical  particles,  but  additional  rules  for  color  exchange  between  colli¬ 
ding  particles  of  different  species  / 2  7 /  •  If  "color”  is  to  be  conserved  during 
collisions,  the  model  is  for  mutual  diffusion  of  two  equivalent  non-reacting  gases. 
As  the  two  species  are  then  perfectly  miscible,  the  system  reaches  homogeneous  state 
in  short  time.  On  the  other  hand,  interfaces  can  form  between  different  species  if 


i&siis&awe**-* 


I 


8-21 


reactive  collisions  change  the  relative  number  of  particles  of  each  type.  A  simple 
chemical  reaction  Is  described  by  the  majority  rule  for  autocatalytlc  transformation: 

K 

2A  +  B  — *  3A 

A  +  2B  — *-3B 

Such  a  transformation  rule  Induces  a  phase  separation  between  A-domlnant  and 
B-domlnant  regions.  These  regions  are  separated  by  interfaces  whose  stationary 
length  is  proportional  to  with  D,  the  mutual  diffusion  coefficient,  and  kj 

the  reaction  rate.  Different  collision  rules  can  be  used  to  model  other  types  of 
chemical  reactions,  like  e.g.  combustion  / 2 7 / • 

Body-forces  can  be  introduced  by  including  collision  rules  that  do  not  conserve 
momentum.  These  collisions  flip  bits  in  the  required  direction  with  the  correct  pro¬ 
bability  to  simulate  external  forces  (e.g.  gravity  effects).  With  different  propabi- 
llties  for  different  particle  species,  gravitational  instabilities  can  be  simulated. 
As  an  example.  Fig. 17  shows  the  2-D  simulation  of  the  Rayleigh-Taylor  instability, 
which  develops  when  a  heavy  fluid  penetrates  a  lighter  fluid  layer  1211.  Another 
illustration  is  the  Kelvin-Helnolt*  instability  where  two  fluid  layers  moving  in 
opposite  directions  with  respect  to  each  other,  develop,  by  shear  constraint,  a  roll 
up  at  the  interface,  as  shown  in  Fig. 18. 


(Q) 
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Fig. 17  :  2-D  lattice  gas  simulation  of  the  Rayleigh-Taylor  instability.  Maps  of 
A-particle  flux  (a)  and  of  B-particle  flux  (b)  after  t*1600.  (Clavin, 
d'HuraiSres,  Lallemand,  and  Pomeau;  1986) 


Fig. 18  :  2-D  lattice  gas  simulation  of  the  Kelvin-He tmol t z  instability.  Average 
velocities  are  +  u  (left  to  right)  and  -  u  (right  to  left)  in  lower 
half  and  in  upper  half  of  channel  respectively.  Map  shows  flux  of 

particles  of  one  species  (d'Humi§res,  Lallemand,  and  Searby;  1987) 

Among  the  numerous  problems  encountered  in  the  realization  of  lattice  gas  simu- 
lations,  one  of  the  most  acute  is  contained  in  the  g(d)  factor  appearing  in  the  pseu¬ 
do  -Navier-S tokes  equations  (29);  this  factor  should  be  equal  to  one  for  mass  and 

momentum  propagation  speeds  to  be  the  same  (this  is  crucial  when  mass  diffusion  is 

important,  e.g.  in  chemistry  experiments)  / 2  7 / .  It  would  also  be  interesting  to 
decrease  the  value  of  the  sound  speed  and  of  the  kinematic  viscosity,  particularly  in 
2-D  systems,  in  order  to  investigate  supersonic  and  turbulent  flows.  So  far,  only 
athermal  model  systems  have  been  treated;  temperature  can  be  introduced  via  raany- 
speed  models,  yielding  a  velocity  distribution  and  thus  an  additional  collision  inva¬ 
riant.  Major  progress  will  be  realized  when  3-D  models  become  tractable;  the  first 
results  in  that  direction  have  been  obtained  very  recently  / 1 3 / .  They  concern  3-D 
simulations  of  Taylor-Green  vortices  performed  with  the  FCHC  model  (see  section  6) 
and  are  illustrated  in  Fig. 19. 

Lattice  gas  m.  dels  exhibit  attractive  properties  of  simplicity,  both  conceptual¬ 
ly  and  operationally.  Considering  the  fast  development  of  this  field  of  research 
over  the  past  two  years,  and  the  considerable  interest  raised  by  its  perspectives, 
further  progress  is  to  be  expected  in  the  theory,  in  the  experimental  methods,  and  in 
the  computational  techniques,  in  the  near  future. 
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Fig. 19  :  3-0  hydrodynamics  simulation  of  Taylor-Green  vortex  on  128x128x128  FCHC 
lattice  at  time  t-0  and  time  t-2  (256  automaton  time  steps).  Velocity 
fields  are  shown  for  the  vertical  "wall"  plane  (a)  and  for  the 
horizontal  "floor”  plane  (b)  (Rivet,  1987). 
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APPENDIX  :  COMPUTATIONAL  ASPECTS 

Most  of  the  lattice  gas  hydrodynamics  experiments  performed  to  date  have  been 
simulated  on  conventional  computers,  the  initial  objective  being  to  validate  the 
method  and  to  improve  the  model(s)  before  designing  a  dedicated  lattice  gas  machine. 
The  state  of  the  lattice  gas  is  kept  ir.  a  general  computer  as  a  large  array  of  6-  (or 
7-,  if  rest  centers  are  Included)  bit  words  per  node  :  each  bit  specifies,  if  true, 
the  presence  of  a  particle  leaving  that  node  in  one  of  the  six  directions.  The  evo¬ 
lution  of  the  system  is  obtained  by  a  sequence  of  two-step  processes  :  propagation 
and  collisions.  The  propagation  operation  reduces  simply  to  moving  each  bit  to  the 
adjacent  memory  location  in  the  direction  specified  by  its  speed  index.  Collisions 
can  be  dealt  with  In  two  ways. 
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(t)  The  ’‘brute-force"  approach  is  to  construct  a  look-up  table  gi/ing,  for  each 
possible  input  configuration,  the  output  configuration  according  to  the  collision 
rules.  For  the  2-D  FHP  model,  there  are  64  possible  input  states;  so  the  table  will 
be  64  6-bit  words  long.  Howe"-r  this  procedure  becomes  untractable  for  raany-bit 
models  when  the  size  of  the  table  overflows  the  available  memory  (for  instance,  the 
4-D  FCHC  model  would  require  a  16 . 77 .. .million  24-bit  words  table,  which  is  clearly 
unrealistic) . 

(ii)  The  second  method  for  generating  colllsional  processes  is  to  evaluate  the 
new  state  as  a  function  of  the  previous  state  using  logical  operations  which  can  be 
performed  very  fast  on  a  Binary  computer.  The  arithmetic  version  of  such  operations 
is  given  in  section  3  (see  e.g.  Eqs  (3)  and  (21));  in  logical  form,  they  can  be  opti¬ 
mized  to  obtain  maximum  efficiency.  As  an  example,  the  logical  version  of  the  HPP 
collision  rule  (Eq.  (3))  is  cast  as 


n'  i  *  niVs 


;  i  “  0,1, 2, 3 


s  «  (noVni)  A  (ni  Vn2)  A(n2V  n3)  (A.l) 

which  takes  9  logical  operations  per  site  (V  -exclusive  OR;  A  -  aND).  Similarly,  the 
FHP  collision  operator  (see  Eq .  (21))  can  be  expressed  in  a  form  involving  about  60 
logical  operations  (130  if  rest  particles  are  included).  Writing  the  collision  ope¬ 
rator  in  terms  of  logical  operations  presents  the  advantage  that  many  collisions  can 
be  realized  m  parallel  by  operations  between  whole  computer  words  Instead  of  single 
bits;  for  instance,  an  FPS-164  vector  processor  can  compute  simultaneously  the  evolu¬ 
tion  of  64  nodes  (note  that  although  there  are  more  operations  per  site  than  a  single 
lock-up  table  access,,  this  method  is  nevertheless  four  times  faster  than  the  table 
method  on  a  64-bit  machine).  When  the  Logical  operation  method  is  implemented  on  the 
FPS-164  computer,  it  takes  0.6  ps  to  upaate  a  node  (collisions  +  propagation),  which 
implies  that,  for  maximum  efriciency,  the  whoie  lattice  should  be  stored  in  main 
memory.  Consequently,  the  number  of  nodes  is  limited  to  a  few  millions  on  conventio¬ 
nal  computers,  i.e.  lattice  sizes  a  few  thousand  nodes  square. 

The  lattice  is  initialized  by  computing  a  random  Initial  state  whose  macroscopic 
properties  correspond  to  the  desired  density  and  velocity  fields.  The  average  link 
populations  are  given  by  /16/ 


<'ni>  (r)  -  d(r)  £l  +  ~  u(r).Ci  +  0(u^)] 

3cL 

-  d(r)  [l  +  2  u(r).Ct  3  >  for  FHP  I 


Given  the  local  density  and  velocities,  the  link  populations  are  generated  ran¬ 
domly  by  Monte-Carlo  method  to  obtain  the  required  averages  (A.2).  Boundaries  are 
Implemented  by  special  “tagged"  nodes  with  different  collisions  rules.  These  colli¬ 
sion  rules  can  be  specified  so  as  to  specularly  reflect  the  particles  to  simulate 
free-slip  boundaries  or  to  have  the  particlee  bounce  back  to  obtain  no-slip  bounda¬ 
ries  (see  Fig. 12).  Different  types  of  boundary  nodes  are  needed  depending  on  the 
excluded  links  determined  by  the  boundary  geometry  around  these  nodes.  Obstacles  of 
any  desired  shape  are  set  by  dividing  their  boundaries  along  the  lattice  links  and 
Imposing  proper  reflection  conditions.  Pressure  on  an  obstacle  is  measured  by  avera** 
ging  the  momentum  transfers  between  particles  and  boundary.  Macroscopic  quantities 
are  obtained  by  averaging  the  corresponding  microscopic  quantities  on  small  rectangu- 


lar  regions.  The  size  and  shape  of  these  regions  can  be  adapted  tc  suit  the  problem 
considered  (e.g.  32x32  nodes  for  channel  flow.  Fig. 16;  1x256  nodes  for  l-dimensional 
boundary  layer  experiment,  Fig. 18).  The  macroscopic  quantities  need  only  he  calcula¬ 
ted  at  times  separated  by  many  microscopic  times  because  characteristic  hydrodynamic 
times  are  large  compared  to  molecular  times.  Generally,  microscopic  equilibrium  is 
attained  in  a  few  tens  of  time  steps  and  stationary  solutions  (when  such  solutions  do 
exist)  are  reached  after  a  number  of  time  steps  corresponding  to  a  few  times  the 
characteristic  lattice  length  ,  (note  indeed  that  perturbations  travel  at  the  sound 
speed  which  is  0(1)  for  the  lattice  gas  model). 

Once  started,  the  evolution  of  the  model  is  completely  deterministic;  this  means 
that  it  can  never  run  into  unphyslcal  regimes  and  is  free  of  numerical  instabilities 
such  as  those  encountered  in  finite  elements  methods.  The  maximum  Reynolds  number 
value  that  can  be  reached  by  the  lattice  gas  method  is  limited  by  the  memory  size. 
Indeed,  the  rescaled  shear  viscosity  (37)  has  a  minimum  value  at  a  given  density  (see 
Fig. 10)  and  the  flow  velocity  should  remain  small  compared  to  c8  (in  order  to  preser¬ 
ve  incompressibility).  So  the  Reynolds  number  is  at  best  proportional  to  the  obstac¬ 
le  characteristic  length,  which  itself  is  a  fraction  of  the  lattice  length.  Conse¬ 
quently,  the  size  of  the  lattice  should  Increase  like  the  square  of  the  desired 
Reynolds  number  value.  As  the  calculation  time  per  node  is  roughly  constant,  the 
time  for  a  single  lattice  update  grows  as  Re^  and  the  complete  calculation  time  sca¬ 
les  as  Re^.  On  the  other  hand,  since  Re  is  inversely  proportional  to  V ,  a  decrease 
in  kinematic  viscosity  by  a  factor  a  will  induce  a  gain  factor  0(*d)  in  computation 
time.  This  can  be  achieved  by  improving  the  collision  rules  and/or  the  lattice  geo¬ 
metry  (note  that  a  factor  of  6  on  the  viscosity  has  been  gained  in  the  current  best 
implementations  of  the  FHP  model  as  compared  to  it6  original  version). 

Alternately,  higher  speeds  can  be  obtained  by  dedicated  hardware  for  which  lat¬ 
tice  gases  are  particularly  well  suited;  indeed,  the  lattice  gas  state  is  specified 
by  a  small  number  of  bits  at  each  node  and  the  evolution  r  ’e  is  strictly  local  and 
deterministic  and  can  be  written  with  logical  operations  only.  The  number  of  logical 
operations  necessary  for  the  FHP  model  is  however  too  large  to  render  a  completely 
parallel  machine  competitive  :  most  of  the  silicon  would  have  to  be  dedicated  to  the 
gates  computing  the  evolution  rather  than  to  registers  keeping  the  node  states. 
Also,  parallel  modules  would  require  a  large  number  of  wired  connections  between 
modules  it  the  whole  lattice  does  not  fit  in  a  single  module.  So  only  serial  machi¬ 
nes  have  been  constructed  to  date.  In  these  machines,  delay  registers  have  been 
Introduced  in  the  computation  loop  in  order  to  simulate  parallelism  (It  is  necessary 
to  a/oid  modifying  a  location  before  it  has  been  used  by  all  its  neighboring  nones); 
on  the  other  hand,  a  single  evolution  operator  evaluator  is  sufficient  (Fig.A.l). 
This  evaluator  is  generally  in  the  form  of  a  read-write  look-up  table,  so  that  evolu¬ 
tion  rules  can  be  modified  easily.  The  first  realization  was  the  cellular  automata 
machine  (CAM)  built  at  MIT  / 2 8 / .  This  is  a  general  purpose  cellular  automata  machine 
computing  the  evolution  of  a  256x256  lattice  at  the  U.S.  television  field  rate.  CAM 
uses  4  bits/node,  so  that  lattice  gas  simulations  need  grouping  sites  by  four,  redu¬ 
cing  the  resolution  to  128x128,  which  is  insufficient  for  most  hydrodynamic  simula¬ 
tions.  A  more  recent  realization  is  the  HReseau  d'Automates  Programmables '  (RAP) 
built  at  the  ENS  (Paris)  /  2  9  /  which  updates  512x256  16-bit  sites  fifty  times  per 
second.  RAP  is  quite  similar  to  CAM,  but  its  architecture  Is  slightly  different  in 
that  it  moves  results  rather  than  parameters,  which  renders  RAP  more  efficient  at 
handling  lattice  gas  rules*  RAP  updates  6.5  Msites/sec  which  compares  favorably  with 
the  1.2  Msites/sec  rate  obtained  with  the  FPS-164  vector  processor.  Both  CAM  and  RAP 
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rely  on  an  external  (micro)  computer  for  defining  the  rules,  introducing  the  initial 
conditions,  and  performing  the  final  averaging  to  obtain  macroscopic  physical  quanti- 
ties.  A  1024x1024  RAP-2  version,  currently  under  development,  uses  8  locked  proces** 
sors,  each  one  roughly  equivalent  to  RAP-1.  Since  the  processors  sweep  the  lattice 
in  phase,  pre-averaging  over  2x4  site  blocks  can  be  performed  continously  on-board; 
as  a  result,  the  transfer  rate  to  the  processing  computer  will  be  considerably  redu¬ 
ced. 


Fig.A.l  :  Block  diagram  of  typical  cellular  automata  machine.  All  timing 

signals  are  obtained  from  a  video  controller  whose  addresses  outputs 
scan  the  whole  lattice  continuously.  The  current  lattice  nodes 
content  is  used  as  an  address  into  a  table  giving  the  new  state  to  be 
written  back  into  that  nods.  Delays  are  introduced  in  order  to 
prevent  modification  of  a  node  before  its  state  is  used  by  all  its 
neighbors.  The  new  state  of  a  node  is  also  transfered  to  Che  video 
output  via  a  color  table.  The  content  of  this  table  is  chosen  so  that 
only  relevant  states  are  shown  in  any  desired  color.  Before  starting 
the  computation,  the  rule  table,  the  color  table,  and  the  lattice 
memory  are  initialized  by  a  microcomputer  via  an  input/output  port 
(I/O). 


8-27 


REFERENCES 

1.  See  e.g.  J.P.  Boon  and  S.  Yip,  Molecular  Hydrodynamics  (Me  Grav  Mill,  New  York, 
1980);  and  P.  RSslbots  and  K.  DeLeener,  Classical  Kinetic  Theory  of  Fluids 
(Wiley,  New  York.  1977). 

2.  See  Che  chapters  by  W.C.  Reynolds,  and  by  D.  Laurence  In  this  volume. 

3.  J.P.  Hansen,  and  I.K.  McDonald,  Theory  of  Simple  Liquids  (Academic  Press,  London, 
1976). 

4.  G.  Trozzl  and  G.  Clcotti,  Phys.  Rev.  A29 ,  916  (1984);  E.  Meiburg,  "Direc'  Simula¬ 
tion  Techniques  for  the  Boltzmann  Equation”,  GSttingen  (1985),  Phys .  Fluids,  29 . 
3107  (1986);  D.C.  Rapaport  and  E.  dementi,  Phys.  Rev.  Lett.  57  ,  695  (1986);  L. 
Mannon,  G.C.  Lie,  and  E.  Clementi,  preprint  entitled  "Molecular  Dynamics  Simula¬ 
tion  of  Flow  Past  a  Plate”  (1986);  M.  Mareschal  and  E.  Kesteoont,  preprint 
entitled  "Experimental  Evidence  for  Convective  Relic  In  Finite  Two-dimensional 
Molecular  Models"  (1987). 

5.  See  e.g.  J.O.  Hirachf elder ,  C.F.  Curtiss,  and  R.B.  Elrd,  The  Molecular  Theory  of 
Gases  and  Liquids  (Wiley,  New  York,  1954)  chapter  7. 

6.  S.  Wolfram,  Theory  and  Applications  of  Cellular  Automata  (World  Scie-tlflc, 
Singapore,  1986). 

7.  J.  Hardy,  0.  de  Pazzls,  and  Y.  Pomeau,  Phys.  Rev.  A1 3 .  1949  (1976). 

8.  N.  ilargolus,  T.  Toffoll,  and  G.  Vichnlac,  Phys.  Rev.  Lett.  56  ,  1694  (1986). 

9.  U.  Frisch,  B.  Hasslac’ner,  and  Y.  Pomeau,  Phys.  Rev.  Lett.  56 ,  1505  (1986). 

10.  U.  Frisch,  D.  d'HumiSres,  B.  Hasslacher,  P.  Lullemand,  '(.  Pomeau,  and  J.P.  Rivet, 

to  appear  in  J.  Stat.  Phys.  (1987). 

11.  See  e.g.  ref. 75/,  chapter  11. 

12.  D.  d'HumiSres,  P.  Lallemand,  and  U.  Frisch,  Europhys.  Lett.  £,  291  (1986);  nee 
also  S.  Wolfram,  J.  Stat.  Phys.  45,  471  (1986) 

13.  J.P.  Rivet,  to  be  published  in  C.R.  Acad.  Scl.  Paris  (19P7). 

14.  See  e.g.  D.R.  Nelson,  and  B.l.  Halperin,  Science .  229 ,  233  (1985). 

15.  M.  HJnco,  to  appear  In  J.  Stat  Phys.  (1987). 

16.  d'HumiSres,  P.  Lallemand,  and  T.  Shlmomura,  Los  Alamos  Report  LA-UR-85-4051 
(1985). 

17.  J.P.  Rivet,  and  0.  Frisch,  C.P..  Acad.  Scl.  Paris.  302.  11  (1986). 

18.  U.  Frisch  and  J.T.  Rivet,  C.R.  Acad.  Scl.  Paris.  303,  1065  (1986);  J.P.  Rl-et, 
to  appear  In  J.  Stat.  Phys.  (1987). 

19.  D.  d'HumiSres  and  P.  Lallemand,  Physlca  1  iQA,  337  (1986). 

20.  A.  Noullez  and  p.  Lallemand,  private  communication. 

21.  D.  d'HumiSres  and  P.  LaUesand,  C.R.  Acad.  Scl.  Paris.  302,  983(1986). 

22.  D.  d'HumiSres,  Y.  Pomeau,  and  P.  Lallemand,  C.R.  Acad.  Scl.  Paris,  301 ,  1391 

(1985). 

23.  J.B.  Salem  and  S.  Wolfram,  in  reference  /6 /.  p.362. 

24.  B.  Nemnlch  and  S.  Wolfram,  "Cellular  Automaton  Fluids  :  Preliminary  Results  on 

Two-dimensional  Hydrodynamic  Simulations"  (1986). 

25.  P.  Lallemand,  private  communication. 

2o.  P.  Lallemand  and  d'HumiSres,  private  communication. 

27.  P.  Clavin,  D.  d'HumiSres,  P.  Lallemand  and  Y.  Pomeau,  C.R.  Acad.  Scl.  Paris.  303 . 

1169  (1986);  P.  Clavin,  P.  Lallemand,  and  Y.  Pomeau,  J.  Fluid  Rech.  (1987); 

d'HumiSres,  P.  Lallemand,  and  G.  Searby,  preprint  mtltled  "Numerical  Experiments 
on  Lattice  Gases  :  Mixtures  and  Galilean  Invariance";  P.  Clavin,  P.  Lallemand, 
Y.  Pomeau,  and  G.  Searby,  preprint  entitled  "Simulation  of  Free  Boundaries  in 
Flow  Systems  :  a  New  Proposal  Based  on  Lattice-Gas  Models". 

28.  T.  Toffoll,  Physlca  10D.  195  (1984). 

29.  A.  Clouqueur  and  0.  d'HumiSres,  to  appear  In  J^_  Stat.  Phys.  (  1987  ), 


I 


REPORT  DOCUMENTATION  PAGE 

1.  Recipient’s  Reference 

2.  Originator's  Reference 

3.  Further  Reference 

4.  Security  Classification 

of  Document 

AGARD-R-755 

ISBN  92-835-0430-5 

UNCLASSIFIED 

S.  Originator  Advisory  Group  for  Aerospace  Research  and  Development 

North  Atlantic  Treaty  Organization 
7  rue  Ancelie,  92200  Neuilly  sur  Seine,  France 

S-™*  SPECIAL  COURSE  ON  MODERN  THEORETICAL  AND  EXPERIMENTAL 

APPROACHES  TO  TURBULENT  FLOW  STRUCTURE  AND  ITS 

_ MODELLING _ 

7.  Presented  at 


9.  Date 
August  1987 


8.  Autbor(s)/Xditor(s) 

Various 


1 0.  Aw  tber’s/Editor’s  Address 
Various 


11.  Pages 
!  264 


[  12.  Distribution  Statement 


13.  Keytvords/Descriptors 

•-/Turbulent  flow/ 
Mathematical  models 


Tills  document  is  distributed  in  accordance  with  AGARD 
policies  and  regulations,  which  are  outlined  on  the 
Outside  Back  Covers  of  all  AGARD  publications. 


Simulation  t 

Fluid  dynamics,  /  ' 

jOo - j,  n  r *  pi ,  •'  •' * 


14.  Abstract 


The  Special  Course  on  Modem  Theoretical  and  Experimental  Approaches  to  Turbulent  Flow 
Structure  and  its  Modelling  was  sponsored  by  the  AGARD  Fluid  Dynamics  Panel  and  the  von 
Karman  Institute  and  presented  at  the  von  Karman  Institute.  Rhode-Saint-Genese,  Belgium  on 
16-20  March  1987. 

The  Course  discussed  the  large-eddy  concept  in  turbulence  modelling  and  techniques  for  direct 
simulation.  A  review  of  turbulence  modelling  was  presented  along  with  physical  and  numerical 
aspects  and  applications.  A  e  nsure  mo  el  for  turbulent  flows  was  presented  and  routes  to  cha.i  s 
by  quasi-periodicity  were  discussed.  Theoretical  aspects  of  transition  to  tui  Imlence  by  space, 
time  intermittency  were  covered.  The  application  to  interpretation  of  experimental  results  of 
fractal  dimensions  and  connection  of  spatial  temporal  chaos  was  reviewed.  Simulation  of 
hydrodynamic  flow  by  using  cellular  automata  was  discussed.  ;/^  ,j>  o  r  h: 


•i  - 


2 v*} 


S'M-S&iM) 

NATO  ^  OTAN 

.  7  me  Ancelte  •  92200  NEU!LLY-3*JR-S!3NE 
FRANCE 

Telephone  (1)47.33.57.00  •  Telex  610  176 


DISTRIBUTION  OF  UNCL  ASSIFIED 
AGARD  PUBLICATIONS 


AGARD  does  NOT  hold  stocks  of  AGARD  publications  at  the  above  address  for  genera!  distribution.  Initial  distribution  of  AGARD 
publications  is  made  to  AGARD  Member  Nations  through  the  following  National  Distribution  Centres. Further  copies  are  sometimes 
available  from  these  Centres,  but  if  rot  may  be  purchased  in  Microfiche  or  Photocopy  form  from  the  Purchase  Agencies  listed  below. 


NATIONAL  DISTRIBUTION  CENTRES 


BELGIUM 

Coordonnateur  AGARD  —  VSL 
F.tat-Major  dc  la  Force  Aericnne 
Quanier  Reine  Elisabeth 
Rue  d'Evere,  1140  Bruxelles 

CANADA 

Defence  Scientific  Information  Services 
Dept  of  National  Defence 
Ottawa,  Ontario  K 1 A  9K2 

DENMARK 

Danish  Defence  Research  Board 
Ved  Idraetspa'.ken  4 
2100  Copenhagen  0 

FRANCE 

O.N.E.R  A.  (Direction) 

29  Avenue  de  la  Division  Leclerc 
92320  Chatillon 

GERMANY 

Fachinformaticnszcr.irum  Energie. 
Thysik.  Mathcmatik  GmbH 
ICemforschungszeatrum 
D-7514  Eggenstein-Leopoldshafen 

GREECE 

Hellenic  Ail  Force  General  Staff 
Research  and  Development  Directorate 
Holargos,  Athens 

ICELAND 

Director  of  Aviation 
c/o  Flugmd 
Reyjavdc 


ITALY 

Aeronautica  Mihtare 

Uffieio  del  Delegato  N'azionale  all’AGARD 
3  Prazzale  Adenauer 
00144  Roma/EUR 

LUXEMBOURG 
Set  Belgium 

NETHERLANDS 

Netherlands  Delegation  to  AGARD 
National  Aerospace  Laboratory,  NLR 
PO.  Box  126 
2600  AC  Delft 

NORWAY 

Norwegian  Defence  Research  Establishment 
Attn:  Bibhoteket 
P.O.  Box  25 
N-2007  Kjelier 

PORTUGAL 

Portuguese  National  Coordinator  to  AGARD 
Gabinetc  de  Estudos  e  Programas 
CLAFA 

Base  de  Alfragide 
Alfragide 
2700  Anadora 

TURKEY 

Milli  Savunma  Bakanbgi 
ARGE  Dairc  Bcykanligi 
Ankara 

UNITED  KINGDOM 

Defence  Research  Information  Centre 
Krnligcm  House 
65  Brown  Street 
Glasgow  G2  8EX 


UNITEO  STATES 

National  Aeronautics  and  Space  Administration  (NASA.) 

Langley  Research  Center 
M/S  180 

Hampton,  Virginia  23665 

THE  UNITED  STATES  NATIONAL  DISTRIBUTION  CENTRE  (NASA)  DOES  NOT  HOLD 
STOCKS  Or  AGARD  PUBLICATIONS,  AND  APPLICATIONS  FOR  COPIES  SHOULD  BE  MADE 
DIRECT  TO  THE  NATIONAL  TECHNICAL  INFORMATION  SERVICE  (NTIS)  AT  THE  ADDRESS  BELOW. 


National  Technical 
Information  Service  (NTIS) 
5285  Port  Royal  Road 
Springfield 
Virginia  22161,  USA 


PURCHASE  AGENCIES 


ESA/Information  Retrieval  Service 
European  Space  Agency 
10.  rue  Mano  Nikis 
75015  Paris,  France 


The  British  Library 
Document  Supply  Division 
Boston  Spa,  Wetherby 
West  Yorkshire  LS23  7BQ 
England 


Requests  for  microfiche  or  photocopies  of  AGARD  documents  should  include  the  AGARD  serial  numbir.  title,  author  or  editor,  and 
publication  date.  Requests  to  NTIS  should  include  the  NASA  accession  report  number.  Full  bibliographical  references  and  abstracts  of 
AGARD  publications  are  given  in  the  following  journals: 

Scientific  and  Technical  Aerospace  Reports  (STAR)  Government  Reports  Announcements  (GP.T) 

published  by  NASA  Scicrtific  and  Technical  published  by  the  National  Technical 

information  Branch  Information  Services,  Springfield 

NASA  Headquarters  (NiT-40)  Virrinia-221 6 1 ,  USA 

Washington  tLS;  20546,  USA 


Primed,  by  Specialised  Priming  Services  Limited 
40  Chigwcli  lane,.  Loughtaa,  Essex  IG103TZ 

ISBN  92-835-0439^5 


